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Preface

Tensor algebra and tensor analysis were developed by Riemann, Christoffel,
Ricci, Levi-Civita and others in the nineteenth century. The special theory
of relativity, as propounded by Einstein in 1905, was elegantly expressed by
Minkowski in terms of tensor fields in a flat space-time.

In 1915, Einstein formulated the general theory of relativity, in which the
space-time manifold is curved. The theory is aesthetically and intellectually
satisfying. The general theory of relativity involves tensor analysis in a pseudo-
Riemannian manifold from the outset. Later, it was realized that even the
pre-relativistic particle mechanics and continuum mechanics can be elegantly
formulated in terms of tensor analysis in the three-dimensional Euclidean space.
In recent decades, relativistic quantum field theories, gauge field theories, and
various unified field theories have all used tensor algebra analysis exhaustively.

This book develops from abstract tensor algebra to tensor analysis in vari-
ous differentiable manifolds in a mathematically rigorous and logically coherent
manner. The material is intended mainly for students at the fourth-year and
fifth-year university levels and is appropriate for students majoring in either
mathematical physics or applied mathematics.

The first chapter deals with tensor algebra, or algebra of multilinear map-
pings in a general field F. (The background vector space need not possess an
inner product or dot product.). The second chapter restricts the algebraic field
to the set of real numbers R. Moreover, it is assumed that the underlying real
vector space is endowed with an inner product (or dot product). Chapter 3
defines and investigates a differentiable manifold without imposing any other
structure. Chapter 4 discusses tensor analysis in a general differentiable man-
ifold. Differential forms are introduced and investigated. Next, a connection
form indicating parallel transport is brought forward. As a logical consequence,
the fourth-order curvature tensor is generated. Chapter 5 deals with Rieman-
nian and pseudo-Riemannian manifolds. Tensor analysis, in terms of coordinate
components as well as orthonormal components, is exhaustively investigated. In
Chapter 6, special Riemannian and pseudo-Riemannian manifolds are studied.
Flat manifolds, spaces of constant curvature, Einstein spaces, and conformally
flat spaces are explored. Hypersurfaces and submanifolds embedded in higher-
dimensional manifolds are discussed in chapter 7. Extrinsic curvature tensors

vii



viii Preface

are defined in all cases. Moreover, Gauss and Codazzi-Mainardi equations are
derived.

We would like to elaborate on the notation used in this book. The let-
ters i, j, k, I, m, n, etc., are used for the subscripts and superscripts of
a tensor field in the coordinate basis. However, we use the letters a, b, c,
d, e, f, etc., for subscripts and superscripts of the same tensor field rela-
tive to an orthonormal basis. The numerical enumeration of coordinate com-
ponents v’ of a vector field is given by v',v?,...,v"N. However, numerical
elaboration of orthonormal components of the same vector field is furnished by
oM @ (V) (to avoid confusion). Similar distinctions are made for tensor
field components. The flat metric components are denoted either by d;; or dqy.
(The usual symbol 7. is reserved only for the totally antisymmetric pseudo-
tensor of Levi-Civita.) The generalized Laplacian in the N -dimension is denoted
by A.

I would like to acknowledge my gratitude to several people for various rea-
sons. During my stay at the Dublin Institute for Advanced Studies from 1958
to 1961, I learned a lot of classical tensor analysis from the late Professor
J. L. Synge, F. R. S.. Professor W. Noll, a colleague of mine at Carnegie-
Mellon University from 1963 to 1966, introduced me to the abstract tensor
algebra, or the algebra of multilinear mappings. My research projects and
teachings on general relativity for many years have consolidated the under-
standing of tensors. Dr. Andrew DeBenedictis has kindly read the proof, edited
and helped with computer work. Mrs. Judy Borwein typed from chapter 1
to chapter 5 and edited the text diligently and flawlessly. Mrs. Sabine Leb-
hart typed the difficult chapter 7 and appendices. She also helped in the
final editing. Mr. Robert Birtch drew thirty-four figures of the book. Last
but not least, my wife, Mrs. Purabi Das, was a constant source of encourage-
ment.
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Chapter 1

Finite-Dimensional Vector
Spaces and Linear
Mappings

1.1

Fields

We shall discuss briefly objects called numbers or scalars. The set of certain
numbers is called a field. (This is distinct from a physical field in the universe.)
A field F is endowed with two operations, namely addition and multiplica-
tion. The axioms for these operations are listed below.

Al.
A2.
A3.
A4.

Ab5.

M1.
M2.

a+fisin F for all o,f in F.
B+a=a+p forall o, in F.
(a+pB)+v=a+ (B+7) forall a,3,v in F.

There exists a unique number 0 (called zero) such that a 4+ 0 = « for all
o in F.

To every a in F there corresponds a number —a such that

a—a:=a+(—a)=0. (1.1)

af isin F for all o, in F.
fa = af for all a, 3 in F.
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M3. (af)y = a(Bv) for all o, 5,7 in F.
M4. There exists a unique number 1 such that al = « for all « in F.

M5. To every non-zero number « there corresponds a number o~! such that
—1
aa” " =1.

DI1. a(B8+7) = (af) + (ay) for all o, 3,~ in F.

Three common examples of a field are (i) R, the set of all real numbers;
(ii) C, the set of all complex numbers; and (iii) Q, the set of all (real) rational
numbers.

The set of all real numbers R is endowed with ordering as well as complete-
ness. The set of all complex numbers C does not have ordering. However, it is
complete. It is also algebraically closed. (That is, every nth-degree polynomial
equation has n solutions, counting multiplicities.) The field of all (real) rational
numbers has ordering, but it is incomplete. The minimum number of elements
a field can have is two. The fields R and C are mostly used in mathematical
physics.

Example 1.1.1 Suppose that a8 = 0 for two numbers « and [ in a field
F. Prove that « =0, 8 =0, or both.

Proof.  Let us prove the statement above by a contradiction. Assume that
a#0 and B # 0. Then, by axioms M5, M3, A5, and D1, we have

f=18=(a"'a)f=a" (aB) = a (0) = a o+ (~a)]
=(a"ta) + o (-a))=1-1=0.

Thus we have reached a contradiction. Therefore, we have proved that o =0
implies « =0, 8 =0, or both. [

Exercises 1.1

1. Let R? be the set of all ordered pairs of real numbers (a, ) with addition
and multiplication rules:

(@, B8) + (7,6) = (a+7,8+9),
((Jé,ﬁ)(’}/,é) = (O"Y — (34, ad + ﬁ’}/)

Prove that R? with the rules above constitutes a field.

(Remark: The field above is isomorphic to the complex field C.)
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2. Determine whether or not the following sets constitute a field.

(i) The set of all real numbers of the form m + nv/2, where m and n are
integers.

(ii) The set of all real numbers of the form a + bv/5 + ¢3/25, where a,b, ¢ are
real rational numbers.

(iii) The set of all complex numbers of the form a + bi, where a,b are (real)
rational numbers.

1.2 Finite-Dimensional Vector Spaces

We are now in a position to define a vector space. A vector space presupposes
a particular field F. The numbers or scalars used in the definition are the
elements of F. A vector space V over the field F is a set of elements called
vectors. The set V' is endowed with two compositions, namely addition and
scalar multiplication. The axioms for vector addition and scalar multiplication
of vectors are furnished below.

Al. a+b belongs to V for all &, bin V.
A2. b+a=&+b forall &b in V.
A3. (A+b)+E=a+ (b+¢) forall &b,&in V.

A4. There exists a unique vector 0 (the zero vector) such that &+ 0 = & for
all & in V.

A5. To every vector a, there C(lrresponds a unique (negative) vector —a such
that & —a:=a+ (—a) = 0. (1.2)

M1. «a belongs to V for all & in F and all & in V.

M2. a(pa) = (af)a for all o, in F and all & in V.

M3. la=4 for all & in V.

M4. o(&+b) = (ad) + (ab) for all @ in F and all &b in V.

M5. (a+ f)a = (ad) + (44a) for all o, f in F and all & in V.

(See the book by Halmos [17].)

If F =R, we call V a real vector space. If F = C, the vector space V is
said to be complex. In mathematical physics, we usually encounter both real
and complex vector spaces.
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Example 1.2.1 Let us consider the set of complex numbers C. We interpret
complex numbers as vectors in the field F = C by the following rules:

a Q, aeC,
ia+b = a+p,
0 := 0,
—a = —q,
Ad Aa.
By these rules, C is a complex vector space. O

Example 1.2.2 Consider RY, the set of all ordered N-tuples of real num-
bers. (N € ZT, the set of all positive integers.) We define the vector addition
and scalar multiplication in the field F := R by the following rules:

a = (aq,q9,...,an),
&+b = (a1 +fi,a2+fa...,an + Bn),
0 (0,0,...,0), (1.3)
- (—a1,—ag,...,—ay),
Ad = (Aag, Aas, ..., Aan).

All the ten rules (1.2) of vector space can be verified. Thus, R with (1.3)
is a real vector space. o

Example 1.2.3  Consider C°[(a,b) C R;R], the set of all continuous, real-
valued functions over the interval (a,b) C R. We can define the vector addition
and scalar multiplication in the real field by the following rules:

f . f(z), x € (a,b),
M= Af(x),
0 = 0,
—f —f(x).
By the rules above, C°[(a,b) C R;R] is a real vector space. (This is an example
of an infinite-dimensional vector space.) |

Consider, in Newtonian physics, the motion of a massive particle in space. The
instantaneous velocity, acceleration, and momentum of the particle are three
examples of vectors in physics.
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Now we shall define a vector subspace W of V. The subset W C V is a

—

vector subspace provided A\a + MB belongs to W for all A, in F and all a,b
in W.

Example 1.2.4 Consider V = RY. Let W be a proper subset of RY such
that it consists of the vectors of the form & := (0, as, a3, ...,an). By (1.3), for

two vectors &, b in W, We have the linear combination
A& + b = (0, Aoz + 112, Aoz + 1133, . .., A + ).

The vector above is obviously in W. Thus, W is a vector subspace. O

Example 1.2.5 Consider again V = RY . Let W# be a proper subset of RY
such that it consists of the vectors of the form

N
a:= (o,09,...,ay) with Z(O‘k)Q =1
k=1

The zero vector 0 = (0,0,...,0) does not belong to W#. Thus, W# is not a

vector subspace. O
N
Now, we define a linear combination of vectors. The vector & := Y. oFay,
k=1
where a',...,a* are in F, is a linear combination of vectors a,...,ay
(Here, in o, k is a superscript, not a power or exponent.)
k
A subset W of V such that it consists of vectors of the form a:= ) o’a;
Jj=1
is said to be spanned (or generated) by vectors &j,...,d. Such a subset can
be proved to be a vector subspace.
Consider now k non-zero vectors ay,...,a, and the vector equation

k
> W =0. (1.4)
j=1

If the equation above implies that p! = p?> = --- = pF = 0, the vectors

ay,as,...,a; are called linearly independent. Otherwise, they are linearly
dependent. (The concept of linear independence is the abstraction of vectors
pointing to different directions, ignoring reflections.)

Example 1.2.6 Consider N vectors in V =R given by

= (1,0,...,0), & := (0,1,...,0),...,8x :=(0,0,...,1). (1.5

€

[y
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N . —
The vector equation Y p/€; = 0 yields (p!, p?,..., ) =(0,0,...,0). There-
j=1
fore, u! = p? = --- = N = 0. Thus, these vectors are linearly independent. O

Example 1.2.7 The vectors of N -tuples

a = (1,0,0,...,0), & := (1,1,0,...,0),...,ay :== (1,1,1,...,1)

are linearly independent. ]

Example 1.2.8 Two vectors of IN-tuples
a :=(1,-1,0,...,0) and & = (—v2,v/2,0,...,0)

are linearly dependent (and scalar multiples of each other). O

A basis set of vectors {€1,6s,...,Ex} for V is a spanning as well as a
linearly independent set.

Example 1.2.9 Let N vectors in RV be defined by &; := (1,0,...,0),8&; :=
(0,1,...,0),...,€x := (0,0,...,1). The set {€;,6a,...,Ex} is a basis set for
RY. Furthermore, this special set of vectors is called the standard basis. O

Example 1.2.10  Let & := (1,0,0,...,0), & := (1,1,0,...,0),...,&y :=

(1, %, %,,%) The set {&;,€s,...,6x} is a basis set for RV . ]

In the usual vector calculus, the basis {f,i E} is the standard basis.The
number of vectors in a basis set is called the dimension of V and is denoted
by dim(V).

Example 1.2.11 dim(R") =N, N € Z*. O

Example 1.2.12 The smallest number of vectors in a vector space is one.
Such a vector space is the singleton set {0}. The dimension of this vector space
is defined to be dim{0} := 0. (In the sequel, we avoid such a vector space.) O

Every vector a in V can be expressed as a linear combination of basis
vectors (since a basis set must be a spanning set). Therefore, relative to a basis

set {€1,6s,...,6x}, a vector & admits the linear combination
a=a'é +a%é+---+alVéy. (1.6)
The scalars o', o?,...,a are called the components of the vector a relative

to the basis set {€1,6s,...,6n}.
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Theorem 1.2.13 Let the components be a',...,aN of a vector a relative to
the basis set {&1,...,8nx}. Then the N -tuple (at,..., o) is unique.

Proof. Let us assume to the contrary that there exist other scalars 3',..., 5V
such that

N N
a=>» a'e =) pe, o —pr#o.
k=1

k=1

From the vector equation above, we obtain that
N
Z(ak — *)&. = 0.
k=1
By the linear independence of the basis vector, we must have
o —pF=o.

Thus a contradiction is reached and the theorem is proved. |

Now we shall explain the Einstein summation convention. In a mathe-
matical expression, wherever two repeated Roman (or Greek, or other) indices
are present, the sum over the repeated index is implied. For example, we write

N N
uFvy, = E uFvy, = E vy =: wv;.
k=1 j=1

The summation indices are called dummy indices since they can be replaced
by other indices over the same range. Dummy indices that repeat more than
twice are not allowed in the summation convention. This restriction is necessary
to avoid wrong answers; for example, in case we write

N N N
uFopuFuy, = E uFopuFoy, # E E ukvkujvj = ukvku]vj = (ukvk)Q.

k=1 k=1j=1

Thus we can have inconsistencies. We shall use the summation convention in

the sequel.
Now we shall define the Kronecker delta. It is defined by the scalars
. 1 for i= j,
05 = { 0 for i#j. (1.7)

The N x N matrix (in the field F) with entries 6} is the unit matrix. In
other words, [55] = [I].
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Example 1.2.14 Using the summation convention,

Slol = dlal+oba? bt o = al,
(5;Ozj = ai’
6;5; = 4,
§iolok = N =dim(V). -

Let us consider a change of basis sets without altering the vectors. This is
a passive transformation. Let {€;,...,€x} and {el, . eN} be two basis
sets for V. By the spanning properties, there must exist scalars )\f and p, such
that

& =\'é,, & =ulé;. (1.8)
Theorem 1.2.15 Let {€1,...,Ex} and {gl, e ,éN} be two basis sets and & =

a'e; = ajéj be an arbitrary vector in V. Then
(i) N, = pi N, = o7 (1.9)
(1) a'=pui ok, of = \iak. (1.10)

Proof. (i) From (1.8), it follows that

= )\kek = )\if (,ufcgj) s

<5f - Af/ﬁ;) & =0

By the linear independence of basis vector g'j ’s, we have the coefficients

or

6/ — Nl = 0.

Thus, one of equations (1.9) is proved. The other equation in (1.10) can be
proved similarly.

(ii) By the equation
&ig'i =ake, =aoF (,ufﬁa)

and the uniqueness of the components of theorem 1.2.13, the first of the equa-
tions (1.10) follows. The second equation in (1.10) can be proved similarly. m
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Example 1.2.16  Consider two basis sets in R* given by

& = (1,0,0,0), & :=(0,1,0,0), & :=(0,0,1,0), & := (0,0,0,1);

oL

L= (1,0,0,0), & :=(1,1,0,0), &5 :=(1,1,1,0), & :=(1,1,1,1).

The 4 x 4 transformation matrices are

11 11 1 -1 0 0
01 11 j 0 1 -1 0
k] _ il —
M=10 010 ’[“k}_ 0 0 1 -1/’
0 0 01 0o 0 0 1
det [Ne] = det [f] = 1.
(Such basis sets are called tetrads in relativistic physics.) O

Example 1.2.17 Let us consider the two-dimensional complex vector space
C? and the transformation of basis vectors furnished by

&1 = (\cosh ¢)&; + (usinh ¢)&s,

& = (1~ 'sinh ¢)& + (A~ cosh ¢)@s,
A # 0,

det [AF] = det [uﬂ =1

(Such basis sets are called spinor dyads in relativistic physics.) O

Exercises 1.2

1. Prove that complex vectors (a!,a?) and (3!, 3?) are linearly dependent if
and only if o' — a28' = 0.

2. In R*, a subspace U is spanned by (—1,1,-2,3) and (—1,—1,-2,0).
Another subspace W is spanned by (0,2,0,3), (1,0,1,0), and (1,7%,2,72).
Obtain the dimension of the vector subspace U N W.

1.3 Linear Mappings of a Vector Space

Let V and V be two vector spaces in the same field F. A linear mapping (or
transformation) L from V into V is defined to be such that

L(\& + ub) = [\L (&)] + [uL(b)] (1.11)
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for all A\, in F and all &, binV.IfV= V, the mapping L is called a linear
operator.

Example 1.3.1 (i) Consider a linear mapping L from ) into % given by
L&) =0
for all & in V. This mapping is called the zero or null mapping and is denoted
by L=0. |
Example 1.3.2 The linear operator I with the property
I(d)=a
for all & in V is called the identity operator. a
Remark: The transition from classical mechanics to quantum mechanics is

achieved by replacing scalar dynamical variables by the corresponding linear
operators on the Hilbert (vector) space.

Consider a linear operator L acting on V. In the case where it is not the
identity operator, L transforms most of the vectors into different vectors. (That
is why it is called an active transformation.) Especially, a set of basis vectors

{€1,...,En} undergoes the following transformation:

L (&;) = &; = A} &;. (1.12)
The N x N matrix [L] := [A¥] is called the representation matrix of the
operator L.

Two vector spaces V and Vin F are isomorphic provided there exists a
one-to-one and onto mapping Z such that

Z(ad+ fb) = [oZ(])] + [BZ (b)) (1.13)

for all v, 8 in F and all &, bin V. (Z is of course a linear mapping.)

Exercises 1.3

1. Let A and B be two linear operators acting on V. The addition, scalar
multiplication, etc., are defined by

(A+B)(d):=A(a)+B(a) forall ainV,
O(@):=¢6 for all & in V,
(—A) (@) :=—[(A)(q)] for all & in V,
[AA](d) := A [A ()] for all & in V, and all A in F.
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Prove that, under these rules, the set of all linear operators on V' constitutes a
vector space.

2. Let A and B be two linear operators on V with N x N matrix representa-
tions [a;] and {Bﬂ . Prove that the composite linear mapping A o B has the
matrix representation [aé- ﬂﬂ = [aﬂ [ﬂi] .
(Here, the summation convention is used.)

3. Prove that every N-dimensional vector space over the field F is isomorphic
to FN.

1.4 Dual or Covariant Vector Spaces

A function u from V into F such that
ii(ad + fb) = [a@a(d)] 4 [Bi(b)] (1.14)
for all o, in F and all &, b in V is called a covariant vector. (Other
names for a covariant vector are dual vector, covector, linear form, or linear
functional.)
Example 1.4.1 The zero covariant vector 6 is defined by the mapping
6(d):=0 foralldinV.

It can be proved that o is a unique mapping. O

Example 1.4.2 Let V = RY. Moreover, let a mapping @1 be defined by

a(d) = a(at,a?,...,aV) = al,

fi(yd + vb) = (nat) + (v8') = [ui(&)] + [vii(b)].

Therefore, u is a covariant vector. O

Remark: In Newtonian physics, the gradient of the gravitational potential at
a spatial point is a covariant vector.

The addition, scalar multiplication, etc., for covariant vectors are defined as

(1.15)
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for all & in V. The set V of all covariant vectors under the rules (1.15) con-

stitutes a vector space. The set V is called the covariant or dual vector
space.

Lemma 1.4.3 Let {€1,---,Ex} be a basis set for V and (a1,...,an) be a
prescribed N -tuple. Then there exists a unique covariant vector a such that
a(é)=a; forie{l,---,N}.

Proof. Let b = (37 &; be an arbitrarily chosen vector. (We are using the
summation convention!) Let us define a covariant vector a by the equation

a(b) = a(f’&;) = a,F.
Then ' 4
é(é,) = 5((536]) = ajéf = Q4.

The equation above shows the existence of a.
To prove the uniqueness of our choice, we assume to the contrary the exis-
tence of another covariant vector a’ such that

& (b) = oy’

and &’ # a. Therefore,

—

@ —a)(b) = &(b)—a(b)
= o —a;3 =0
for all b in V. By the uniqueness of the zero covariant vector o, we must have

a’ —a = 0. This is the contradiction. Thus the lemma is proved. ]

Theorem 1.4.4 Let {€;,...,€x} be a basis set for V. Then there exists a
unique covariant basis set {&',...,&N} for V such that

&' (&) =&’ (1.16)
forall i,j in {1,...,N}.

Proof. By the preceding lemma, there exists a unique set of covariant vectors

such that '
& (€;) =4].

To prove the linear independence, consider the covariant vector equation

,Ujé] = 0.
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By (1.14), we have
(1587] (&) = [& (&)] = 0! = pi =0
for every i in {1,---, N}. Therefore, the €;’s are linearly independent by (1.4).

To prove the spanning property, choose an arbitrary covariant vector a. Let
a (&;) = a;. Therefore, by (1.14),

é@)zé@%ﬂ:ﬁm (1.17)
for an arbitrary vector b. By (1.14), (1.15), and (1.16), we have
[:&'] () = s [ (38;)] = i’} = aif". (1.18)

Comparing (1.17) and (1.18), and recalling the uniqueness of 6, we conclude
that

a=aq;é.
The equation above proves the spanning property. Thus {&',...,&"} is the
basis set. [
Corollary 1.4.5
dnn(v)::dnn(V). (1.19)

The proof is obvious.

Now we shall deal with the transformation of covariant components under a
change of basis vectors (passive transformation in (1.8)).

Theorem 1.4.6 Let {€s,...E€x} and {g'l, . .gN} be the two basis sets for V
such that N .
éi:Afék, ék:ﬂfgéj-

Then the corresponding covariant basis sets {&',...,&™} and {gl, .. ,gN}
transform as R R
& = pgeb, &*=\re. (1.20)

Proof. By spanning properties of the covariant basis vectors, there exist
scalars aj— and f3; such that

F=ale, &=pB.
By (1.16), (1.15), and (1.14), we have

6 = & (&) = |88 ] (ngea) = Bing (&0 (S0)| = Biugos = Biu.

But from (1.10) we know that )\éui =6} . By the uniqueness of an inverse
matrix, we must have ﬁj :)\2. Similarly, we can prove that aé :,u;. ]
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Corollary 1.4.7 Under the change of basis sets given by (1.8) and (1.20), the
components of a covariant vector W = w;&" = w; € transform as the following:

@ = Now;,  w; = pl @y (1.21)

Proof. By (1.20) and (1.15), we have
w; & = 7 & = W[l &) = (Pl w,)e.

By the uniqueness of components, we obtain w; = ;Lg w;. Similarly, we can
prove that @; = Ajw;. [

(Compare and contrast the transformation rules in (1.10) and (1.21).)

Example 1.4.8 Consider the (spinor) vector space C? and two basis sets
(dyads):

61 = (170), 62 = (O, 1),

& = (i,0), & = (i,9).

The transformation matrices are given by

IR R CI ra

The covariant basis set {&',&?} is furnished by the rules

& (&) =9;

si(al 2) o 1si 250
s e(a,a)—a51+a62,

&l (a17a2) —al, & (al’a2) = a?,

for all (a',a?) in C?. In the transformed covariant basis {31,32},

ol (al,az) _ [M%él _i_M%éQ] (al,a2)
= pla! 4 pde? =i (ol +a?),
&2 (al,a2) = [,u%él + u%éQ] (al,a2)
;2

= plal + pda? = —ia®.
Let a particular covariant vector w be given by
\7V( 17a2) =1 (a1 +a2)
for all (al, az) in C?. This covariant vector can be expressed as
W =8l +ie? = —&! — 282,
w1, = W2 = ’i, 1/171 = —]., Wo = —2.

Thus, the equations (1.21) are validated. a
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Exercises 1.4

1. Consider the following two basis sets (or triads) in R?:
{élu 62a 63} = {(17 07 0)7 (07 1u 0)7 (07 07 1)}7
{81,8,,85} := {(1,0,0), (1,1,0), (1,1,1)}.

be defined by t(a'é;) := a® — a?. Obtain explic-
relative to the corresponding bases {e!,&? &3} and

Let a covariant vector
itly the components of
{él, &2, é3}.

u
u

2. Consider the standard basis set (or tetrad) in R*. Another tetrad is given
by

o~
—

2 = 62, e3 = (COSh Oé)ég — (Sinh a)é4,

()

€1,

oy oL
Il

4 = —(sinh )& + (cosh)€y; a € R.
Let a particular covariant vector be characterized by w := {u\lgl +@4€4_ Obtain

the four components w; explicitly.

(Remark: This exercise is relevant in the special theory of relativity.)

3. (i) Prove that if a function @ (¢*,¢?,¢3) := ¢t + (% 4 ¢3 for all complex
vectors (C1,§2,C3) in C3, then 1 is a covariant vector.

(ii) Using the covariant vector @ above, find a basis set for the null space given

by
N={(¢" ¢ ) ec®  a(c,3,¢%) =0},



Chapter 2

Tensor Algebra

2.1 Second-Order Tensors

Suppose that V is a vector space in the field F. An ordered pair of vectors
(é’, 6) belong to the set ¥V x V (the Cartesian product of V with itself).

A second-order covariant tensor is a function T.. from V x V into F
such that

() T.(M&+pb€) = PT. &) + [wT. (.8)], (2.1)

(i)  T. (a, Ab + ,Je) - [AT.. (5, B)] +[uT.. (&,€)], (2.2)

for all A\, in F and all 57676 in V. (Note that T.. is a linear function in both
slots. That is why it is also called a bilinear form.)

Example 2.1.1  Let us define O..(&,b) := 0 for all (& b) in V x V. This is
the (unique) second-order covariant zero tensor. a

Example 2.1.2 T. (& b)=T.. (a'&;, 37 €;) :=alp'. O

Remark: The moment of inertia in the dynamics of a rigid body is a second-order
covariant tensor.

We can define the addition and scalar multiplication of the second-order
tensors by the following equations:

T +G.] (aB):=[T.(a5)] + |G (35)].

16
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for all &b in V and all \ in F.

Theorem 2.1.3 Under the rules (2.3) of addition and scalar multiplication and
the definition of the second-order covariant zero tensor, the set V ® V of all
second-order covariant temnsors constitutes a vector space.

The proof is left to the reader.

Now, the tensor product (or outer product) between two covariant vec-
tors 1 and v will be defined. It is the function a ® v from V x V into F such
that - .

[4® V] (57 b) = [0 (8)] [v (b)} (2.4)
for all 5,5 in V. Note that u ® v is an example of a second-order covariant
tensor.

Theorem 2.1.4 The tensor product of covariant vectors satisfies the following
equations:

(i) a@(b+¢)=|anb|+@nd, (2.5)
(i) (a+b)we=lane+ bael, (2.6)
(iid) Maeb) =@ @b=as (xb), (2.7)
(iv) ao=062a=0., (2.8)

for all X in F and all a,b,¢ in V.

Proof of part (i).  The domains of the bilinear functions on both sides of
(2.5) are identical, namely V x V. Moreover, for two arbitrary vectors U,V in
V, we have (by (2.4) and (1.15))
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Thus, part (i) is proved. ]

(Similarly, other parts can be proved.)

Example 2.1.5 Let two covariant vectors @ and ¥ be defined by
(@) =i (a'&) i=a', v(b) = (58) =",
By (2.4),
[i® V] (5, B) — [a(3)] [v (b)} — 1B,
[i® V] (B,B) = 18N, -

Let us consider the tensor products of basis covariant vectors & ® &°, where
a,b take values from 1 to N.

Theorem 2.1.6 The set of tensor products of basis covariant vectors {e*®e’},
where a,b € {1...., N}, constitutes a basis set for V&V .

Proof.  To prove the linear independence, consider the tensor equation
Hab [éa & éb] = 6 .
The equation above, by (2.3), (2.4), and (1.16), implies that

[tab (€* @ €°)] (€, €a) = pap [€ (€.)] [€° (€4)] = 1abd20y = prea =0

for all ¢,d. Thus, the linear independence is proved.
To prove the spanning property, consider an arbitrary tensor T.. yielding
scalars

Ted *— T.. (éc, 6d) . (29)
By (2.1), (2.2), and (2.9),
T.. (a, B) = T. (0%, 318,) = a°BIT.. (&,,8&,) 20
= Tcdacﬁd.

Consider now the second-order covariant tensor 7.4(€°®&?). By (2.3) and (2.4),
s oal)(ah) — ac (3 |ad (B
[Ted (€ ® €4)] (a, b) = Teq[€° ()] [e (b)} (2.11)
= TeqalBl.

Subtracting (2.11) from (2.10), we obtain

[T~ 74 (6°©&")] (4,5) =0=0.. (a.b)
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for every ordered pair (&, B) in V x V. By the uniqueness of the zero tensor
O.., we must have

T. =714 (8°®8&%).

Thus, the spanning property is proved. Consequently, {&®&"} is a basis set. ®

Corollary 2.1.7

|
3

dim(V @ V) (2.12)

The proof is omitted.

The (unique) scalars 7.4 appearing in (2.9) are defined to be the compo-
nents of T.. relative to the second-order covariant tensor basis {&° ® &?}.

Now, we shall discuss the transformation rules for the components of a
second-order covariant tensor under a change of basis in V. (See (1.8).)

Theorem 2.1.8 Let {61,...,8x} and {gl,...,gN} be two basis sets with

transformation equations €, = )\Z €,, €, = /~L2 €y,. Then, the components Teq
of a second-order covariant tensor T.. undergo the following transformation
equations:

?ab = Ag )\1(,1 Ted ( )
2.13
Tab = Ng N(bi ?cd~

Proof.  Recall (1.20), yielding

e = pge’, 8" = Agel.
The second-order tensor T.. has the representations
T. = 7,46 ® &’ =7,8" @&’

By (1.20) and (2.3), we obtain

Tl @& = Ty [(ne%) ® (uhe?)]
otz [6° @ 4] .

By the uniqueness of the components of T.., we get
_ ,a,bx
Ted = HeHgTab -

Similarly, we can prove the other equation in (2.13). ]
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Example 2.1.9 Let V be a two-dimensional vector space in the field F. A
transformation between two basis sets is characterized by

—

9 = —eq.

o)
QL)

1= €2,
Then the components of T.. will transform as

=~ _ d  _\2\2.

T11 = AfATed = ATATT22 = Ta2,

Ti2 = —T21, T21 = —T12, T22 = T11,

det [?ab] = det [Tab] . O

The transposition B..” of a second-order covariant tensor B.. is defined
by the equation

B.7 (5, B) —B.. (B,a) (2.14)

for every ordered pair of vectors (&b) in V x V.
A symmetric second-order covariant tensor S.. is defined by the condition

S.T=s8.. (2.15)
The components of such a tensor satisfy

Oji = S.. (é},é}) = S..T (é’z,éj) =8S.. (éz,éj) = 04j5- (216)

The N x N matrix [0;;] is a symmetric matrix. It has N+(N—-1) (§) = N(N+1)
linearly independent entries or components.

Example 2.1.10 The second-order covariant tensor

S. = -[(®v)+ (Ve i) (2.17)

is a symmetric tensor. O

Remark: The stress tensor at a point of a three-dimensional deformable body
is a symmetric second-order tensor with six independent components.

An antisymmetric second-order covariant tensor A.. is defined by the
condition

AT =—A.. (2.18)
The components of such a tensor satisfy
Qj; = —QGj . (2.19)

The number of linearly independent components of a second-order antisymmet-
ric tensor is w
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Example 2.1.11 The second-order covariant tensor
A.:=Qev)—(veua) (2.20)

is antisymmetric. O

Remark: The vorticity tensor at a point of a fluid flow in space is an antisym-
metric tensor with three independent components.

A second-order contravariant tensor T~ is a function from V x V into F
such that

() T O+ pv, w) = VT (& w)] + [T (¥, w)], (2.21)

(i) T (@AY +pw) = AT (0, ¥)] + [pT (0, W)], (2.22)
for all A, in F and all @,v,w in V. Note that the function T is bilinear.

Example 2.1.12 The (unique) second-order contravariant zero tensor is de-
fined by

O ' (,v):=0 forall 4,v in V. O

Example 2.1.13

T (a,b) = T (&', 3;&') == anpi. O

Logically, we should denote the set of all second-order contravariant tensors
as Y ® V. But for a Jfinite-dimensional vector space V', the doubly dual space
V is isomorphic (see (1.13)) to V. Hence, we denote the set V@V by V@V in
the sequel.

The addition, scalar multiplication, etc., of the second-order contravariant
tensors are exactly analogous to (2.3). Under such rules, the set V®V becomes
a vector space of dimension N?2.

The tensor product between two vectors (or contravariant vectors) is defined
as the function a& ® b such that

[5 ® B} (&, v) := [a(a)] [v (b)} (2.23)

for all a4,b in V. The tensor product & ® b is a second-order contravariant
tensor. The set of N? tensor products {€, @ &} forms a basis set for V@ V.
The N? scalars 7% that appear in the linear combination

T =7%&,®8&) (2.24)
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are (unique) components of T relative to the basis set {6, ® &€} .
If the basis vectors transform according to

~
—

b = - b S
€, =X\, €, €,=[,€,
the components of a second-order contravariant tensor T transform as
7 = ol el b = \e\h7ed (2.25)

(Compare and contrast the equation above with (2.13).)

The symmetric and antisymmetric second-order contravariant tensors can
be defined analogously to (2.15) and (2.18), respectively. The number of inde-
pendent components are exactly the same.

Remark: The angular momentum of a point particle (relative to a fixed point
in space) is an antisymmetric second-order contravariant tensor in Newtonian
physics.

Next we will define a mixed second-order tensor. Each of the bilinear
functions

T.:VxV—F,
T :VxV— F,

is called a second-order mixed tensor.

Example 2.1.14

0. (a,b):=0 (2.26)
for all @ and all b. Moreover,

0. (a,v):=0 (2.27)
for all & and all v. These are called zero mixed tensors. o

Example 2.1.15 The identity mixed tensors I'. and I.” are defined by
I.(e% &) :=4df, (2.28)
1. (&,,8&") :=ob. (2.29)
Thus, we have

I'. (8% 3°8,) = a, f* = 1. (3%€,, a &°). ]
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We define the tensor products by
(@ ® ¥)(a,b) = [a(@)] [¥(b)), (2:30)

[0 b](&, ¥) := [a(@)] [v(b)), (2.31)

for all &b and all @,v.
The sets {€, ® &’} and {&° ® &,} are basis sets for V@V and V ® V,
respectively. The N?-dimensional vector spaces VeV and V@V are isomorphic.
Suppose that transformation between two basis sets are furnished by the
familiar equations

o

a = )\Z éb, e, = uZeb.
Then, the components of the mixed tensors T . and T." transform as
T% = po )\g T, T =AY /,Lzl T4, (2.32)
o= xeubrh, 1t = A b7l (2.33)
Example 2.1.16 Let V := R?, u(a',0?) = o, and v(6',0°%) = g'.
Consider the class of mixed second-order tensors (a!,2) ® v in V@ V. We

want to determine the (real) values of the function («',2) ® v for the elements
(@, (=271 8%)) of V x V. By (2.30), we have

(e, 2) ® V] (1, (=271, 8%)) = [u(a', 2)] [v(-271, %)) = (2)(—271) = —1.

O
Exercises 2.1
1. Let V be a four-dimensional real vector space and let the matrix
cosh 0 0 —sinhg
] = 0 10 0
bl 0 0 1 0
—sinh 0 0 coshpj
represents the transformation of basis sets. If F.. = ¢,,€" ®e® is antisymmetric,

obtain the transformed components ¢, explicitly.

(Remark: This problem provides the transformation of the electromagnetic
field components at an event under a Lorentz transformation.)
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2. Prove that every second-order covariant tensor T.. can be decomposed
uniquely as T.. =S.. + A.., where S.. is symmetric and A.. is antisymmetric.

3. Let a second-order mixed tensor L. belong to V ® V. Prove that the
function L defined by a[L(-)] := L. (q,-), where u is any covariant vector, is
a linear operator on V.

2.2 Higher-Order Tensors

Let r and s be two non-negative integers. An (r + s)th-order (or rank) mixed

VX“.XVXVX'“XV into the field

tensor ", T is a function from the set
T S
F . Moreover, it has to satisfy the multilinearity conditions

()  "yT@b,.. o ek 4 pvk, L an Ay, Ay)
=A I:réT(ﬁ17 '7ﬁka 7ﬁrv 51) aié)}
+p [ T@. VR8T ar L )] (2.34)

:A[TaT(ﬁla 'aﬁr; ai, 5537 755)]
+u[" T@Y,... 0 &, by, )], (2.35)

for all A\, in F, all @',...,0" in V, all &,...,&, in V, all k in {1,...,1},
and all j in {1,...,s}. Here, the integer r stands for the contravariant order
and the integer s stands for the covariant order. Moreover, the function ";T
is linear in each of the r + s slots.

Example 2.2.1  The (unique) (r + s)th-order zero tensor is defined by
rO(@t,... a" A,...,a,) =0 (2.36)

forall u',...,u" in V and all &j,...,&, in V. O

Example 2.2.2 Let b* := gFe! + ... 4 gh eV = BE & and &; = o € +

. 6 S .
s+ a;v €y =t a; €. Let us define a function by

"T(b',... b7 &y, ... &) = <H,6’,’§> Ha?
k=1 j=1
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(The summation convention is suspended on k and j.) This function is an
(r + s)th-order tensor. O

Remark: 1In the generalized Hooke’s law connecting stress and strain at a point
of an elastic body, an elastic tensor of order (0+ 4) is involved.

There exist different but isomorphic (r+ s) th-order mixed tensors for which
the domain set r + s copies of V and Y are juxtaposed differently. We shall
usually use the order of r + s copies of V and V as in the definition in (2.34)
and (2.35). Lower-order tensors are denoted with dots (as we have done for the

second-order tensors in the preceding section). For example, we write

T.=%T, T =2,T,T.= 4T,

There exists a more general definition of a higher-order tensor. The domain
set for such a tensor is Vi X -+ X V. X Vpq1 X -+ X V44, where vector spaces
Vi,..., Vs may have different dimensions (but the same field F). We shall
mostly avoid such hybrid tensors except in section 7.3.

We shall now define the addition and scalar multiplication of (r+ s)th-order
tensors in (2.34) and (2.35). These are furnished by

= ["sT(@,...,0% ay,....4,)] + [sW(a',...,u"; a,...,4a,)] ,
TO(@@,. .., 0" a, ..., 48,) =0, (2.37)
[~ 7T (@At Ay E) = = [T L A AL )]
A7T] (@l an ., a) = A [T an ., E)]

forall A in F, all &,...,8, in V,and all @},...,a" in V. (Note that addition
between two tensors of different orders is not permitted.)
V®~~®V®V®~~®V

The set of all (r+s)th-order tensors is denoted by
T S
Since this is long and inconvenient notation, we shall follow instead the simpler
expression

V-V V-V
" T(V) = CANLA PRI (2.38)
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Example 2.2.3  According to (2.38) and cousistency requirements, we have

Theorem 2.2.4 Under the rules of addition and scalar multiplication in (2.37),
the set "sT (V) of all (r + s)th-order tensors forms a vector space.

The proof is left to the reader.

The tensor product (or outer product) between two tensors ";T and
Vx.ooxV YPx...xV
X

P, W is defined by the mapping ";T ® ?,W from ¥ Y
T+p s+q

into F such that

" T®P,W](al,..., " v',...,vP; &,..., & by,...,by)
. B} (2.39)
= [T, 67 &, 4,)] [PQW(\?l,...,vp; bl,...,bq)}

for all &,...,a,; by,...,b, in V and all @',...,a"; v',...,v? in V. The
important properties of the tensor products are listed below.

Theorem 2.2.5 The tensor product ® satisfies the following equations:

(i) "sT® P,W belongs to "4, ;T (V);
(i7) " T+"U)RP,W=(",Te?,W)+(,Ux?W); (2.40)
(iii) "T®P,U+P,W)=(",T®?U)+ (", Ta W), (2.41)
(iv) AT PW)="TaAN\,W)=\"T®?,W); (2.42)
(v) 00 P,W="Tg?0=""_,,0:; (2.43)
(vi) (A2 ?B)® ), C="A® (B I,C); (2.44)

(vii) " T®P,WZP,Wa ",T. (2.45)
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Proof of part (vi). Let vectors @i, ...,8s; b1,...,bg; C1,...,Cp; 0l ..,
a"; vi ..., vP; Wl ..., W/ be chosen arbitrarily from V and V. Using (2.39)
several times, we obtain

[("A®?,B)® ,C]

(@',...,a" v, .., VP Wl WP Ay, ..., 8 by, .., by €1, GR)
:{[TSA(ﬁl, 0 &), .., 4,)] [PB(E,. .., ¥ by, ,Bq)]}
[1,C(Wh, ..., WJ; &,...,C)]
— [[LA®@L, ..., 67 &, .., 4]

=["A® (B 7,C)]

=1 sl op. ol

~ 4 = — ¢ —
(@,...,a" v, ..,V W, W Ay, a8 by, by €L, C).

Since the domains of the functions ("sA®?,B)®7;C and "sA®(?,B®7;C) are
identical, the equation (2.44) (which is the associativity of the tensor product)
is proved. [ ]

Because of the associativity, the expression €;, ® -+ ® &;, ® &' ®...& is
meaningful. It is in fact a mixed tensor of (r + s)th order.

Theorem 2.2.6 The set of N™% mived tensors {&, ® - ® &, @& @&}V
is a basis set for T (V).

The proof is left to the reader.

Corollary 2.2.7 dim[";7 (V)] = N"t5.

The proof is skipped.

If we define the N™*¢ components of ", T by

11t
Tji.ds

="T(@",...,&8"; &;,...,6;.), (2.46)
then it can be proved that
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(Note that there are N™** terms suppressed in the summation of the right-hand
side of (2.47)!)
Now, we shall discuss the transformation of the components under the usual
change of basis set
éa = /\Z éb, éa = /Lzéb'
The transformation of the N % components T;;j“ of the (r+s)th-order tensor
"sT can be proved to be

~aya, _ Y ds e

T b, = ey T ATy AT, T, (2.48)
r d d‘ TeLC

Ty by = A AT T T (2.49)

Exercise 2.2.8.  Suppose that V = C? and v(8, %) := 8! + 5%. We want
to evaluate the class of trilinear functions ~(ozl7 a2)~® v ® (B, 3%) at the subset
of points (@, (—4,4), w) in the domain set ¥V x ¥V x V. Using (2.39) several times,
we get
[(alv a2) RV (617 ﬁ2)] (ﬁv (_i> i)a V~V) = [ﬁ(a17 0‘2)} [‘N’(_i7 Z)] [‘;V(ﬁ17 62)] 0.
O

Let "sT be a tensor such that 1 <r, 1 <s. For 1 <i<rand 1<j<s,
the contraction or trace operation is defined by a function *;C from "7 (V)
into "~!s_17(V) such that

[(ijC)(TST)](ﬁ/l, e 7V~VZ.717\X/'7;+1, . ,GVT; 51, . 75j—17§j+17 . 5‘;)
N (2.50)
=) TT(W LW e W L WAy, 8 1, 8 A )
c=1
for all &;,...,d, in V and all w',...,w" in V.
Example 2.2.9
[(116)T] (éa;éb)
N
= Z T ..(&°%é&% €&
c=1
= Z Tcacb = Tpacb U
c=1

Example 2.2.10
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Example 2.2.11

[(50)(T)] =

B (2.51)
Tal'“aiilcai*»l“.arbl...b_j_lcb_j+1...b.geal ®
By ®E,, ®...6, QR ek @elitt @ @b .

The relevant properties of the contraction are listed below.

Theorem 2.2.12 The contraction of (r + s) th-order tensors must satisfy the
following properties:

(i) (GO "sA+p T B) = M(GO) (" A)] + pl (B, (2.52)

(i1) (%;C)("sT) is independent of the choice of the basis set in V and V.

Proof of part (ii). Using (2.48), (2.49), (2.34), (2.35), and (1.9), we obtain

N
r ~ 1 ~i—1 Zc sitl S, = = 3 2 =
E ST(WH, oo w6, W' W g, ..., 81, €0, 841, .., 8g)

c=1 g=1 h=1
r < 1 =i—1 59 itl ~r. 5 2 = =
SsT(wh oo, whed wtl L W dy, ..., 81,6, 8j41,...,45)
N
_ T ~ 1 ~i—1 ~k & i+1 S, 2 = = 2 =
= E ST(W,...,W ,e', W ,...,w,al,...,aj_l,ek,aj+17...,as). u
k=1

One has to exercise caution in calculating the multiple contractions of a
tensor.

Example 2.2.13

HO[MO(T )] = (MO a8, ® &']

_ k
= 7° ck>

(116)[(216)(’1‘)] = chck iéTCkck. O
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Consider the infinite-dimensional vector space 7 (V) obtained by the (weak)

o0 o0

direct sum Y > ",7(V). The vector space 7 (V), together with the tensor
r=0s5=0

product rule ®, constitutes the tensor algebra.

There exist some special tensors for which the values of the components
remain unchanged under a change of basis sets. These are called numerical
tensors. We shall list some numerical tensors below.

(i) The (r + s)th-order zero tensor ",O, which has for its components
Oy . = 0, is numerical. (These values obviously remain intact
under the transformation rules (2.48).)

(ii) The identity tensors I'. and I." in (2.28) and (2.29) are also numerical.
To prove this claim, consider the transformation rules (2.32) for the com-
ponents of §%, of I'. . We have

0% = p A% 0% = P X = 6% .
(iii) Various tensor products I'. ® --- ® I." are also numerical tensors.

In the next section, we shall discuss other generalizations of the numerical
tensors.

Exercises 2.2

1. Let {&1,62} be the standard basis set for V = R?. Let a := (—1,1),
b := (1,2), and € := (2,1). Obtain the components of the (3 + 0)th-order
tensor & ® b ® € relative to the basis set {€; ® €; @ €;}.

2. Let S.. and G.. be two non-zero symmetric covariant tensors in a four-
dimensional vector space. Furthermore, let S.. and G.. satisfy the identity

- - — —

~-[G..®8.](&,d,b,&) + [G..® S..|(b, & & d)

—

for all & b,¢,d in V. Prove that there must exist a scalar A # 0 such that
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3. Consider the identity tensor I'. . Prove that

[ (50...50)] (I'.®-~-®I'.>
Le ([ ——]| [—— = dim().
N -1 N

2.3 Exterior or Grassmann Algebra

Let an integer p satisfy 2 < p < dim(V). Consider a (0 + p)th-order covariant
tensor , W := % W such that

WA, .. &, ... &, . &) =—,W(&,. . &, . &, . &) (253

for all &a;,...,4a,,...,4d;,...,d, in V and all 4,5 in {1,...,p}. Such a tensor is
called a totally antisymmetric (or skew, or alternating) covariant tensor.
The components satisfy

Wal...ai“.aj.“ap W(ea17"'7eai""’eaj7"'7eap)
- W CQG...G...Ap
for all indices a1,...,ai,...,aj,...,0Gp.

Note that, by (2.53),

W(&y,...,b,...,b,...,&,) =0. (2.54)

The subset of all totally antisymmetric covariant tensors of order (0 + p) is
denoted by AP (V). It turns out to be a vector subspace of °,7(V).

Now, let us discuss the permutations of the positive integers (1,2,...,p).
The identity permutation takes (1,2,...,p) into itself. A single (special) trans-
position (or switch, or interchange) takes (1,2,3,...,p) into (2,1,3,...,p). A
typical permutation, o takes (1,2,...,p) into (o(1),0(2),...,0(p)). The sign
of the permutation o is denoted by sgn(co). For an odd permutation (which in-

volves odd numbers of transpositions), sgn(o) := —1. For an even permutation,
sgn(o) ;== +1.
Example 2.3.1  Consider the integers (1,2,3). If ¢(1,2,3) = (o(1),

0(2),0(3)) = (1,3,2), sgn(o) = —1. 1If (1,2,3) = (0(1),0(2),0(3)) =
(3,1,2), sgn(c) = 1. This is because it involves two transpositions
(123)H(73,2)£>(3,1,2). |

Theorem 2.3.2 If ;W s a totally antisymmetric covariant tensor and o is a
permutation of (1,2,...,p), then

pW(ﬁa(l), ce 750(17)) = [sgn (0)] pW(é’l, Ce ,é’p). (255)
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The proof follows from the fact that every permutation o is obtainable by com-
positions of transpositions (or switches).

The set of all p! permutations of (1,2,...,p) is denoted by S, and consti-
tutes a finite group (called the symmetric group).

Now we shall generate a new antisymmetric tensor out of an ordinary tensor.
The process is called alternating operation and is defined by

[Alt (,T)] (&1 ap) o= (1) Y [sen(0)] T (@), 8oy)  (2:56)

ocESy
for all &;,...,d, in V.
Similarly, we can define the symmetrization operation
[Symm (,T)] (&1, .., 8,) = (1/p) > pT(o(1); - 8op))- (2.57)
oES)

Example 2.3.3 Counsider permutations of (1,2). There are just two elements
in S3. One is the identity (which is considered to be an even permutation). The
other one is the single transposition o(1,2) := (2,1). Therefore, by (2.56),

[Alt (@@ V)] (&1, 82) = (1/2!) Y [sgn(0)] [0 © V](85(1), 8o (2)
€Sy

= (1/2){[u® v](a1,ar) — [a® V](ay,a;)}
= (1/2){[u(&)] [v(az)] — [u(d2)] [v(a1)]}
= (1/2){[u®@v] - [veul}(d,a)

for all &;, a8, in V. Since the domains of the functions Alt (A®v) and (1/2){[u®
V] — [V ® 1]} are identical, we conclude that

Alt (@@ v) = (1/2){[a®v] - [va}. (2.58)

(Compare the equation above with (2.20).) We can work out the symmetrization
operation (2.57) to obtain

Symm (1 ®v) = (1/2){[a® V] + [v ® @]}. (2.59)
We can generalize the examples above to the third-order tensor 1t ® v ® w,

etc. ]

Theorem 2.3.4 (i) If ,T belongs to °,T(V), then Alt (,T) belongs to AP(V).

(i) If ;W belongs to AP(V), then
Alt (,W) = ,W. (2.60)

(idi) Alt (A W + 11, U) = A[Alt , W] + 1 [Alt ,U]. (2.61)
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The proof is left to the reader.

Now we are ready to define a new product called the exterior or wedge
product. Let ,W belong to AP(V) and ,U belong to A%(V). Then the wedge
product is defined by

pWA U :=[p+q)!/(p)(a)] Alt (;W @ U), (2.62)
LW A JUJ(&1,...,8y; 8pt1,...,8p4q)
=[1/H(@)] > [sen(e)] (W e (U] (2.63)
0ESpiq
(@o(1)s - Bo(p); Bo(pt1)s -+ > Bo(ptq))
for all &j,...,8p44 in V.

Example 2.3.5
WAU (2)Alt (W @ U)

[W® U] - [Ue W] O

Example 2.3.6 There are six distinct permutations of the integers (1,2,3).
These can be listed as follows: I(1,2,3) := (1,2,3), 02(1,2,3) := (2,1,3),
03(1,2,3) :=(1,3,2), 04(1,2,3):=(3,2,1), 05(1,2,3) :=(2,3,1), 06(1,2,3)
= (3,1,2). The permutations o2, 03,04 are odd and permutations I, o5, 0 are
even. Let us consider the wedge product between w.. and a. By (2.63), it is
given by
[W.. N ﬁ] (51752;53)
=(1/2) [w..(ay, 8>
—W.. (53, 52)~(

)
[U./\W ](al,é'g;é’g) = (—1)(2'1)[ﬁ/\w..} (5:1,5:2;5:3)

o
qu

for all &7,as;as in V. O
Now we shall discuss the relevant properties of the wedge product.

Theorem 2.3.7 The wedge product satisfies the following rules:

(i) (pA +,B)AC=(ANC)+(,BAC), (2.64)

(i7) PAN((B+,C)=(,AANB)+ (,AN,C), (2.65)
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(i) AU A (1 W) = M) (,U A W), (2.66)
(i) (b AAB)A,C=,AA(BA,C)= ,AN,BA,C, (2.67)
(v) JUNA W = (—1)P1(,W A, U). (2.68)

Proof of part (v). By (2.63) and (2.39),

[qU A pW](é’l, e ,5,1; 5,14_1, e 7§q+p)

= (1/ap!) Y [sen(0)] (U ® ;W] (Eo(1), - Bo(gip)
TESq+p

= (1/(]!]9!) Z [Sgn(o—)} [(IU(QJ(I)’ cee vao(q))] [:Dw(ﬁa(q+1)’ CRE) 50(q+p))]
TESq+p

= (1/10'(]') Z [Sgn(o—)} [pw(ao(q+1)a cee 750(q+p))] [qU(aa(l)a e 750((1))]
TESptq

= [pW A qU] (§q+1, ‘e a5q+p; 51, PN ,5(1).

Now, to permute g+p vectors (841, ...,8q4p;a1,...,8q) into (&y,...,aq; dg41,

... 844p), we need gp transposition of vector arguments. But each of the trans-
positions introduces a factor of (—1) by (2.53). Thus (2.68) is established. m

Example 2.3.8
AAD = (ac8)A (88"
. Bq (éc N éd)
= (1/2) (e Ba — Peaq) (€° N &7). O

Example 2.3.9

Way..a, (8T A+ A &™) = (p!) > Way .0, (BT Ao A &™), (2.69)
1<a1<-<ap<N

(On the right-hand side of (2.69), the summation is carried out with the restric-
tion 1 <ay <---<ap <N\ O
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Next we shall introduce a (p+p)th-order (2 < p < N) totally antisymmetric
tensor. It is called the generalized Kronecker delta ?,d . Its components
are furnished by the determinant of a p X p matrix as

0%y, 0%y, ... 5a1bp
Oy by = : : o (2.70)
5apb1 (S%b2 - (Sapbp
Example 2.3.10 § . =1"., the identity tensor in (2.28). O

Example 2.3.11 69192y 5, = §%p,0%%, — §%1p,0%?p, are the components of
5 .. O

The important properties of the components of ?,d are listed below.

Theorem 2.3.12 The components of ?,8 satisfy the following rules:

1 if (b1,...,by) is an even permutation of
(a1,...,ap),
(4) oty b, =4 —L1if (b1,...,by) is an odd permutation of  (2.71)
(a17 e 7a’P)7

0 otherwise ;

(ii) 54y b, =0 for p> N; (2.72)
(#i1) ey e, = (NV/(N = p)h); (2.73)
(ZU) (ﬁ)‘al...aq aq+1...apb ...bq Ggi1o-ep
et (2.74)
=[(N = @)//(N —p)l] 6924y, p, for 1 <q<p<N;

(v) det[\%] = (1/N1)gar-—any oy Ao by, (2.75)
(’Ui) [éal /\-“/\éap](ébl,...,ébp) = 5‘11"'(1’”1,1“,1,17. (276)
Proof of part (v). Recall the following properties of a determinant:

det[\"] == > sgn(o) Mgy . A on), (2.77)
oESN
A%y, A%y,
= Z sgn (o) A" b,y oAby - (2.78)

APy L )\a,,bp o€Sy
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By (2.71), (2.69), and (2.78) we obtain

N
(/NN Ay NN = Y gy AP LAY
1<by <---<bn
= 0M Ny AL AN =) sgn(0)0M 51y - 6N gy Al - ALy
ogESN
= Z sgn(a))\}j(l) . )\f,V(N) = det[A%]. ]

oceESN

Example 2.3.13 Let V be a real four-dimensional vector space. By (2.73)
and (2.74), we obtain

5111”.0140.1...(14 - 4! ) (2.79)
6a1a2a3a4b1a2a3a4 = (3') 6(111)1, (280)
(;adeefcd =2 5abef7 (281)
5adeefgd _ 6abcefg. (2.82)

These equations are applicable in the theory of relativity. O

Now we shall construct a basis set for A”(V). Consider a totally antisym-
metric covariant tensor €** A€*2 A---Aé% (2 < p < N). If any two superscripts
of a1,...,a, coincide, the tensor is zero by (2.54). The number of choices for p

distinct integers out of N is (11\)[) = [N!/p! (N —p)!].

Theorem 2.3.14 The set of all totally antisymmetric covariant tensors {(€™ A

e N€%) r1<a; <ag<---<ap, <N} is a basis set for AP(V).
The proof is left to the reader.

Corollary 2.3.15

dim[A” (V)] = [N!/pl(N — p)!]. (2.83)

Example 2.3.16 dim[AN (V)] = 1. Therefore, every non-zero totally anti-
symmetric covariant tensor ;W is a basis tensor for AN (V). a

Example 2.3.17 Consider a real four-dimensional vector space V and a basis
set {&,8&,63,8,4}. The corresponding basis sets for A%2(V), A%(V), and A*(V)
are respectively: {é! Ae? el Aed el hnet &2 ned e? et ednet), (et he? A
el etne’net el nednet e ned Aet), and {e! Ae? Aéd Aeét}. These basis
sets are relevant in the theory of relativity. O
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The components wg, . .q, for 1 <a; <az <--- <a, <N of a totally anti-
symmetric tensor , W are called the strict components. These are denoted
by W, <...<a, - Maintaining the summation convention, we can express

pW =Wa, a0, (8" @ @&%w)
= (1/pwa,..a, (8" N--- N &™) (2.84)

== wa1<...<ap (éal VANRERIAN éap).

Example 2.3.18 Choose N = 3 and p = 2. An antisymmetric tensor of
order (04 2) is provided by
W.. = wepe® @&’ = (1/2)wqpe® A &b
= ’wlgél A&+ w13é1 A&+ w23é2 A &3

= Waep? A &P O

Theorem 2.3.19 Prove that under the change of basis set in (1.8), the strict
COMPOnents W, <...<a, of a totally antisymmetric tensor , W undergo the fol-
lowing transformation rules:

Ay L Abey,

@a1<~~<ap = Wpy <---<bp» (285)
U Ao,
/J’bl ap :u’bpal

Way < <ap = {U\b1<~~<bp« (286)
Mbl ap v prap

The proof is left as an exercise. (Note that the summation convention is main-
tained in (2.85) and (2.86).)

Now we shall introduce another totally antisymmetric permutation (or
numerical) symbol of Levi-Civita. It is denoted by yE, and its contravari-
ant analogue is indicated by YE. The corresponding components are defined
respectively by

€ay...any = 61'”Na1...aN7 (287)

1.N- (2.88)

These NV components are mostly zero. Only N! among the components
are 1.

Ebl...bN = 6b1...bN

Example 2.3.20

12...N

€123..N = —€213..N = 0 12.N = 1. O
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The main properties of the permutation symbols are summarized below.

Theorem 2.3.21 The components of permutation symbols satisfy the following:

(Z) 5a1.,_aN = gal...aN _

1 if (a1,...,an) is an even permutation of (1,...,N),
-1 if (a1,...,an) is an odd permutation of (1,...,N), (2.89)
0 otherwise;

(ii) M MNep, by =0T N b (2.90)
(#i4) Ut ppieaNgy (N ey, (2.91)
(iv) AP NN e b = {det[ N eayan (2.92)
(v) Py, g g1 = L det [ ] Je o (2.93)

The proof will be left as an exercise.

Example 2.3.22 Consider the two-dimensional vector space V', the spinor
space in an arbitrary field F. In this case, the permutation symbols satisfy
enn=cel=ep=e2=0, cp=e"=—e9; =¥ =1,

Eabgcd = 6abcd7 Eabgab = 27

1 2
Eaph® b:det|: ;/(}1 ;/22 ]

This example is relevant in the theory of spin-1/2 particles in nature. O

Example 2.3.23 Consider a three-dimensional vector space. In such a case,

£ ¢ pe = 6, (2.94)
gabe Edbe = 20%, (2.95)
€ coge = 0% 604 — %4 8% (2.96)

This example is pertinent in the non-relativistic mechanics of particles and de-
formable bodies. a
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Example 2.3.24 In the case of a four-dimensional real vector space, we have

Eade Eabed = 4! 5 (297)
£ ¢ yeq = 60, (2.98)
€ade Eefcd = 2(5116 (5bf 75af 5be), (299)
Eade Eefgd = 5ae(5bf 569 _ 5bg 5cf) + 5af(5bg 5ce _ 5be 5cg) (2 100)
409, (8% 8¢5 — 8bf 6¢.). '
This example is useful in the theory of relativity. O

Now we shall discuss the transformation properties of the components
€ay..ay and €% under the change of basis set in (1.8). It is natural to
demand that the permutation symbols be numerical symbols; that is,

~a1...aN

= _ ay...an
Eal‘..aN - Ea1...a1v7 € .

=€
To accomplish the equalities above, we must adopt the following transformation
rules:

Bar.an = {det[]A]} TIAD LY e b (2.101)

U = {det[X gl g . N py e 0N (2.102)

(By (2.92) and (2.93), it is evident that transformation rules (2.101) and (2.102)
render permutation symbols to behave as numerical objects.) Comparing (2.101)
and (2.102) with the tensor transformation rules in (2.48), we conclude that the
permutation symbols are generalizations of tensors. This fact prompts us to
invent the concept of a relative tensor 70, of weight w (an integer) with
transformation rules for its components as

07107y, b, = {det N ]} u ey e Xy AT 001, g (2.103)

For a positive weight w > 0, the relative tensor 7©,, belongs to the set
ANV @@ AN (V)

w

AWV @@ AN V)

® 5T (V), whereas for a negative weight it belongs to

the set ®TTV).
w
A relative tensor weight w =1 is called a tensor density.

Example 2.3.25 Consider an antisymmetric tensor y.4 belonging to AN (V).
Let its strict components be denoted by

Q= aa1<---<aN = (1...N,

aal‘..aN = aEal...aN N
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By the rules

NA = (1/ND)ag,. . an€* A--- NEN
= (a1 .n)@'A---neN),
al,,,N = {det [)\cd]}al,,,N,
we have
a = {det [A\°4]} o
Thus yA is a scalar density. O

Example 2.3.26 The permutation symbol Y E is a contravariant N th-order
tensor density according to the transformation rules (2.102) and (2.103). O

We denote the set of all pth-order, antisymmetric, relative covariant tensors

of weight w by AP, (V) and for similar contravariant tensors by AP, (V). We
observe that the dimension of A, (V) or A?, (V) for p < N is (J;[) This is

precisely the dimension of AN=7,(V) or AN=7,(V). Therefore, it is possible to
set up a linear and one-to-one mapping from A, (V) into AN=7,, (V). This is
called the up-star (*) duality mapping and is defined by the following rules
on the components:

*wbln-bN*p = (1/p|) ga1--ap by...bn—p wal..‘alf (2104)
The corresponding inverse transformation is furnished by
Way.ap = [1/(N = p)] €ay.cap by by, "0 OV (2.105)

We define the down-star (.) duality mapping from AP,,;(V) into
AN=P (V) by the equations

Carran_y = (1/D) €ay.oany br..6, 07 (2.106)

Cbl...b,J _ [1/(N _ p)|] g1 aN—p b1~.-by*<a1-“aN7p. (2.107)

Example 2.3.27 Consider the spinor space. It is a two-dimensional complex
vector space. Moreover, we restrict the change of basis sets so that
det[)\cd] =1.

(Remark: The set of such unimodular transformations constitutes the group
SGL(2,C).)
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For such transformations, there are no distinctions between tensors (or spinors)
and relative tensors (or relative spinors). The star dual mappings in (2.104) and
(2.106) are

b = gy = et

*Ca = Eab Cba Cb = Eab*Cb;
*Whwy = (= 0.

Here, €% and e.4 serve the purposes of raising and lowering indices. (Never-
theless, these should not be called metric tensor components!) O

* *

We consider now composite mappings .o and *o,. Using
(2.106), (2.104), and (2.91), we obtain

("Wayan—p) = (1/D)ear . an—_pbr..b, "W

= (1/p!)(5cl"'CN_pa1...aN,pwclu.cN,p = Wq;..an_p*

Thus, the mappings .o*, and *o, are identity mappings.

The basis set {€1,...,Ex} for V can have one of two possible orientations.
In the case yE(€1,...,Ex) > 0, the basis set is said to be positively oriented.
Otherwise, it is negatively oriented. For a change of basis sets given by
€% = \%8&,, we have [&! A --- A &N](€y,...,Ex) = det[\?] # 0. Therefore,
the sign of the det[A\%,] divides the transformations into two distinct classes. In
the case det[A%,] > 0, the basis {31, e ,gN} is positively oriented relative to
{€1,...,6x}. For det[\%;] < 0, the basis is negatively oriented with respect
to {€1,...,Enx}. We can introduce a generalization of relative tensors as given
in (2.103). The components of an oriented (or pseudo) relative tensor
transform as

é\al...arb b
boPs (2.108)

= {sgn[det[\ (]|} - {det[N ]} - ey oo e Ay ATy 0 g

s

Example 2.3.28 The transformation of the components of a second-order
covariant tensor is given by (see (2.13))

7/:ab = )\Ca /\db Ted = )\Ca Ted Adlr
Taking the determinant of both sides, we have
det[Tp] = {det[\".)T} {det[r.q]} {det[)\db]}.

Now, taking positive square roots of the absolute values of both sides, we obtain

that
V| det[Tup]] = {sgn[det[\® f]]}{det[N\;]} /] det[r.q]l- (2.109)

Therefore, /| det[Tqp]| transforms as an oriented (or pseudo) scalar density. O
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Exercises 2.3

1. Let @',...,@” be p covariant vectors. Prove that if @',...,G? are linearly
dependent, then a' A--- A wP = ,0.

2. Prove that

3. Prove the following equations.

(i) gltegrirt1-JN 5hr+1~.h1vjr+1ij =

(N —r)lgiredrhrirhn
(11) det[aij] :&fjl"'jNaljl -+ ANjpN -
(ii) The characteristic determinant

det[ahj — )\(Shj] =

N
(N D AR (NN TR TRyl
k=1

4. Prove theorems 2.3.19 and 2.3.21.

2.4 Inner Product Vector Spaces
and the Metric Tensor

In the preceding sections, we have assumed a general field F . In the sequel, we
shall use mostly the real field R (and occasionally C). The vector spaces can
be made more interesting by allowing additional structures. For example, we
may introduce the notion of the norm or length of a real vector. The norm or
length, denoted by || - ||, maps a vector into a non-negative real number. The
axioms regarding a norm are listed below.

NT1. ||| > 0; ||&|| =0 if and only if & = &. (2.110)
No. A& = A ||a]]- (2.111)

N3. ||a+b|| <|la|| +|[b|| (the triangle inequality). (2.112)
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Example 2.4.1 The familiar notion of the Euclidean norm or length of a
vector a = a’é, is given by

||5H::+\/m:\/(041)2+~-'+(QN)2, 0

A vector space can have a more elaborate structure, known as the inner
products (or scalar product). Inner products can exist independently of the
norm. The inner product is a function g.. with the following axioms:

I1. g..(a,Db) e R.

12. g..(b,d) =g..(a,b). (2.113)
13. g.. (\@ + b, €) = [\g.. (&,¢)] + [ug.. (b, 7). (2.114)
14. g..(d,X) =0 for all X in V if and only if &= 0.

It is clear that g.. is a symmetric second order covariant tensor. It is also called
the metric tensor. The axiom 14 is known as the non-degeneracy axiom.
(An alternate notation for an inner product is (&,b), = g..(d,b).)

Example 2.4.2 The Euclidean metric is defined by

g.(&b) = L.(ab)=1L.(a%,, ")
= dmata’ = (a!f) + -+ (M),
(2.115)
g. = L.=d,(&"®eéb);
lal? = I.(&4&). O
Example 2.4.3 We can define a Lorentz metric by
.(&,b)=d..(&b) = da®p?

g-(&b)=d.(&b) ikd (2.116)

= (alﬁl) R (aN—lﬂN—l) _ (OzNﬁN).
g. =dp@"@e")=@'we)+ .-+ @ Tee - (Ve i

The metric tensor components g;; := g.. (€;,€;) = gj;. Therefore, the eigen-
values Aq,..., Ay of the symmetric matrix [g;;] are all real. Moreover, by the
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non-degeneracy axiom I4, none of the eigenvalues can be zero. Therefore, we
can introduce the notion of the signature of a metric by

N
sgn(g..) = ngn(/\k)zp—n; (2.117)
k=1
N = p+n.

Here, p is the number of positive eigenvalues and n is the number of negative
eigenvalues. For the Lorentz metric in (2.116), sgn(d..) = N — 2. In the theory
of relativity, N = 4 and sgn(d..) = 2. (Caution: Some relativists denote the
metric by d.. = —d.., sgn(a..) = -2

There is a stronger concept of inner product. It is called a positive-definite
inner product. In this case, one of the axioms 14 in (2.113) and (2.114) is

replaced by a stronger axiom,
14+ g.(8,a)>0; g.(da)=0iff a=o.

In the case of a positive-definite inner product, we can define in a natural way
the norm or length of a vector a as

1&]| == +V/g.. (8, 4). (2.118)

We can define the “angle” 6 between two non-zero vectors a and b by

COSG:{g“(ﬁ,g)/x/g“(ﬁ,ﬁ)~g“(6,6) . (2.119)

By the Cauchy-Schwartz inequality, |cosf| < 1.
If the inner product is not positive-definite, there is a problem of defining
the norm. The best we can do is to define the separation o of a vector by

o(@) = +/]g-(@ 4a)]. (2.120)

(The pair of vertical lines indicate the absolute value!) The separation defined
in (2.120) satisfies the following two conditions:

o(d) >0,

2.121
o(\&) = [N|o(&). (2.121)

The rules above definitely differ from the rules of a norm in (2.110)—(2.112). For
a Lorentz metric in (2.116) and a vector & # & with components o' = oV =1,
a?=a®=..-=a"N"! =0, the separation (&) = 0. This clearly violates the
axiom (2.110) for a norm or length.

For a vector space with a Lorentz metric g.., we define the following subsets

of vectors.

(i) A spacelike vector § must satisfy

g..(5,5) > 0. (2.122)
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(ii) A timelike vector t must satisfy

-,

g. (t,t) <0 (2.123)

(iii) A null vector @l must satisfy

g..(a,n) =0. (2.124)

Example 2.4.4 Consider the four-dimensional real vector space with the
Lorentz metric

d.=('ee )+ (®we?) + (®we’) - (6'we?). (2.125)

Here, the basis {€1,...,84} is the standard one. For the vector §:= & +65+€53,

o(8) = d..(§,8) = 3. Therefore, § is spacelike. For the vector t := €; —€2+€3—

284, d.. (t t = —1. Thus, t is timelike. For the vector @i := &; +&,—&3+1/384,

d.. (1d,1) = 0. Therefore, 1l is a (non-zero) null vector. O

Now let us discuss the “angle” between two vectors in the Lorentz metric.
The natural generalization of (2.119) for two non-null vectors is provided by

cose;:l /| o5 5>]

I_f we choose the standard vectors €; and €y and define the sequence of vectors
b, ;=€ +(m—1/m)éx, m € {1,27~ -}, then d..(€1,61) =1, d.. (En,EN) =
~1, d.. (B, b)) =1 — (m — l/m) d..(&,b,,) =1. Therefore the sequence
of “angles” between €; and by, are given by

cos(Bn) = ld..(éhﬁm)/\/‘d..(61761)d..(5m,5m)‘]
= (m/V2m —1).

Thus 1 < cosf,, and lim cos6,, — oo. This displays the violation of the

m—00

Cauchy-Schwartz inequality and shows that the use of a trigonometric function,
“cosine,” is meaningless for a non—positive-definite metric.

From these discussions, we conclude that there is neither a length nor an
angle in a vector space with a Lorentz metric.

A “unit” vector u is defined in general by the condition

o () = 1. (2.126)
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Two “orthogonal vectors” a and b must satisfy the condition

g..(ab)=0. (2.127)
In the case where {€i,...,6y} is an “orthonormal basis” set, the vectors
must satisfy
+1 for k=7,
. (61, 8;) = 2.128
g (€. €)) { 0 for k # j. ( )

¢

(Subsequently, we shall drop “ 7 from the orthonormality.)

The non-degeneracy axiom I4 implies that the N x N matrix [gq] is non-
singular. Therefore, the matrix [g,,] possesses a unique and symmetric inverse
matrix. Denoting the entries of the inverse matrix by g%®, we obtain

gba _ gab’ gabgbC _ gcbgba _ 6(16. (2.129)

The contravariant (or conjugate) metric tensor is defined by

g = g6, ®&). (2.130)

The contravariant metric tensor induces an inner product in V by the rules

~a ~b

g (&",8") =g*, (2.131)
g (X,y) =g (a8 me") = g"*Lamp. (2.132)

The metric tensor g.. induces an isomorphism between V and V. The
following theorem establishes the isomorphism.

Theorem 2.4.5 Let V be a finite-dimensional real vector space with a metric
g... Then, to every covariant vector 0 in V there corresponds a unique vector
u in V such that u(a) = g.. (&, ud) for all & in V. Moreover, the function I,
from V into V, defined by U := Z,(1), is a vector space isomorphism.

The proof is left as an exercise. By the preceding theorem, the metric g.. makes
VY and V exactly similar. In terms of the components, the isomorphism can be
expressed as

£ = g,
e = Geab®.

The procedures above are called raising and lowering indices, respectively.
The isomorphism due to the metric can be extended to tensor spaces with

fixed (r + s) order. Thus, the spaces éhLS)T(V)7 TT(V), ?HS)T(V)7 etc., are

(2.133)
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exactly similar due to the metric. In terms of the components, the isomorphism
can be obtained by the following (and similar) rules for raising and lowering
indices:

ay...a, c@pdy...ds

T brobe = Gbydy - - Gbod, T
G g Ty erby . b (2.134)

ark ai...ap—
rk a1 r—1

=49

=49 kby...bs-

Example 2.4.6 For a Euclidean metric gup = 0ap, (2.134) implies that

ai...a _ _aj...apby...bs __
T "byby =T " S = Tay...apby...bs- O

Example 2.4.7 Let us work out the raising and lowering of second-order
tensor components from (2.134):

Tab _ gbc,raC _ gacgbd,rcd _ gac,]_cb7

d d
Tab = gacch = gacgdeC = 09bdTa >
) . (2.135)
a ac a ac
Tb=9 Teb =9GodT =g GbdTe

b

b c bd bd__c
Ta = Y9acT =9 Tad = YGacd T d-

Example 2.4.8 For the metric tensor components, we obtain from (2.129)
and (2.134)

9% = 9" gep = 6%, o1
gb:g gd]:(sb, (36)

d

The metric g.. in V induces a generalized metric 2%5,.g for the N"**-dimen-
sional vector space ",7 (V). Therefore, the function 2%5.g should map a pair
of ordered tensors "sA=a% %y 5. €4 ® - &, and sB=0%"%4 4. €.
®--- ® €4, into a real number. We define this function by the following rule:

2327-g(r8A7 TSB) =

bidy b

. (2.137)
-9 Garcy -+ garcraalmarbl4..bsﬁ61mcrd1...db.~

9
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Theorem 2.4.9 The induced metric **9,.g in (2.137) satisfies the rules of inner
product 11-14 in (2.113) and (2.114) for the N5 -dimensional vector space
"sT(V).

The proof is left as an exercise.

We can define the separation function & for the tensor space "7 (V). It is
given by

G("sT) = +/%2,8("s T, " T)|. (2.138)

Example 2.4.10 Let us consider the induced metric Ag.... for the space
A%(V). (It is also called the bivector space.) Choose two contravariant anti-
symmetric tensors w and A’. By (2.84), we can express

w = w8, ® &, =: 2w, A &,

= N

A = aCdé’c ® €q =: 7a6dé'c A €q.

[

By the definition in (2.137), we have
.. N ab cd
AGeooo (W A ) = Gacoaw® .

The components of €. A € relative to their own basis set are furnished by

—

- 1 oS
€. N€y = §§“befea A €.
Therefore, we obtain for the components

NGefgh = Ag....(éeAéf,égAéh)

1
= (4> gacgbd(sabef(SCdgh

_ (1>’ Geg  YGeh
4/)| 959 9sn

/\gfeghzf/\gefgh:/\gefhg:/\ghgef~ ]

Moreover,

Now we shall modify the permutation symbols of the preceding section. We
introduce totally antisymmetric pseudo (or oriented) tensors ,m and ~m of
Levi-Civita:

77(11»--11N =+ |d6t[gcd]| 5a1.v-(lN = \% |g| Eal.,.aNa (2139)

g Vgl

g o= V19 ooy 58009) oy (2.140)
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The second choice is made to accommodate the raising and lowering rules in
(2.134).

Now we shall examine the transformation rules of the components of anti-
symmetric pseudo-tensors under the usual change of basis sets

> b - = b S
€y = A a€b, €q = b aCp-

Theorem 2.4.11 Under the change of basis sets in V', the components of an-
tisymmetric pseudo-tensors Ny, ..y and nbl'“bN transform as

Mar...an = sgn{det[ A} - Ao, o AN g m, (2.141)

e = sgnf{det[Nq]} - iy, ™V 0N (2.142)

The proof is left as an exercise. The transformation rules (2.141) and (2.142)
are slightly simpler compared with those of the permutation symbols in (2.101)
and (2.102).

There is a geometrical significance to these pseudo-tensors or oriented ten-
sors. Consider a set of vectors {&y,...,ay} in V. Imagine these vectors all start
from the origin. These can generate an N -dimensional hyper-parallelepiped. The
N -dimensional oriented volume of such a hyper-parallelepiped is defined by

V(ﬁl,...,iN) = Nn(ila---aiN)
= Wn(af'€q, ..., a3 ) (2.143)
= /lg|detfag].
Therefore, the volume is non-zero if and only if the set of vectors {&;,...,an}
is a basis set. Furthermore, the oriented volume is positive or else negative
according to whether {&;,...,ay} is positively or negatively oriented relative
to the basis {€1,...,En}.

The pseudo-tensors can be used to modify slightly the star operations in
(2.104) and (2.106). We call this duality operation the Hodge star operation.
The Hodge * function maps an antisymmetric tensor (or an antisymmetric
pseudo-tensor) , W into an antisymmetric pseudo-tensor (or an antisymmetric
tensor) n_,W. (The star is neither up nor down!) This one-to-one and linear

function is defined by
*Whybn_p = (1/p!)77a1mapby..bepwal...ap- (2-144)
We can also write that

* Ccl-ucp - [1/(N 7p)!]ns;:::gN7P<b1~~-bN—p' (2145)

P
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Example 2.4.12 Consider a four-dimensional real vector space and an anti-
symmetric second-order covariant tensor F.. given by

1
F..= ¢pe® @& =: 5¢>[a,,]éa Q& =g, neb. (2.146)

The Hodge star mapping will generate the components

*¢Cd — (1/2)nabcd¢ab

(2.147)
= (1/2)[sgn(9)//19lle®*** Pap-
Thus, we have for the Lorentz metric
1
*p1? = — (1/\/ |9|> P34, *¢™ = — (W) P14,
1
% = — (1/\/ |9|) poa,  #PM = — (Lﬂ) ¢23,
- 1
x?t = — (1/\/ |g|) ¢31, *¢*t = — (\/@) P12-
This example is relevant in the relativistic electromagnetic field theory. O

Exercises 2.4
1. Let a metric g.. in a three-dimensional vector space be defined by
g (8,5) = g.(a"€,, 8'&,) := a' B! +3(a' B2 + a2B") + 4023 + o7,

Determine whether or not the metric g.. is positive-definite.

2. Let an N-dimensional vector space be endowed with a positive-definite
metric g.. .

(i) Prove the Cauchy-Schwartz inequality:

g..(d,b) < +\/g..(&,&)g..(b,b).

(ii) Prove the polarization identity:

g..(a,b)=(1/4)[g..(A+b,a+b)—g..(@—b,a— b))
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3. Prove theorems 2.4.5 and 2.4.9.

4. Prove the following equations:

(1) nal..~aN _ ga1b1 . -gaNanbl...bN-

(i) Pt IN e b by = $80(9) (N — p)lhitr,,

for p< N.

5. Show that, for the Hodge star operation,

*(*wclmcp) = (_1)p(N_p)Sgn(g)wclmcp .

Cp)

ol



Chapter 3

Tensor Analysis on a
Differentiable Manifold

3.1 Differentiable Manifolds

We shall go briefly through the definition of an N -dimensional differentiable
manifold M. There are few assumptions in this definition. A set with a topol-
ogy is one in which open subsets are known. Furthermore, if for every two
distinct elements (or points) p and ¢, there exist open and disjoint subsets
containing p and ¢, respectively, then the topology is called Hausdorff. A
connected Hausdorff manifold is paracompact if and only if it has a countable
basis of open sets. (See the book by Hocking & young [20].)

(1) The first assumption we make about an applicable differentiable manifold
M is that it is endowed with a paracompact topology.

(Remark: This assumption is necessary for the purpose of integration in any
domain.)

We also consider only a connected set M for physical reasons. Moreover, we
deal mostly with an open set M.

Now we shall introduce local coordinates for M. A chart (x,U) or a local
coordinate system is a pair consisting of an open subset U C M together
with a continuous one-to-one mapping (homeomorphism) x from U into
(codomain) D C RY. Here D is an open subset of RY with the usual Euclidean

52
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topology. For a point p € M, we have z = (2',22,...,2") = x(p) € D. The

coordinates (z!,22%,...,2") are the coordinates of the point p in the chart

(. U).

Each of the N coordinates is obtained by the projection mappings 7% : D C
R® — R, k € {1,...,N}. These are defined by 7*(z) = 7¥(z!,...,2V) :=
2% € R. (See fig. 3.1.) (See the references [19], [28], [30] and [35].)

M
=T N
op
vy’
D\’\,
N Tr&
[ )
X
—O0—e&—0—
TRY X« R

Figure 3.1: A chart (x,U) and projection mappings.

Consider two coordinate systems or charts (x,U) and (X, U ) such that the

point p is in the non-empty intersection of U and U. From fig. 3.2 we conclude
that

(3.1)

o—1

= (xoXx (@),

where z € D, C D and 556135 cD.
From the preceding considerations, the mappings Yo x~* and y oY~ ! are
continuous and one-to-one. By projection of these points, we get

% =[rFogox Y (z) = XF(z) = XF(a!, ..., a),
x

F= [tk ox o x @) = X*@E) = XF@E, ..., 7N).

Z=(Xox ')(=),

(3.2)

The 2N functions XF* and X k are continuous. However, for a differentiable
manifold, we assume that X* and X* are differentiable functions of N real
variables. In this context, we introduce some new notations. In the case where
a function f: D C RY — RM can be continuously differentiated rtimes with
respect to every variable, we define the function f as belonging to the class
C"(D c RN;RM) r € {0,1,2,...}. In the case where the function is Taylor-
expandable (or real-analytic), the symbol C¥(D C RY;RM) is used for the
class.
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N, 7

Figure 3.2: Two charts in M and a coordinate transformation.

By the first assumption of paracompactness, we can conclude that open
subsets Uj, exist such that M = L}JLUh. The second assumption about M is the
following.

(2) There exist countable charts (xn,Un) for M. Moreover, wherever there is
a non-empty intersection between charts, coordinate transformations as in (3.2)
of class C" can be found. Such a basis of charts for M is called a C"-atlas.
A maximal collection of C"-related atlases is called a maximal C"-atlas. (It is
also called the complete atlas.)

Finally, we are in a position to define a differentiable manifold.

(3) An N-dimensional C"-differentiable manifold is a set M with a maximal
C"-atlas.

(Remark: For r =0, the set M is called a topological manifold.)

A differentiable manifold is said to ps orientable if there exists an atlas
(Xn,Un) such that the Jacobian det ["”gm?)
furnish some examples now.

is non-zero of one sign. We shall

Example 3.1.1 Consider E 1, the one-dimensional Euclidean manifold. This
is the simplest example of a differentiable manifold. A global chart (x,E;)
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exists such that
x=x(p) forall p in E; with D =R,
Another global chart (Y,E;) exists such that

~

z=X(p) €ER.
Let X = X ox~! be given by
7=X(z):=(2)®D=R.

Here, D; = D = R and ﬁs = D = R. we have the one-to-one mapping
X € CY(R;R) since X is a polynomial function. The Jacobian is given by the

derivative d)éi‘”) = 3(x)? > 0 for  # 0. However, the vanishing of d)éiz) at
x = 0 does not violate the condition of one-to-one mapping over R. O

Example 3.1.2 Consider the three-dimensional Euclidean manifold E3. One
global chart (y,E3) is furnished by

r= (24 2% 2%) = x(p), p€E3; D=R>
Let (x,E3) be one of the infinitely many Cartesian coordinate systems.

Another chart (X, U ) is given by
7= (34,7%,2%) = (r,0,0) = X(p);
D:={@., 7,7 eR: 7' >0,0<? <7 —1 < <7}

This is a spherical polar coordinate system. It is not a global chart. The
coordinate transformation between the two coordinate systems is characterized
by the equations

! = X1(7) := 7' sin 22 cos 72,
22 = X%(7) := 2! sin 2? sin 73, (3.3)
23 = X3(Z) := 7' cos 7.

It is slightly more complicated to obtain the hatted functions Xk explicitly.
For that purpose, recall that principal branch Arctan and Arccos functions take
values from (—m/2,7/2) and (0,7), respectively. Now, with these notations,
we can provide the explicit functions

=X (o) =+ @)+ @)+ ()

72 = X?(x) := arccos [333/\/(1‘1)2 + (22)2 + (a:3)2] 7

7% = X3(2) = arc (zt, 2?) (3.4)
arctan (z2/z1) for z1 > 0,
= { (m/2) sgn(z?) for ' =0 and 22 # 0,
arctan (z2/z1) + wsgn(a?) for 2! < 0 and 22 # 0.



56 3. Tensor Analysis on a Differentiable Manifold

In this transformation, X* e C* (D4 C R3;R). Moreover, the domains are

Dy = {(ml,xQ,IB) eR¥: 23 eRya! >0o0r :v27$0} c D =R3,

~

Dy ={@E472%7%) eR®: 7' > 0,0< 3 <m,—7 <3 <7} =DCR?

ot 2t a®) {axk( )] .

T - T )" sinxz” > 0. O
o(xt, x2,x3) oxI )

Example 3.1.3 The two-dimensional (boundary) surface S? of the unit solid
sphere can be constructed in the Euclidean space E 3 by one constraint express-
ible in terms of the Cartesian coordinates as (z1)? + (22)? 4 (2%)2 = 1. Equiv-
alently, the same constraint is expressible in the spherical polar coordinates as
7! = 1. (We used the preceding example.) The remaining spherical polar coor-
dinates (2%,7%) =: (0, ¢) can be used as a possible coordinate system over an
open subset of S?, which is a two-dimensional differentiable manifold in its own
right. This coordinate chart is characterized by

z=(0,¢)=x(p), peU C 5%

D:={(0,¢) eR*:0<f<m—7m<p<m}CR

Another distinct spherical polar chart is furnished by
= O(0, ¢) := Arccos (— sinfsin ¢),

= &(0, ¢) := arc(—sin b cos ¢, cos ),
{(aA)€R2:0<§<7T,—7T<$<7T}CRQ.

Neither of the two charts is global. However, the union U U U= S2. Thus,
the collection of two charts (x,U) and (¥, U) constitutes an atlas for S?. (The

minimum number of charts for an atlas of S? is two.) See fig. 3.3 for the
illustration. m]

Now, let us discuss a function F' from U C M into R. (See fig. 3.4.) This
function induces another function f: F oyt from D C RY into R. We can
represent it by the usual notation

y=F(p) = [Foxil] (z) =: f(x)zf(xl,...,:vN). (3.5)

The function f may be of differentiability class C*(D c RYV;R), k € {0,1,...},
a totally differentiable function, a function obeying the Lipschitz condition, or
a discontinuous function.
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(0,-m) Image of equator

Equator

D>

(0,-m)

Figure 3.3: Spherical polar coordinates.

7 w

o KN

e F
N
) :

Figure 3.4: A function from U C M into R.

o7

Example 3.1.4 Let us consider a function F over a Euclidean plane Es.
We adopt a global Cartesian chart (y,[Ez). Let the corresponding f over R?

be defined by

0 for (x',22) = (0,0),
f(x) = fa',2?) = (x1)? — (22)?
o) o ¢

zt 2%) #£ (0,0).
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We can deduce that

lim lim f(z',2%)=— lim lim f(z', 2?) =1.
Jim zhof( ,27) Jpm. ml_}gf( ,7)

Obviously, the function is discontinuous at the origin. We denote the function
by f € Map (R%;R). ]

A function F from M into M is a C*-diffeomorphism (k > 1) provided
F is one-to-one, onto, and of class C*. Moreover, F~! must also be one-to-one,
onto, and of class C*.

(Remark: In the case where k = 0, such a mapping is a homeomorphism.)

A diffeomorphism is elaborated in fig. 3.5. R
In terms of coordinate charts (y,U) and (X, U), the diffecomorphism F yields
the following transformations:

y'=[rtoxoFox '] (z) = Yi(z!,... al),
o
oxJ

(3.6)

det [ } =y, ...,.yN) 0, ..., xN) £ 0.

Figure 3.5: A C*-diffeomorphism F'.
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Example 3.1.5 Consider M =E;. Let the mapping F' be specified by
y=xoF(p)=f(z):=tanhz, z €R.

df (z)
dx

= sec h’z > 0.

Since |tanhz| < 1, F' is a C*-diffeomorphism from E into a proper connected
subset of M (which is coordinatized as (—1,1)). O

Example 3.1.6 Consider M = M= E;. Let the mapping F' be character-
ized by
y=XoF(p):=(2)°, z €R;
dx 1
R TR

The derivative of the inverse mapping F~' is not defined to correspond to the
point y = 0. However, it is a continuous and one-to-one mapping. Therefore,
we conclude that F' is a homeomorphism that is not a diffeomorphism. O

Exercises 3.1

1. Consider the four-dimensional (flat space-time) differentiable manifold M
of special relativity. The Poincaré (or inhomogeneous Lorentz) transformations
between two C"-related global charts (x, M) and (¥, M) are characterized by

78 = X*(x) == c* + 1527, Dy =D =R
k>

Here, c"’s are arbitrary constants or parameters. Moreover, the other parame-
ters s satisfy

dijl'al?y = dgp.
(The metric tensor components dyp are defined in (2.116).) Prove that the
Jacobian of the Poincaré transformations satisfies
(7L 72 73 74 9 Xw
@) %)

Oz, 22 23, 2%) "~ Oz

= =+1.

(Remark: The set of all Poincaré transformations constitutes the group de-
noted by Z0(3,1;R).)

2. Consider the following function over R?:

ﬂfm%:{< ) [((#)? = @)/ (") + (@*))] for (',a?) # (0,0),
T 0 for (z!,22) = (0,0).
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Prove that the second partials exist at (0,0) but

82']¢'($17 1‘2)
Oxrloz?

82f(x1,3:2)

7 Ox20x!

(0,0)

(0,0)

(See Gelbaum & Olmsted [15].)

3.2 Tangent Vectors, Cotangent Vectors, and
Parametrized Curves

Let us consider the space in the arena of Newtonian physics. It is mathematically
represented by the three-dimensional Euclidean space E3. This space admits
infinitely many global Cartesian charts. Vectors in the physical space describe
velocities, accelerations, forces, etc. Each of these vectors has a (homeomorphic)
image in R? of a Cartesian chart. To obtain an intuitive definition of a tangent
vector v, or its image vV, in R?®, we shall visualize an “arrow” in R?® with
the starting point z = (2!,2%,2%) in R® and the directed displacement v =
(v, v2,v?) necessary to reach the point (2! + vl 22 + 02,23 +v?) in R3. (See
fig. 3.6.)

XA

]
(XHVL X242 X3+v3)

(X1,x2,%3)

Y

TRS

x1

Figure 3.6: Tangent vector in E3 and R3.
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Example 3.2.1 Let us choose as standard (Cartesian) basis vectors at x in
RS

i, =61, = (1,0,0)s, jo =&y :=(0,1,0),,

Jo
K, =(0,0,1),.

HI
CDl

Let a three-dimensional vector be given by v := 3€; + 265 + €5 = (3,2,1). Let
us choose a point x = (2',2%,2%) = (1,2,3). Therefore, the tangent vector

Ve = (3,2,1)(1,2,3) starts from the point (1,2,3) and terminates at (4,4,4). O

But such a simple definition runs into problems in a curved manifold. A
simple curved manifold is the spherical surface S? in fig.3.3. We have drawn
an intuitive picture of a tangent vector v, on S?. The starting point p of v,
is on S2. However, the end point of ¥, is not on S?. The problem is how to
define a tangent vector intrinsically on S? without going out of the spherical
surface. One logical possibility is to introduce directional derivatives of a smooth
function F' defined at p in a subset of S2. Such a definition involves only the
point p and its neighboring points, all on S2. Thus, we shall represent tangent
vectors by the directional derivatives. This concept appears to be very abstract
at the beginning. (But recall that the position coordinates and the momentum
variables are represented by linear operators in quantum mechanics!)

Now, let us define a generalized directional derivative. We shall use a
coordinate chart (y,U) of the abstract manifold M. Let = (z',...,2") =
x(p). Let an N-tuple of vector components be given by (v!,... ,v"). Then,
the tangent vector v, in D C R¥ is defined by the generalized directional
derivative

N
. . 0 . 0
Vo 1= E v a = aa’
L Oz (3.7)
oo aOf (@)
Vilf] i=v e

Here, f belongs to C*(D C R™:R). (Note that in the notation of the usual
calculus, v,[f] =V, -grad f.)

The set of all tangent vectors v, constitutes the N -dimensional tangent
vector space T,(RY) in D C R¥. It is an isomorphic image of the tangent
vector space T,(M). The standard basis set {€14,...,6n,} for T,(RY) is
defined by the differential operators

le -— ax17"'7 Nz -— 8$N’ (38)
- . Of(x)
e;m[f] = ork

Now, we shall define a tangent vector field V(p) in U C M or equivalently
the tangent vector field ¥(z) in D C RY. It involves N real-valued functions
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vi(z),..., vV (x). The tangent vector field is defined by the operator

, 0
V(z) := v () —,
oxJd
i (3.9)
¥(@)lf] o= () T

Here, f € C1(D C RY;R).

Example 3.2.2 Let D := {(z},2?) e R? : 2! € R,1 < 2?}. Moreover, let
f(x) :=a! {(xQ)””Q} and

0
V(z!, 2?) = e (2cosh z!)

ox! Oz2

Therefore, by (2.37) we get

2

V(z1, 22)[f] = [(z2)*"][e*” — 2(2! coshz!)(1 + In22)],

lim lim {V(z',2?)[f]} = —e . O

zl—1 22—+1

Example 3.2.3 The standard basis vectors from (3.8) can be expressed as

- 0 0
Therefore, for the function f(z) := a?,
- i 0 i i 7
ea‘(ﬂ?)[%]=5kj@(x)=5kj5k=5jy 510
3.10
H@)lo'] = 0 (2) s (a) = o (@) = o' (), 0

Oxd

The main properties of tangent vector fields can be summarized in the fol-
lowing theorem.

Theorem 3.2.4 If vV and W are tangent vector fields in D C RN , and f,g,h €
CY(D c RN;R), then

(i) [f(2)¥(2) + g(x)W(2)][h] = f(z)(¥(2)[h]) + g(z)(W(2)[h]);  (3.11)

(ii) V(@)lef + kg] = c(V(@)[f]) + k(¥ (2)]g]) (3.12)
for all constants ¢ and k;

(iif) V(@)[f9l = V(@) [f])g(x) + f(2)(¥(2)[g])- (3.13)

The proof is left as an exercise.
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Now we shall discuss the cotangent (or covariant) vector field v(p) in
U C N or the isomorphic image v(z) in D C RY . But first we need to define a
(totally) differentiable function f in D C RY. In the case where f satisfies
the criterion

lim {{f(xhrhl,...,a:N+hN)_f(x17..,,xN)_hjaf(“‘)]/

(h1,...hN)=(0,...,0) oxJd

\/(h1)2+,,,+(hN)2}
=0, (3.14)

for arbitrary (h!,...,h""), we call the function f totally differentiable at z.
The usual condensed notation for (3.14) is to write the total differential as

of () . ;

df (x) = dej. (3.15)
The existence of the first partials is a necessity for (total) differentiability. More-
over, continuities of the first partials are sufficient conditions for (total) differen-
tiability. Clearly, (3.14) or (3.15) can provide the rate of change of the function
f in every direction. The equation (3.15) vaguely resembles the second equa-
tion in (3.9). Moreover, by (1.17), we can write (V) := (V)[f] = v’ f;. These
facts motivate us to identify f(z) with df(x). Thus, we are prompted to define
abstractly

(@) = @] = v (@) L) (3.16)
We can prove by the preceding definition and (3.11) that
df (2)[g(x)V(x) + h(z)W ()] = g(=)(V(2)[f]) + h(z)(W(z)[h]). (3.17)

Thus, df(z) is a linear mapping. By the comparison of (3.16) and (3.17) with
(1.14), we conclude that df(z) is indeed a covariant vector field. It is also
called a cotangent vector field or a 1-form. Analogously to (1.15), we define
the linear combination as

[A(z)df (2)+Q(x)dg ()] [V(2)] := Alx)(df (2)[V(2)])+Q(z) (dg () [V(2)]). (3.18)

Here A(z) and Q(z) are arbitrary scalar fields in D C RY.

Thus, the set of all covariant vector fields at € D C RY constitutes the
N -dimensional cotangent (or covariant vector) space denoted by T, (RN ).
It has the isomorphic pre-image T}, (M).

Example 3.2.5 Let f(z) = f(z!, 22) = (1/2)[(z})? — 2¢*°], (2',22) € R2.
Therefore, by (3.15) and (3.16),
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Example 3.2.6 Consider the function f(z):= 2. Then
df (z) = dz* = & da? .
Furthermore, by (3.8) and (3.16),

da? [6;(x)] = da? [ aii

Therefore, by the consequence of &’[&;] 1
nate covariant basis field {&!(z),...,e&" (z)} for TI (]RN) as

&(x)=ds’, je{l,...,N}. (3.19)
Thus, every covariant vector field W (z) admits the linear combination
W (z) = W;(z)dz? (3.20)

in terms of the basis covariant vectors dz’’s. O

Example 3.2.7 Let f(z):=27. Then, by (3.16),

4f(2) [9()) = da? [v%)aik} — @A) i) oy

oxk

Thus, the value of the linear function dz/ at v(x) is exactly the component
vl (). m|

Now we shall discuss a different topic, namely a parametrized curve ~.
Consider an interval [a,b] C R.

(Remark: Open or semi-open intervals are also allowed. Moreover, unbounded
intervals are permitted, too.)

The parametrized curve ~ is a function from the interval [a,b] into a dif-
ferentiable manifold. (See fig. 3.7.) (Note that the function ~ is called the
parametrized curve.) The image of the composite function X := x o~ in
D C R™ is denoted by the symbol I". The coordinates on I' are furnished by

z = [xeon](t) = X(),

) . . _ 3.22
2l =[nloxon](t) =m0 X](t) = XI(t). (3:22)

Here, t € [a,b] C R. The functions x? are usually assumed to be differentiable
and piecewise twice-differentiable. The condition of the non-degeneracy (or

regularity) is
N
dx( J
> { ] > 0. (3.23)

j=1
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TRN

Figure 3.7: A curve v into M.

In Newtonian physics, t is taken to be the time variable and M = Egj,
the physical space. Moreover, I is a particle trajectory relative to a Cartesian
coordinate system. The non-degeneracy condition (3.23) implies that the speed
of the motion is strictly positive.

Example 3.2.8 Let us consider a particle trajectory in the physical space in
the absence of external forces. In this case, the acceleration is zero and Newton’s
second law of motion yields

d* X (t)

72 =0, 0<t,

for j € {1,2,3}. Solving these ordinary differential equations, we can obtain
the general solution as _ _ _ _
) =X(t) = V)t + .

Here, v/ and ¢/ are six arbitrary constants of integration. The speed of this
motion is 1/(b1)2 + (b2)2 + (b3)2 > 0. If the speed is positive (or the curve =y
is non-degenerate), I' is a straight line in R?. If the speed is zero (or the curve
7 is degenerate), the particle stays permanently at the point (¢!, c? ¢®) in R3.
O

Example 3.2.9 Let the image I' in R? be given by

= X(t) ;= (2cos’t, sin2t, 2sint); 0<t<7m/2.
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The curve is non-degenerate. The coordinate functions are real-analytic. Con-
sider a circular cylinder in R3 such that it intersects the ' — 22 plane on the
unit circle with the center at (1,0,0). Now, consider a spherical surface in
R3 given by the equation (x')? + (22)? + (2%)? = 4. The image I' lies in the
intersection of the cylinder and the sphere. a

Let us consider the tangent vector t, of the image T' at the point z in RV .
(See fig. 3.7.) In calculus, the components of the tangent vector ty ;) are taken

to be (dX;t(t) et dX:t(t)) . Therefore, the tangent vector ﬁX(t) = 2\?’(1&) along
I' (according to (3.7)) must be defined as the generalized directional derivative
- S dXi(t) [ o
To = X(t) = [] . (3.24)
®) dt OxJ ‘ x(1)

The tangent vector field above belongs to the tangent vector space Ty (R3)
along T'.

Example 3.2.10 Let a real-analytic, non-degenerate curve X into R* be
defined by

xr=X(t) = ((t)%,t,el,sinht), —co <t < o0;

X(0) =(0,0,1,0).
The corresponding tangent vector field along I' is furnished by the generalized
directional derivative

- 0 0 0 0
X(t) = (2t) {} + {] + (eh) {] + (cosht) [} :
Ozt |X(t) 02 |X(t) ox3 |X(t) ozt ‘X(t)

S 0 0 0
SHCIRORSE m
Ox? |X(0) ox3 |X(O) ozt |X(O)

The tangent vector X'(t) can act on a differentiable function f (restricted
on I') by the rule (3.7). On this topic, we state and prove the following theorem.

Theorem 3.2.11 Let a parametrized curve X : [a,b] C R — RY be differen-
tiable and non-degenerate. Let f : D C RY — R be a (totally) differentiable
function. Then

B FX )] = X)) (3.25)

Proof. By (3.9) and the chain rule of differentiation, the left-hand side of
the equation above yields

= [f(x@)). =

dX (t) dx7(t) [W(sc)] _
OxJ |X(t) dt

: _
02 o O = 5
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Now, we shall discuss the reparametrization of a curve. Let h be a dif-
ferentiable and one-to-one mapping from [c,d] C R into R. (See fig. 3.8.)

R /x

R TRY
Figure 3.8: Reparametrization of a curve.
The image I' in RY is given by the points
t = h(s),
x=X(), a<t<b, a=h(c), b=h(d),
r=X%(s), c<s<d.
Here,
X*:=Xoh=yxoxyoh (3.26)

is the reparametrized curve into RY.

Theorem 3.2.12 If X# is the reparametrization of the differentiable curve X
by the function h, then the tangent vector
dh(s)

X#(s) = W)2”(11(3». (3.27)

Proof. By (3.26), we get
X7 (s) = X7 (h(s)).
By the assumption of differentiabilities and the chain rule, we obtain
dX7I (s) B dXi(t) dh(s)

ds dt |t:h(s) ds

Therefore, the tangent vector

w5 = AT0) { 0 ] _ dh(s) {d«%)} [8}
ds Oxi |X#(S) ds dt |t:h(s) oz |X(h(s))
dh(s)
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Example 3.2.13 Cousider the Euclidean plane E5 and a parametrized (real-
analytic) curve X' := x o~ given by

X(t) := (cost,sint), —3mw <t < 3m.

The image v is a unit circle in R? with self-intersections. The winding num-
ber of this circle is exactly three.
Let a (real-analytic) reparametrization be defined by

t="h(s):=3s, —w<s<m
dh(s)

=3>0.
ds -

The reparametrized curve X# is furnished by
X7 (s) = X(3s) = (cos(3s),sin(3s)).
The new tangent vector is given by
~ 0 0
X#(s) = 3|—(sin 35)a T+ (cos 35)@ J
= 3X(3s). O

Exercises 3.2

1. Prove theorem 3.2.4.

2. Let a tangent vector field in R? be defined by

- 0
V() = i 2
(@) =2l 5 5.
Let P,(z', 22 23) be an nth-degree homogeneous polynomial of the variables

b x?, 3. Prove Euler’s theorem

V(x)[Pn( )] = nP, (', 2% x3).

3. Evaluate the l1-form w(z) := §;;2°dz? on the tangent vector field on
V(z) = Z;-V:l(xj)Ba . Prove that w(z)[V(z)] > 0.

4. Find the unique curve X into R* such that X (0) = (0,0,0,0) and X' (t) =

{= [afa]+\/§£4}’ e (0,00).

x(t)

(Remark: The image of this curve can represent a possible trajectory of a
photon.)



3.3. Tensor Fields over Differentiable Manifolds 69

5. Consider the semi-cubical parabola in R?
X(t) := (2,13, teR.

The curve is degenerate at X'(0) = (0,0). Prove that reparametrization of this
curve cannot remove the degeneracy.

(Remark: The degenerate point is called the cusp.)

3.3 Tensor Fields over Differentiable Manifolds

Consider the tangent vector space Ty, (RY) at x¢ = (28,...,2}) in RV (cor-
responding to T,,(M) at pp in M). We can construct the cotangent space
T, (RN) by the set of linear functions from T, (RY) into R. We consider
the change of basis set in 7,,(RY) and the corresponding change of basis in
T, (RN). By (2.113) and (1.20), we write

g = . 43
Cplay = A PCqapr CPlwg = M P Capay>
q

— ., p a4 =P _ \p =
Cpiag = H'a€layr lny = AaClyy (3.28)

det [] £ 0,
[/‘qp} = [qu]_1~

Following the discussions from section 2.1 to section 2.3, we introduce an
(r + s)th-order (tangent) tensor

—

T — +pb1...P o el eds
sT\zo =T qu...qsepllwo & ® ep’"llo ®e |zo & ®e ‘s‘mo.

The tangent tensor " T)|,, belongs to the N 75 _dimensional tangent tensor
space " T (T, (RY)). Under a change of basis sets in T,,(R"Y), the tensor
components 771 P7 undergo the transformation rules as in (2.48) and (2.49).

Now we shall introduce the concept of a tensor field in D ¢ RY. A
(tangent) tensor field ", T is a function that assigns a tensor "sT(z) in the
(tangent) tensor space " T (Tp(RN)) := T,(RN) @ --- @ T,(RN) @ T,(RN) ®
- @ T,(RN) for each point z in D € RN. (A more rigorous definition of a
tensor bundle over the manifold M is provided in appendix 1.)

ALL THE DISCUSSIONS OF VECTORS, COVARIANT VECTORS, AND HIGHER-
ORDER TENSORS FROM SECTION 1.2 TO SECTION 2.3 ARE VALID FOR TANGENT
(OR CONTRAVARIANT) VECTOR FIELDS, COTANGENT (OR COVARIANT) VECTOR
FIELDS, AND HIGHER-ORDER TENSOR FIELDS AT EACH POINT z IN THE DOMAIN
D or RV.
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If we choose a basis vector field {&(z),...,x(z)} and the correspond-
ing covariant basis field {&!(z),...,&"(x)}, then by (3.28) we can express the
transformation rules

8y(x) = M (2)8, (x),  &plw) = uy(2)8, (),

& (x) = pPy(2)&(x), & (z) = Ny(2)&(x),

det [A\P,(x)] # 0, (3.29)
[y (2)] = WPy ()],

xeDcCRY,

The transformation of the tensor field components from (3.29) and from
(2.48) and (2.49) are furnished by

ST() =T Py 4, (7)€, (2) @ - ® €, (z) ®&" (2) ® - ® &% ()
:T\pl"‘prlm x31x®~~-®g x®gq1x®-~-®gqsx,
e )8 (1) B 8, () 98 (2) @ )

fplmprqyuqs (x) = Ay, (). APy, ('r)/’[/vlfh (). .. K, ()T, (),

TP Pro (z) = pPhy, () o pfPry, ($)>‘vlq1 (z)... A%, ()T "y, ().

Example 3.3.1 Consider N =2 and D = R?. Let a transformation of basis
sets be given by

0l

(z) = [cosh(z! + 2?)] & (),
2(x) = [tanh(z! — 2?)] €1 () + [sech(z! + 2?)] &2(x).

oL oL

By (3.29) and (3.30), the components of a tensor field *1T(z) = T . (z) trans-
form as

Th(z) = T%(z)+ [sech(z! +2?)] [tanh(z! — 22)] T2 (z),
T'y(z) = [cosh(z! + 22)] [tanh(z! — 22)] [T'a(x) — T (z)]

+ [cosh(a! + 22)]* T'y(z) — [tanh(z! — 22)]° T2, (x),
T2 (z) = [sech(a! +22)]" T% (),
T2%(x) = T%(x) — [sech(z! + 22)] [tanh(z! — 22)] T2 (2).

1

In the case where the tensor field is restricted to the straight line 2! = 22 = ¢,
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t € R, the transformations above reduce to

Th(tt) = TY(tt),

Tlo(t,t) = [cosh(2t)]* Tho(t, ¢),

T2 (t,t) = [sech(2)]> T2, (L, 1),

T2 (t,t) = T2(tt),

T,(0,0) = T%,(0,0). O

By the discussions of tensor algebra in chapter 2, we can derive some useful
equations for tensor field components. For example, by (2.37) and (3.30), we
obtain

T () +"sW(z) = [TPrPrg, g, (@) + WPPry ()] €y (2) @+ ®
(3.31)
&y, (1) ® &% (2) @ - ® &% (),

A@) ["sT()] = Mz) TP Prg, g, (2)] €, (2) @ -~ @ (332
&y, (1) ® &0 (2) @+ @ &% (1), '
By (2.39) and (3.30), we can derive that
WT(x) @ WB(@) = (TP P7g, g, (2) B0y 0, (2)] € (2) @ - ®
€, () €, (1)@ RE,(r) e (z)® ---® (3.33)
et (r)®e (z) ® - ® e (x).
Finally, by (2.51) and (3.30), we can establish that

u e (T'ST(J;)) — I:Tpl-.-Pu—lcpu+1---Prql'“qvilcqv+l.“qs (x)] é’pl (;C) R ®
€p,1(2) ®Ep, ., (2)® - ®E, (2) RN (2)® - ® (3.34)
elv-1(z) @ et () ® - - - ® &%= (x).

Example 3.3.2 Let us choose N =2 and D = R?. Let a basis field and its
conjugate covariant field be expressed as

- ’ 0 .
& (@) = E'(2)5 5, pe{l,2) ie {12}
&(z) = BYj(x)da?,  E}(x)E'y(z) = 8%,

Let a scalar field be defined by

Mz) = exp(z! + 2?).
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Furthermore, let two tensor fields be furnished by
T . (2) := (OguaPz™)€,(z) ® e1(x),

W (@)=Y ) {[0u(a")(2")?] 8u(x) @ &"(2)} .

u=1v=1

Then, by (3.31), (3.32), (3.33), and (3.34), we get

AM2)TPy(x) + WPy(x) = ti}éqt [exp(ac1 + xz)x”xt + (mp)3(xt)3] ,
T (@) e W . (@)l = Tr(e)W",(x)
= S e @),
NC(T . (2) = T7y(x) = 5_x_x >0,
Eu(x) [116 (T. (m))] = Opg [2PE7,(x) + zTEP,(2)]. o

We shall now generalize transformation rules (3.30) of tensor field compo-
nents to the components of an (r + s)th-order relative tensor field "0, (x)
of weight w. This transformation, as furnished by (2.103), is given by

QP1---Dr
© a1...q:(T) (3.35)

= {det [)‘tn(x)] }w Py (z)--- PP, (33))‘”1% (z)-- /\vsqs (x)gmmurm.--vs ().
A relative tensor of weight w =1 is called a tensor density field.

Example 3.3.3  The constant-valued numerical (0 + N)th antisymmetric
components £q, .4, transform (by (2.101)) as

~ 1\ v

Earan = {det A0 (2)]} 7 A gy () o A g (2)E0y o - (3.36)
Thus, these are the components of a numerical relative tensor field of weight
1. ]
Example 3.3.4 The constant-valued numerical (N + 0)th-order relative an-
tisymmetric tensor components €PN transform (by (2.102)) as

Err = {det N (@)]} P, () - P (1) (3.37)

Therefore, these are the components of a relative tensor of weight 1 or a tensor
density field. o
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Now, we shall proceed to make another generalization. By (2.108), the
components of an oriented (or pseudo) relative (r + s)th-order tensor
field of weight w transform as

op1Px () = {sgn [det[ A\, (2)]]} {det[A, ()]}
[Py () o Py () A gy () L A g ()08 0y ().

(3.38)

Example 3.3.5 Suppose that T,(z) are the components of a (0+2)th-order
tensor field. Then, by (2.109),

‘det[ H = {sgn [det[\, ()]} {det[\, (2)]} /]det [Tuo(@)]].  (3.39)

Therefore, \/|det [T,q(x)]| transforms as an oriented (or pseudo) scalar density
field. O

Now, we shall discuss the transformation of tensor components under a coor-
dinate transformation introduced in (3.2) and illustrated in fig. 3.2. To reiterate
briefly,

zk = {wk oX] (z) = [7Poxox!] (z) = Xk(z) = XF(2t, ... 2N,

ab = [1% 0 X] (@) := [tF o x o X7 (&) = X*(@) = X*(@@',...,7Y), (340)

The functions X* and X* are assumed to be one-to-one and of class C"(Ds C
RY;R) and C’“(lA) C RY;R), respectively. (For general relativity theory,
r=3.) See fig. 3.9 for the simple case of N = 2.

The coordinate transformation X induces a one-to-one mapping X’ from T, (R™Y)
into T5(RY) = Tg(, )( NY. (See fig. 3.9.) This mapping is called the Jacobian

mapping (or derivative mapping) and is furnished by

X' = <§(')_ n (3.41)
t(z) € T,(RY), X' (E(x)) € T:(RN),

fect (f)s CIR{N;R).
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Ds ]
Y e
(4]
F T KEw a2 .
7 > X1
R / xt / & \%(E:(X)) ®
\/—/ X El

Figure 3.9: The Jacobian mapping of tangent vectors.

We can verify by (3.41) and (3.11) that

~

= Xa) {8@)f o X(@)]} + () {B@)[f o K@)}

—

) { @@ | + o) (B @] |

Thus, the Jacobian mapping X’ is linear. Moreover, we can prove that it is a
vector space isomorphism.

Example 3.3.6 Let us choose t(z) = % in T,(RY). Also, we choose the
projection mapping 7/ = f. Then, by (3.41) and (3.40), we obtain

5 0 , B N 09X

{X'ami] [ (z)] = o |:7TJ oX(m)} = &c(lx) (3.42)

x’b

The N x N non-singular matrix [%} is called the Jacobian matrix (whose

determinant is the usual Jacobian). We can express (3.42) as

[?y ( 0 )} (v (2)) = [aﬁiﬂx’ ;;k] (+9(3)).

Therefore, we have the transformation of basis vectors % into other basis

vectors X/ ( 0 ) by the rules

Ox’
§< o >a)?k(z) d

dxi )~ Bxt 0Tk (3:43)
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Both of the vectors above belong to TX(E)(RN). O

The coordinate transformation (3.40) induces an isomorphism between the
cotangent spaces T (R™) and T;((m)(RN ). It is explicitly furnished by

[X/(& ()] [\3(5)} = & (x) [X <\A7(55)>} . (3.44)

Example 3.3.7 Consider the mappings of the basis 1-forms dz’s. By (3.44)
and (3.43), we have

wur][2] - el ()

L [an(EE) 9 } _ 0Xk(@) [3xi:|

0z Oxk 0zi |02k
s (3.45)
_ 0X'(7)
B ozs
X4 (Z) s o] _ X' (7)
oz* ori| ozs -
Thus, we conclude that
Sy - OXN(E)
X'(dz") = ook dz"”. (3.46)
Both of the covariant vectors above belong to T5(RN). O

The coordinate transformation (3.28) induces an isomorphism between the

tensor spaces "7, (RY) and " T3 (x) (RN). Tt is explicitly defined by

" T(T) =" X [T T(2)],

[T ()] (W), ..., W), Vi(2), ..., Vs(2))

- [TSX'(TST(@)} (3.47)

for all Vy(z),...,Vs(z) € TL(RN) and all W,(z),...,w,.(z) € T,(RY). We
shall derive the transformation rules of tensor field components by (3.47). (The
tensor field components relative to a coordinate basis will be denoted by the
indices i,7,k,l,m,n, etc.)
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Theorem 3.3.8 The transformation rules of the (r + s)th tensor field
Tir-trs (@) under a differentiable general coordinate transformation (3.40)
are furnished by

fkl...krllmls(i:) (3.48)
C9XF(x) XM (z) 90X () 0XI (%)

i1 0y .
orir T Oxir oTh T 9gls T Jl»--]s(x)7

where x € Dy ¢ D C RN and%EﬁSCﬁCRN.

Proof. By the definition (3.47) and the equations (3.43) and (3.46), we obtain

T ’il 7;7‘ 8 a
["sT(x)] (dx v, dx ’ale’”"axjs)

= [1@) (“”daffw : )

oz Oxis  Oxls
COX1(@) 0X“(@) [T, A (o )
= 833\]‘51 83’;]@ |: 5T(.T)i| dx ,...,...,% ;
. OX1(@)  OX“(2)mp ke -
T, 5.@) = e g L @) (3.49)
By inverting (3.49), we obtain the transformation rules (3.48). [

The transformation rules for a relative tensor of weight w under (3.40) are
prompted by (3.35) as

S oX™@ Y 0Xi(z)  0Xir(z) OX1(T)
© Jl,..js(x)—{det[ oo }} Bk Bk o

X" (@) Ly
o (@), (3.50)

The transformation rules for an oriented (or pseudo) relative tensor of weight
w under (3.40) are taken to be (see (3.38))

3.6 o oo [T o [2X])0E )

OX'r(w) OX (@) OXV(D) gy,
ok o aa © bt (). (3:51)
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Example 3.3.9 Consider the simple case of N =2 and D = D, = R?. Let
a (real) analytic coordinate transformation be provided by

= X! 7)==l + 22

(
:sz( 2

)=zl —x

eI

R)

Az, x2) oxI

Let a special symmetric (2 + 0) th-order tensor field be furnished by

T(x) = z'al.
The transformed components T* (%) are given by (3.48) as
- 2
~ X1 (z)
Tll ~ —
@ [ S

L [oX@ ’
Ox?

OX (x) 0X(x)
Ozt Oz

T (x) +2 T ()

T22($) — (.1‘1 +l’2)2 _ (31)2.

Similarly, we can deduce that
T"(7) = 7°3.
The values of T* at the special point (Z*,72) = (1/v/2,—1//2) are given by
TU(1/V2,-1/V2) = T?(1/V2,-1/V2) = =T"2(1/V2,-1/vV2) =1/2. O

Example 3.3.10 The constant-valued, numerical, totally antisymmetric rel-
ative tensors transform by (3.36) and (3.37) as

N B aXm@) X1 (E)  OXN(Z)
iy = {det [ 7on } } o o €ir.iins
N . (3.52)
iyoin 0X™(x) 0X" (x) OX™ (x) i
€ = {det [ an } } e agin € . O

Example 3.3.11 Suppose that T;;(z) are components of a differentiable ten-
sor field T.. (x). Then, by (3.39), we have the transformation rule

w[fu0]

= {sgndet {a(;;:(f)} } {det {%)g:(f)]} |det [Ty (2)]].

(3.53)
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Therefore, +/|det[Ty;(2)]| transforms as an oriented or pseudo-scalar field of
weight 1. It is also called a pseudo-scalar density field. Let det[Ty;(x)] # 0.
The inverse matrix elements ©%(z) satisfy

Differentiating the equation above, we obtain that

0 i 0
0| Tule) = - 0%0) | 25Tt
0 00 ()
@Tml(l') = — Tmi(x)Tkl(m) |: axj :| .
The partial derivatives %(x) do not obey tensorial transformations. o

We shall now write the rules (3.31), (3.32), (3.33), and (3.34) for the coor-
dinate components of a tensor field. These rules are furnished by the following
equations:

i1 i1ein 0
"T(x) + " W (z) = [Ty, (@) + Wity ()] 5 & (354
Oxir -3 dlﬁjs’
T le a
Az) ["sT(@)] = [Ma)T* 5,5, ()] I O
5 4 ‘ (3.55)
Q——Rdr’ ® - R da’*,
Ox'tr
"T(2) @ WB(z) = [T, (@) - BREy, o, (@) i &
0 0 0
R - .. Jl
O O @ ® g ®dr ®... (3.56)
Qdr’* @ de" @ -+ @ dat,
r 0100 —1Clp 41001 9 9
"WC [T ()] = Tirtnmreineee Tredneacivends(B) g @ @ o

0 . .
R— R X ®d.’lﬁjl®'~-®dxjk’l

Oxth+1 Oxtr
@dr+ @ - @ dads. (3.57)
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Example 3.3.12 Let us choose N = 3 and choose D to be a proper subset of
R3. A tangent vector field and a cotangent vector field are furnished respectively
by

. .0
F(z) = Fj(z)da’.
Therefore, by (3.56) and (3.57), we obtain
. By , 9 ,
V(z) @ F(z) = [V'(2)F;(w)] py ® da?

Let us restrict the tangent and cotangent fields on a twice-differentiable curve
X into D. Then, we obtain

he [V(xm) @ Bxm)] = vi@xw) F).

If we now choose V(X(t)) = X'(t), the tangent vector along the image of the
curve, then we get

dX7(t)

he [Fm e FE®)] = Fxw)

If we regard the image of the curve as a particle trajectory and f‘(x) as a
covariant vector field of an external force, then 11C[X’(t) @ F(X(t))] is the tem-

poral rate of the work performed by the external force (according to Newtonian
physics). O

Exercises 3.3

1. Let T%-i; . (x) be the differentiable components of an (r + s)th-order
tensor field in D of RV . Prove that the partial derivatives %T“"'”jl,_js (x)
do not transform as tensor components under a twice-differentiable coordinate
transformation.

2. Let A(z) = A;(x)dz’ be a 1-form field such that partial derivatives %x(f)

exist and are continuous in Dy € D C RY. Moreover, let 7% = X k(z) be a gen-
eral coordinate transformation such that each of X* € C?(D, C RV;R). Prove

that under such a transformation, [6‘4"(75) — M} dr’ @ dx’ is a (0 + 2)th-

Oxd Ox?
order tensor field in Dy of RYV.

3. Let Tji(x) be the components of a (0 + 2)th-order tensor field in D of
RY. Show that the cofactors C7¥(z) of the entries Tjx(x) in the det [Tjx(z)]
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transform as components of a relative, second-order contravariant tensor field
of weight 2.

4. Consider the numerical identity tensor field in RV

I.()iala

7 Ot ® do’.

Prove that

(i) LC[I.(2)®I.(2)] =1 (z).

(i) {"C[I.(z)@T . (2)]} (W(x),v(x)) = N |[w;(z)vi(x)] for every pair of
global fields w(z) and V(x).

3.4 Differential Forms and Exterior Derivatives

A 0-form is defined to be a scalar (or (0 + 0)th-order tensor) field f(z) =
f(zt ..., zN). A 1-form is defined to be a (0 + 1)th-order tensor (or covariant
vector) field T(z) = Tj(x)dz? , as in (3.16), (3.19), and (3.20).

Now, let us go back to section 2.3, which deals with the totally antisymmetric
tensors, alternating operations, wedge products, and Grassman algebra.

(See the references [13] and [22].)
Let ,W(z) be a totally antisymmetric (0+ p)th-order tensor field in D C RV .
(See (2.53).) Therefore, , W (z) belongs to the space AP(T,(RY)). Let another
antisymmetric field ,U(z) belong to AY(T,(RY)). The wedge product between
pW(z) and ,U(z) (according to (2.63)) is

[pW(z) A U(2)] (@1(2), ..., 8p(7), @pi1(2),. .., 8ptq(T))

= [p,lq,} > [sen(0)] LW () @ qU(@)] (ag(1)(2), - ., 8g(pig) (7)) (3.58)
T 0€Shtg
for all vector fields &;(x),...,apq(7) in T,(RY).

We shall denote the indices of the components of a p-form relative to the
basis {dz'}{ by i,j,k,I,m,n, etc. According to (2.84), we can express , W (z)
as

pW(z) = Wi 4, (v)dr" @ - @ da'r
= (1/p) i1y (@)dT™ A A dar

(3.59)

Z Wiy <y (2)da™ A -+ Adz'

i< <ip

= Wi <oci, (@)dz™ A - A dar.
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The totally antisymmetric tensor field , W (z) is called a pth-order differen-
tial form, or in short a p-form. The wedge product (3.58) in terms of the
components is expressible as

LW (z) A U(x)] dz™ A - Adazte Adzterrt A A datera

11---lplp41---lp4q

, . , , (3.60)
= Wiy i, @)U, iy, ()dz™ A2 Ada'> Ada'rtt Ao A dateia,

Analogous to theorem 2.3.7, the wedge product of differential forms is dis-
tributive and associative. Moreover, it has a strange rule for interchange that is
worth repeating. It is given by

JU(@) A pW(z) = (1) [,W(z) A qU(a)]. (3.61)

Example 3.4.1 Choosing p = ¢ = 1, we obtain from (3.61)

do? A dat = —(da* A da?), (3.62)
de' Ndz' = da? Nda? = - = daN Ada = 0. (2). (3.63)
(The components of O..(z) are all identically zero.) O

Example 3.4.2  Let us choose N = 3 and p = 1. Consider two 1-forms
A(z) and B(z). Therefore,

= [A1(z)By(z) — As(x) By (z)] dat A da?

This expression is analogous to the cross product between vector fields in the
vector calculus. O

Example 3.4.3 Let us choose N = 2n, a positive even integer. Consider a

2 form

j=1

Now, by (3.62) and (3.63), we have

(dp1 A dql) A (dp1 A dql) = —dp; Adpy Ndq' Ndgt = —O....(¢q,p),
(dp1 A dql) A (dpg A dq2) = (-1)22 (dpg A dq2) A (dpl A dql) :
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Thus, two 2 forms (dp; Adq") and (dp; Adg’) (summation suspended) commute
with each other with respect to the wedge product.
Thus, we can derive that
20(4;p) A+ A2d(gip) = (n))dpy Adg' Adpy Adg® A+ Adp, Adg"™.

n

This example is relevant in statistical mechanics. ]

Now we shall introduce the concept of an exterior derivative. In the case
where f is a (totally) differentiable function from D C RY into R, the exterior
derivative is defined by the rule

0
o),

df (x) := ,
1) 3= g0 (3.64)

F@V @) = V() 2T

Therefore, df(z) is a 1-form field. In the case where T(z) = Tj(x)da’ is a
differentiable 1-form, its exterior derivative is defined as

dT(z) == [dT;(2)] A da’ = [agx(f)} da? A dat

@) OTy(a) (3.65)
(1/2){ a;j o }d i A dal.

In general, the exterior derivative d is a function that maps a differentiable p-
form ,W(z) in AP(T,(RY)) into a (p + 1)-form d[,W(z)] in APTL(T,(RY)).
The precise definition is furnished by

d[,W(@)] = (1/p!) [dW},...j, (@)] Ada?t A+ A da?
13 () : :
= (1/p!) {%;d:ﬂk AdzIt A - A dar (3.66)
N N (@)
J1--Jp 1 i
= Z Z[ Dk ]d:c A da? S AN dar
» k=

In the special case of p =0 and p = 1, (3.64) and (3.65) respectively can be

recovered from (3.66).

Example 3.4.4 Consider a differentiable 2-form
oF(2) = (1/2)F;j(z)dz’ A da? = Fij(z)da’ A da’. (3.67)
Then the exterior derivative of sF(z), according to (3.66), is

dlaF@)] = (1/2) | 20

}d Adzt A da?

(3.68)
_ Fij(z)  OF(x)  OFw(x)] , 5 0 5
= (1/6)[ Dk + D + D dx* Nda? A dz®.
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This example is relevant in relativistic electromagnetic field theory. O
The salient features of the exterior derivative will be summarized below.

Theorem 3.4.5 The exterior derivatives on differential forms must satisfy the
following equations:

(1) d[pW(z) + pA(x)] = d[,W(z)] + d[Ap(z)]. (3.69)

@) W) A A@)

(3.70)
={d[,W(@)] A (A@)} + (-7 {,W(2) Ad[,A(z)]}

(i) prX (AW, (@)} = d { X' [,W(@)]}. (3.71)

Proof: Proofs of parts (i) and (ii) are left to the reader. The proof of part (iii)
is the following. For two differentiable 0-forms f and g, the Leibnitz rule

dlf(x)g(x)] = f(x)dg(x) + g(z)df (x) (3.72)
holds. Now, two special p-form and g-form are chosen to be
JW(2) = f(z)dz™ A--- Ada'»,
JA(z) = g(x)da? A - A dada
For such a case,
AW (@) A (A@)
=d[f(z)g(x)] Adx® - Adxie AdzIt A - A dada
= [g(z)df (z) + f(x)dg(z)] Adz* A--- Adz'» Adadt A--- A dada
=df(x)dx A --- Ndatr A[g(x)da?t A - A dadd]
+(=1)P[f(z)dzs A...dz"] A [dg(x) Adadt A --- A dzdd]
— (A, W@ A [LAG@)]} + ()P, W) A dlA@)]}

By the result above and part (i), the proof of part (ii) for general ,W(z) and
qA(z) follows. [

Example 3.4.6 Let W(x) = Wi(z)dz’ and A(x) = Aj(z)dz? be two differ-
entiable 1-forms. Then, by (3.70) and (3.61),

d[W (2) A A(2)] = {d[W (2)] A A()} — {W(z) A d[A(2)]},
d[W (z) AW (z)] = O... (z). O
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Now, we shall state and prove an important property of the exterior deriva-
tive in the following lemma of Poincaré.

Lemma 3.4.7 Let ,W(x) be a continuously twice-differentiable p-form in
D C RN, Then,

P W)} = d{d[,W@)]} = p420(0). (3.73)
Proof. y (3.66),

N N 2 ) (x ) )
2 [, W ()] = Z D [del}/\dxk/\dxﬁ/\m/\dﬁp

I
Mz
]
] =

oxlozk Oz ox!
dz' Adx® A dz?t A A dadr
= p+20(.’£). |

[82 iy (1) Wi, (@)

Remark: The proof above hinges on the cancellation of the mixed second par-
tial derivatives of functions in the class C?. Note that in problem 2 of exercises
3.1, we have cited a function for which mixed second partials exist but do not
commute.

Example 3.4.8 Consider N = 3 and a function f € C*(D C R%R). In
that case,

df () j
df () = Wdﬂﬁa
9 f(x) i 1[fx)  f(x) j
Plf@)] = 8xk8x7d N dx ~ 2 | 0skdxi ~ Oxidk do A do
= 0O..(x).

The statement above is equivalent to the familiar vector field identity

curl [grad f(z)] = V x [V f(z)] = O(x). m

Example 3.4.9 Consider N = 3 and a continuously twice-differentiable 1-

form V(z) = Vj(z)dz?. By (3.65), we obtain

o 1[aVi(x) OVi(x)

_ i j
dV(z) = 5 | 9y D dz' A da?.
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Using (3.66) and (3.69), we get

o _ 1[0 JoVi(x) OVi(x) 9 [9Vi(x) OVj(z)
EV)] = 6 | 0zk | Ozt OxJ * ozt | OxJ Oxk
K OVi(x) _ OV (x) i j k
+(‘3xj [ Dk Dpi dx' Ndx? Ndx
= 0..(x).

The identity above is equivalent to the vector field identity

div [curl\_/"(:v)} =V. {V X V(x)} =0. O

A differentiable p-form ,W(x) is called closed if d[,W(z)] = ,4+10(x). A
p-form ,A(z) is called exact provided there exists a differentiable (p — 1)-
form ,_1B(x) such that ,A(z) = d[,—1B(z)]. Poincaré’s lemma shows
that every exact form is closed. We can naturally ask whether or not every
closed form is exact. The answer is affirmative provided that the domain D* C
RY under consideration is star-shaped with respect to an interior point zo =
(xd,...,20N). (See fig. 3.10.)

We shall now state the converse of Poincaré’s lemma.

x2 A
4 D,

N D

x Y

]-RZ

Figure 3.10: A star-shaped domain in R?.

Theorem 3.4.10 Let D* be an open domain of RY such that it is star-shaped
with respect to an interior point xy € D*. Moreover, let ,W(x) be a differ-
entiable p-form satisfying d[,W (z)] = ,+10(z) in D*. Then, there exists a
continuously twice-differentiable (p —1)-form ,_1A(x) in D* such that

W (z) = d[,1 A()) (3.74)
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(For the proof, see Flanders’s book [13].)

Remark: The (p—1)th form ,_1A(z) in (3.74) is not unique. We can replace
it by the (p — 1)th form

pA@) = p 1 Aw) = d[p 2 A(@)]. (3.75)

Here, the (p — 2)th form ,_oA(z) is an arbitrary one of the differentiability
class C3. By substituting (3.75) in the right-hand side of (3.74), the p-form
» W (z) remains unaltered by the Poincaré lemma. The equations (3.74) and
(3.75) are applicable to gauge field theory.

Example 3.4.11 Let us choose N =4 and consider special relativistic elec-
tromagnetic fields. (See (3.67), (3.68), and (3.70).) The electromagnetic field is
identified with a differentiable 2-form

1 , ,
2o F(z) = (2) Fij(x)dx® A da’.
Four out of eight Maxwell equations can be cast into the tensor field equations:
d[2F(z)] = O... (),
OF;(x)  OFp(x)  0Fu(x) _ o (3.76)
ozt Ox' ori

In a star-shaped domain D* of R?* representing space-time, the equations above
imply by theorem 3.4.10 the existence of a continuously twice-differentiable 1-
form A(z) such that

oF(2) = d[A(z)],
(z (7 (3.77)
ro(o) = 2357 - 2

The 1-form A(z) is called the four-potential field. By (3.75), we can make
a transformation

~

A(z) = A(z) — d\(x),

3.78)
~ OX(z) (
Ai(z) = Ai(x) — :
() = Aife) - 5
such that the electromagnetic field components Fj;(x) remain unchanged. Equa-
tion (3.78) is called a gauge transformation. O

Now, we shall briefly discuss the integration of a p-form in an open, con-
nected domain D of RV . Suppose that f is a Riemann- or Lebesgue-integrable
function over D U dD. Then, we define

/f(x)dxl/\~--/\de ::/f(xl,...@N)dxl...de. (3.79)
D D



3.4. Differential Forms and Exterior Derivatives 87

The right-hand side of (3.79) indicates a multiple integral. Therefore, for a
special N-form yW (z) := f(z)dz! A--- AdaN | we can write

/NW(I):/f(xl,...,xN)dxl...dzN. (3.80)
D D

For a general N-form yA(z), we define

/NA(z) = (1/N!)/Ai1___,-N(:c)dzi1 oodx'™

b _ _ (3.81)

= /Ai1<...<iN(a:)dm“ coodxty.
D

Let us consider now a differentiable (p + 1)th-dimensional parametrized,
non-degenerate (or regular) hypersurface D,y1 C D C RY. (Here, p+1 < N.)
It is furnished by the equations

5(“

= [mF o g](u) = €F(ul, ... uP ),
Rank [ Jue “(u )] p+1, (3.82)
uw=(ul,...,uP™) € Dy C RPTL,

ac{l,....,p+1}.

(See fig. 3.11 for the special case of N =3 and p=1.)

Figure 3.11: A star-shaped domain D} in R3.
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Let us consider a star-shaped domain D,y C Dpi1 C RPHL. Tt is mapped
by & into Dy, C Dpyy € D C RY. (The domain D}, of the (p+ 1)th-
dimensional hyperspace is called a star-shaped domain in D,;.) Let the con-
tinuous, orientable, piecewise-differentiable boundaries Dy, and 9Dy, be
provided by the following parametric equations:

u=Uuft),
u® = [ o U(t) = U™ (t, ... tP),
aue(t)]
Hank [ otA ] - (3.83)
t=(t',...,t") € A, CR?,
z=[{oU](t),

b = U@, ... . urti()].

Let ,+1A(z) be an integrable (p+1)th form over the (p+ 1)th-dimensional
hypersurface Dp1 C D C RY. The integral of 1 A(x) over Dy, is given by

/ rr1Az) = / Ajycociy, (R)da™ Ao A da'rh
Dita Dita
1 O(xir ... xie+1)  (3.84)
(p+1)| / 1< < p+1(£(u))a(uo¢17.”,uap+1)
Dpta

du® ... du®rt1,
Now, we are in a position to state the generalized Stokes’ theorem.

Theorem 3.4.12 Let Dy be an open, star-shaped, (p+1)th-dimensional do-
main in RN (p+1 < N) with a continuous, piecewise-differentiable, orientable,
p-dimensional boundary 0Dy . Then, for any continuously differentiable p-
form ;W (z),

[ awe@i= [ W, (3.5

oD} 11

(For the proof of this theorem, we refer to the book by Spivak [35].)

Example 3.4.13 Let us choose N =1, p =0, and D = (a,b) C R. Let
f be a continuously differentiable function over [a,b]. The boundary 9(a,b) =
{a} U {b}. Then the Stokes’ theorem (3.85) yields (in an extended sense)

b
[aw=] V) e = 1) - (a).
(asb) a
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The equation above is the reiteration of the fundamental theorem of calculus. O

Example 3.4.14 Let us choose N = 2 and p = 1. Moreover, we choose
Dj; C R? to be the rectangle (a,b) x (c,d). The boundary 9Dj of the rect-
angle is to be traversed in the counterclockwise manner (to maintain the right
orientation). For a continuously differentiable 1-form A(x) = A;(x)dz7, (3.85)
provides

d [A(w)} - / A2),

(a,b)x(c,d) d[(a,b)x(c,d)]
(3.86)
0As(x 0A1(x
{ 8?6(1 ) _ 8;(2 )] detdz® = / [A1(2)dz" + As(z)da?] .
(a,b)x(c,d) O[(a,b)x (c,d)]

This is just the usual Stokes’ (or Green’s) theorem in the two-dimensional vector
calculus. O

Example 3.4.15 Consider the case of N =3 and p = 2. Let a continuously
differentiable 2-form be given by 2F(x) in D of R?. For a star-shaped domain
D3 C D, we have from (3.85) (and (3.76))

[aere) = [ F@.

D3 oD
1 8Fij €T 3Fj x 8Fl X i g7 _ ; i
6/[ Bxi )+ a;z( )+ akxg )] dz'da? dz = (1/2)/Fij($)dx Ndz? (3.87)
b5 oD3
zt, 2? z2 3 23l
= [ o e G s ) S 4 P (e(0) G |t

oD;

We can introduce a vector density by the up-star operation (see (2.104))
“Fr(z) = (1/2)e9% Fyj(z). (3.88)
By (3.87), we can express
/div [*ﬁ(w)} datdz?dx® = / {V . *f‘(m)} da'dz?da®
D; D;
B / 0*F(x) n 0*F?%(x) n 0*F3(x)
B ox! Ox? ox3

} datda?da? (3.89)

Dj

= / [Flg(x)dxlde + Fos(x)dx?dx® + F31($)d$3d$1] )
oD3
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For an application to the static magnetic field (H'(x), H?(z), H*(x)) and the
vector potential A(z) = A;(z)dx?, we put

HF(z) = *F*(x),

L 0Ai(@) 9Ai(=) (3.90)
Fi(w) = dz’ dzd
By (3.65), (3.77), and (3.89), we obtain
OH'Y(z) OH*(x) OH3(x) 1,92,3 O <
/ [ 5t + 92 + 923 } dr dx®de’ = / dA(z) = A(x).
D; oDz 02[Ds]

In algebraic topology, the boundary of a boundary of a subset is always the null
subset (92D = (). Therefore, we conclude that

OH(xz) 0H*(x) OH3(x) 1,2,3
/[ 9l + 92 + 93 }dz dz=dz” = 0. (3.91)

5
3

The physical meaning of the equation above is that the total magnetic charge
inside a star-shaped three-dimensional domain is precisely zero. Thus, accord-
ing to (3.90), a magnetic monopole cannot erist inside a star-shaped three-
dimensional domain. a

The definition (3.66) and equation (3.71) show that the exterior derivative
produces a (p + 1)th-order totally antisymmetric tensor out of a pth-order
totally antisymmetric tensor. There exists another derivative of tensor fields
generating higher-order tensor fields. This is called a Lie derivative. We shall
discuss it briefly in appendix 2.

We shall conclude this section with the statement of a deep theorem by
Darboux.

Theorem 3.4.16 Let 5F(x) # O..(x) be a 2-form defined over a convexr do-
main D C RN . Then there exists a basis set {&'(x),...,e"N(x)} such that
oF (z) = él(z) N & (x) + &3(z) A&t (z) + -+ &* L (x) A e (x);

(3.92)
2<2r <N.

(For the proof, consult the book by Sternberg [36].)

Exercises 3.4

1. A 2-form sW(z) in R* is furnished by
oW (z) := da' A da® 4 da® A da?.
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Calculate oW (z) A oW (x) A oW ().

2. Prove that
pW () A gA(x) = [1/(p + g)!] g™ Mo

J1-Jpdp+1---Jpta

Winsomy, () Any .oy (x)dar A - Adade A dzdett A - A dadeta,

3. Let n be a non-negative integer such that 2n + 1 < N. Show that every
(2n + 1)-form 9,41 W (z) satisfies

2t 1 W (2) A 2n 41 W(2) = 45420(2).

4. Let U and V be continuously twice-differentiable functions in D C R3.
Let a 1-form be given by

A(z) =
22— V(x) ag;f)} dat — {xl —V(z) 8;];;”6)] da® + {1 - V(x)aaUx(:)} da®.
Prove that dA(z) = O..(x) if and only if
e e
5. Consider a 1-form defined by
W)= = e + [ )

(z!,2?) € R? — {(0,0)}.

(i) Prove that dW(z) = O..(z) in R — {(0,0)}.

(ii) Show the non-existence of a differentiable function f in R* —{(0,0)} such
that W (z) = df (z). Explain.



Chapter 4

Differentiable Manifolds
with Connections

4.1 The Affine Connection
and Covariant Derivative

We shall introduce a new notation for the generalized directional derivative.

(See (3.7).)

0
0;f = %f(x)a
8(q)f = 8qf = éq(*r)[f]v (4'1)

df (z) = (0;f)dz’ = (0,f)&" (),
V(@)[f] = VI (2)0;f = V(2)0, f.

We have used the indices i, j, k,... for coordinate components and the in-
dices p,q,r, ..., etc., for non-coordinate (or non-holonomic) components).

Example 4.1.1 Let us choose N = 2 and two basis vectors

R 0 J 0 0
i) = gor + gz @0 = 55 ~ g7

The corresponding 1-forms are
él(x) = (1/2)(dx* + dx?), &*(z) = (1/2)(dz' — dz?).
Consider the polynomial function f(z):= x'z? in R2.

ooy f = €é(x)[f] = ! + 22, O f = € (x)[f] = 2 — b

92
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Therefore, it follows that

(0gf)4(z) = [0y f&' (z) + [0y f1&%(z) = 2Pda’ + 2'da® = (0;f)dz?. O

Now we shall introduce a new concept of differentiation of tensor fields.
It is called the affine connection, covariant derivative, or generalized
gradient. It is denoted by the symbol V. The operator V assigns to each
tangent vector field V(z) of class C"(r > 1) a (1 4 1)th-order tensor field
VV(z) of class C™1. The tensor field is called the covariant derivative
of the vector field \7(:10) The covariant derivative satisfies the following two
axioms.

. v [\7(:5) n W(g;)} -V [V(x)} +V [W(x)] . (4.2)

IL. V[1@V@)] = V@) @ di@) + 1) [vV()]. (4.3)

Here, f is any differentiable function and V(x), W(x) are arbitrary vector
fields of class C" in D of RV .

Let {ép(m)}f[ = {&1(x),...,€x(z)} and {éq(x)}iv be a differentiable basis
field and the corresponding conjugate basis field at = € D of RV . By (4.3), the
mixed second-order tensor field V&,(x) belongs to 117, (RY) with a basis set

{€p(x) @ &1 (x)}f[2 . Therefore, we can express by a linear combination

Ve, (z) = Iy (v)éu(z) ®el(z),

~ - . (4.4)
Lop(@) = [Véy(2)] (€ (2), €(x)).

The set of N3 real-valued functions Iy, are called the connection coeffi-
cients. (See the references [5], [11] & [19].)

We shall now compute the components of V'V (z) explicitly in terms of the
connection coefficients. By the rules (4.2) and (4.3) and equation (4.4),

VV(z)

V[VP(z)€p(z)] = [€(x) ® dVP(z)] + VP () [VE, ()]
ép(z) ® [de(a:) + ng(x)Vq(x)é“(x)] )

By (4.1), dVP(z) = {&,(x)[V?]} &“(x). Therefore,

VV(z) = {8u()[VP] + L (2)V(2)} &,(z) ® &% ()
[0,VP + e, (2)Vi(z)] &y(z) @ &*(z).
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Therefore, the components V, VP = VP;, of the tensor V\7(x) are furnished
by
V VP =VPy, = &,(x)[VP] + T, (2)V(x)

(4.6)
= 9,VP + T2 (2)VI(x).

(In the sequel, we shall use the symbol V,V?.)

Example 4.1.2 Let us choose the coordinate or the natural basis set. In that
case, (4.6) yields

Vi) = VHa) 5 e
ViVE = &[VH] + T (2)Vi (2)

: (4.7)
= 0;V* + T (2)V (),
0
8i = .
Ox?
Therefore, the covariant divergence is given by
ViVF = 0 VF + T, () VI (). o
The N? connection 1-forms w?,(z) are defined by
wr(z) =10, ()" (z). (4.8)
(Remark: Connection 1-forms are not tensorial.)
Therefore, the covariant derivative in (4.5) can be expressed as
VV(z) = &,(z) ® [dVP(z) + Wh(z)V(z)] . (4.9)

Example 4.1.3 Consider the coordinate basis. By (4.8),

w'(x) = kj(x)dxk.

In the case where F};j are differentiable functions, the exterior derivatives of
wi;(x) (by (3.65)) are given by

dwi(z) = (1/2) (OT}; — OkT};) da’ A da. (4.10)

The equations above will be useful later. O
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Now we shall derive the transformation properties of connection coefficients
under a general transformation of basis sets

&)(x) = Xi(2)&,(x), & (x) = uf ()& (x). (4.11)
(See (2.54).)

Theorem 4.1.4 Under the general differentiable transformation of basis sets
n (4.11), the connection coefficients transform as

D9, (2) = p (2) A 1 ()N ()T s () + 190 (2)0, [AY,) . (4.12)

Proof.  For the components of a differentiable vector field V(z), we have
AV (@) = d [\ (@) VP (2)] = Ap(2)dVP(2) + VP (@)d\" (a).
By (4.5) and (4.1
VV (@) = &, (z) © [dV*(2) + T (2)V* (2)8" ()]
= (@8, ()] @
[ p(@)AVP(2) + VP(@)AN" () + Xy (@)X (@)1 s (2) VP (2)8 ()|

1), we have

)0, )\"p(a:) i (@)A (@)X ()T (2)] VP ()8 ()}

Identifying the expression inside the square bracket above with fqm(az)7 equa-
tion (4.12) follows. L]

(Remark: Equation (4.12) shows that the connection coefficients T'y (z) do
not transform as components of a tensor field unless d\;(z) = O(z).)

Example 4.1.5 Let us consider the coordinate basis set. In that case, (4.12)
yields
flmn(fﬁ\) _ 8Xl( ) OXI(z) 0X*(7) _, (@) 8Xl(.x) 82Xi(55).
oxt  orm  grn E oxt  dTmoT"
The coefficients ', (z) do not transform as tensor field components (compare
with (3.48)) unless

(4.13)

?X4(z)

oxmorn
The general solution of the system of partial differential equations above yields
the general non-homogeneous linear (or affine) transformation

= XUZ) = k30 +

=0.

Here, ¢' and k'; (with det[k’;] # 0) are arbitrary constants of integration. O
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Example 4.1.6 Consider the dimension IV = 2. Let us choose the coordinate
transformation from the Cartesian to the polar coordinates furnished by

! = XY(Z) := 7' cos 72,
x2 = X2(§) = 2tsin7?,
={(@7?) eR?:2' >0,—7m <2 <7}.
The Jacobian matrix is given by

oX\(7) 0X'(3)

o7l o2 cosz?, —zlsinz?
0X%(z) 0X3(2) sin 72, Z! cos 22

ozl 07

Let us compute with (4.13) the eight functions I"]k( 7) by assigning T, (z) = 0
for the Cartesian coordinates:

=R R oX1 92X2(%

M'y(@) =0+ axg o) & (0 152) [“)xg 2 (0 x1§2) =0,

S 0XY(2) °XN@) | 0XY(2) PX2(@) | .

I 22(1‘) =0+ 81}1 (a,x\2)2 + 8.172 ( 2)2 *.Tl,

F212(.I') = (37\1) L= FQQI(Z'))

f 12(/.1‘\) = flgl(i\) = fzgz(l‘) =TI 11( ) 0 O

Now, we shall define the directional covariant derivative of a vector
field V(z) along the direction of another vector field U(xz). It is denoted by
the symbol Vﬁ[\_/"(x)] The operator Vi maps a vector field V(z) of class
C"(r > 1) into another vector field of class C"~!. The definition is furnished
by

VolV@)() = [vV(@)] (. 0@), (4.14)
VolV@)(W() = [vV(2)| (W(2), O()) (4.15)

VlV(@))(@9(x)) = {8 (@) [VY] + T up(2) VP (2)} [6u() ® 8%(x)] (éq(w%ﬁ(w))
{8u(@)[VI] + Ty (2)VP(2)} U ()
= U(a)[V) 4 T, U" (2)V?(z).

VolV(@)] = {O@)V] + Ty (@)U (2)V7 (@) } & (),

10 (4.16)
VgV] = vy,
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As special cases of (4.16), we can derive from (4.6)
Ve, [V(@)] = (VW V)& (), (4.17)

Ve, [6p(2)] = I'up(z)€g(2). (4.18)

The main properties of the operator Vg will be summarized below.

Theorem 4.1.7 The covariant derivatives along directions of vector fields un-
der suitable differentiability conditions must satisfy:

(i) VY (2) + Z(z)] = V[Y (2)] + Vg Z(2)]; (4.19)
(&) Vg V(@) = Vg [V(@) + V3 [V(2)]; (4.20)
(i) Vg[Y(@)] = f(@)Vg[¥(2)]; (4.21)
(iv) Volg(@)Y (@)] = {V(@)[gl}Y (z) + 9(2){Vg[Y ()]} (4.22)

Proof.  We shall prove part (iv). (The proofs for parts (i), (ii), and (iii) are
left to the reader.) By (4.15), the left-hand side of (4.22) yields

Volg(@)Y (2)(W(2)) = V]g(2)Y (@)|(W(2), V(z)).

Using (4.3) and linearity, we obtain

) ® dg(@)|(W (@), V(2)) + [9(2) VY (@) (W(2), V(z))
)(W (2)){dg(2)[V]} + {9(2) Vg [¥ (2)] (W (@),

or

—

{Vylg(2) Y (2)] - [dg(2)[V]¥ (z) — g(2) Vg [¥ (2)]}(W(x)) = 0.

Since the only tangent vector that maps every W(x) into zero is 6(x) , equation
(4.22) follows. [

Example 4.1.8 In the coordinate basis, (4.17) yields

0

Vosou[V(@)] = (ViV7) 55,

(Vajoui [V ()]} (d2?) = V; V7. O
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The definition of the covariant derivative in (4.14) and (4.15) can be extended
to a tensor field "sT(z) of class C* (k > 1). The corresponding axioms are the
following:

I. When ",T(z) is of class C*, the V[, T(z)] is of the same order and
class C*=1 (k> 1).

IL. Vlf(@)] =V(z)[f]. (4.23)
III. Vg ["sT(z) 4+ "sB(z)] = Vi ["sT ()] + V\';[TSB(LL')] (4.24)
Iv. V\?[TST(x) ® mnG(m)} = V\?[TST@)] ®@",G(x) (4.95)

"’TsT(m) ® v\“/[mnG(x)] .
V. Vg {5ClT(2)]} = {Vy["sT(2)]}. (4.26)

Equations (4.23), (4.24), and (4.25) imply equations (4.2) and (4.3). (Some
caution is required to apply (4.26).)

We shall now express the covariant derivative of a 1-form in terms of the
connection coefficients.

Lemma 4.1.9 The covariant derivative of a differentiable 1-form W (x) is
given by

Vg [W(@)] = VP (@) {&(2)[Wy] — T pq () Wi ()} & (), (4.27)

Vo W(2)]8,(z) = [V, WolVP(2) = [0,Wy = T pq (@) Wo(2)]VP (), (4.28)

Vg, [W(2)](€(x)) = V,Wg. (4.29)

Proof. Recall that
LEV (@) @ W(a)] = WP @)Uy (x) = W(@)](V ().
Therefore, by (4.23), (4.26), (4.25), and (4.16), we have
V(@)Wy] = Vo W () (& (2)] = Vg {1€16, () & W(a)] |
= 11e{Vylé(x) & W(a)]}

—1.c {[Vvép(x)] ® W(z) + &,(z) ® V\;W(x)}

[V W ())& (@) = {8, () [Wy] — T pq(2)Wa(2)} VP(2).
Thus, (4.27) and (4.28) follow. [
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Example 4.1.10 Let A(z) be a differentiable 1-form. Using (4.28), we have

0 .
vjAk = @Ak(l') — I"jk(x)Al(x)

Therefore, we obtain the 2-form

(;) (VjA,—ViAj) dzd A da® = dfl(x) 4 <;)[ (@) — i;j(-r)]Ai(l‘)dxj/\ dz®

The equation above (and also (4.13)) show that the components I''ji(z) —
I'y;(z) transform as tensor field components. (However, in a non-coordinate
or a non-holonomic basis, I'*,,(z) —I'*y,(x) do not transform as tensor field
components!) O

Now, we shall obtain the covariant derivative of a differentiable tensor field
in terms of the connection coefficients.

Theorem 4.1.11 Let ", T(x) be a differentiable tensor field of class C in the
domain D C RN . Then, the covariant derivative of "sT(z) along the vector

field V(x) is furnished by
Vl'sT(z)] = V¥(2) {€u(x)[T" P gy ) + TP TP g, g,
JerzuwT:Dlwmprqlmqs + 4 I‘Pruprlpzqulmqs
7FwUQ1Tp1mpTw42mqs - qutthlmpT(hw---qS R
g TP g1gs0} €py (1) @ - ® €, (2) ® €T (2) © . ..
8% (z)
V@) (TP 0 ) (2) - 96y, 060 (2) © .
® e, (4.30)

{Vol'sT(2)]} (€ (2),...,8" (2),84 (), ..., &, (2))

- {auTPanrqlqu + FpluwTwpzmpr +- = FwMIlTplmprw‘IquS T } Vu(x)
= (VTP g, q) Vi (), (4.31)
Ve, ['sT(x)]} (ePr (z),...,ePr(x),Ey (), ..., & (z
{Ve,["sT(x)]} (&7 (2) (2), €, (2) g. (%)) (4.32)
= vqul.”pr(Il“-(Is'

The proof is left as an exercise.
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We can generalize the definition of the covariant derivative V for any dif-
ferentiable tensor field " T(z). It is given by

(V@ (W @), W (@), Ui@), .. Uslo). Vo)) o)
= {Vg [ T(2)]} (Wl(x)7...,WT(:c)7U1(x), . .,Us(x)>
for all W1, ... W, Uy,... ﬁs, V fields. Therefore, we can deduce that
{VI"sT(x)]} (€7 (z), ..., e (z),€, (z), ..., € (2),€u) (434)
= vqulmqul...qS~

Example 4.1.12  Consider the identity tensor I'.(z) := 0% &,(r) ® &9(x).
By the equation (4.30) we have

V\?[I'~ (z)] = V¥(x) {6u($)[5pq] + TPy (1)8% g — quq(x)épw} ép(x) ® &P (x)
= Vu(x) {O + Fpuq(x) - Fﬁq(m)} 6p($> ® ép(m)
= 0. (x),
V.(67,) = 0. O

Example 4.1.13 In the coordinate basis, the components of the covariant
derivative of a tensor field from the equation (4.30) can be written as:

VTt g g, = Ty g, + T Tty
+Fi2 leill...ilesz 4 Firleilig...ljlmjs
*Flkleilmirljg..,js _ FlkngiIMirjll...js
— e = Dl Tt

If we open up the summations in the right hand side, then we find that there
are actually 1+ N(r + s) terms added there! a

(4.35)

Exercises 4.1

1. Let a domain be specified by D := {z € RN : 2! > 0,22 > 0,..., 2V > 0}.
Let a vector field V and connection coefficients be prescribed by V(z) :=

T
and T (z) = (;i/xjxk), respectively. Prove that (V;V)(V;V*) = ¢*;
N(N?% +2)(z*/27).

2. Show that
V[(Slz"']\/[iliQ.v_iMdﬂCil A dl’iz JANEERIA dI'ZM] = N[M_._lO(ZL')
for 2< M <N -—1.
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3. Let ,A(x) be a differentiable p-form. Prove that
VpA(2)] = (=1)"d[,A(x)].

4.2 Covariant Derivatives of Tensors along
a Curve

Now, we shall study a tangent vector field V(z) restricted to a curve X(t).
Recall from (3.24) that the tangent vector along (the image of) the curve X is
given by
- dxi(t) [ 0
X'(t) = _
®) dt (83:1
t €la,b] CR.

= X9(1)8,(X (1)),
) (1)8,(x (1)) )

The covariant derivative of a vector field V(z), restricted to the curve X(t)
and along the tangential direction X’(t), is defined to be

Vi [V(X(t))] = X[V, VP B0 €p(X (1))

dXi(t) N (4.37)
i || "

A vector field V(X (t)) is said to be parallelly propagated along the curve
X (t) provided
Vi [V(X(t)] = O(X(1)). (4.38)

(See fig. 4.1.)

Remark: The parallel propagation of a vector is strictly a local concept.

Example 4.2.1 Let us choose the coordinate basis. By (4.37) and (4.38), we
derive for parallel transport of V along X (t) the equation

~ [ov? dXi(t) [ o
- | Ozd dt ox?

Ve [V(X(t))] + Fijk(l')vk(l’):| ] = G(X(t))
lx (o) Lty
Using the chain rule, we obtain from above that for parallel propagation

DV d dXI(t)

7 (X(t)) == %Vi(;v(t)) + [Fijk(:c)vk(x)]lx(t) 7 =0 (4.39)
Using (4.39), we can express
PV () = (9,17, 2 0. 0

dt
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Figure 4.1: Parallel propagation of a vector along a curve.

Remark: For parallel propagation, we derive from (4.39)

dv'’
dt

dX7(t)

(X)) =—| ?k(gc)vk(x)}ma dt

Therefore, the rate of change of a parallel vector field V s proportional to both
dXI (t)
dt

VE(x) and dX(0) Moreover, the components depend on the choice of

i
the coordinate chart.
An affine geodesic X is a non-degenerate, twice-differentiable curve into

D c RY such that

Ve {f’(t)} = AOX (1) (4.40)

for some integrable function A\ over [a,b] C R.
Now, recall the reparametrization of a curve provided by (3.26) and (3.27).
In an altered notation, a reparametrization is furnished by

r=1@), ZW 40
r = X(t) = X*(1), (4.41)

df(t) _ dT(t) df*(r)
dt dt dr
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Theorem 4.2.2 There exists a reparametrization (4.41) for an affine geodesic
n (4.40) such that

Vw [X7(0)] = O(x# (1), (4.42)
2x#i(r , #i (1) dX#*(r
dﬁiﬂ() + Tk (X7(7)) dXdT( )dXdT( ) (4.43)

Proof. By (4.37), (4.39), and (4.40), the geodesic equation can be written as

d>X(t)

A7 (t) dX* (1) dXi(t)
P t .

dt a0

T (X(2) (4.44)

Using (4.41) and the chain rule, the last equation yields

d {dT( ) dX#i(r)

: dT (t)]? dX# () dX#*(r
OO, ) [1T0] X0 4

dt dr dr
dT (t) dX#i(7)
=M=
dz/‘zifl() + FL]k (X#(T)) dXZ:J—(T) dxjj(T)
aT(t)]? dT(t)  d*T(t)] dx#i(r)
:{ dt ] [A(t) a a2 ar

Let the function 7 satisfy the linear, second-order ordinary differential equation

d*T (t)
dt?

dT (1)
dt

Y0 — 0.

The general solution of the ordinary differential equation above is given by

= T() =k { / exp { / A(t)dt} dt} e (4.45)

Here, k # 0 and c¢ are two arbitrary constants of integration. Any solution 7°
n (4.45) will render (4.42) and (4.43) valid. [

Remark: A parameter 7 in (4.45) is called an affine parameter along the
geodesic. A non-homogeneous linear transformation

T=cT+c, o #0, (4.46)

produces another affine parameter.
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Example 4.2.3 Let us choose the dimension N = 2 and the Euclidean plane.
Moreover, let D := {(z!,2?) € R? : 2! > 0,—7 < 2% < w} for the polar
coordinate system. We assign the eight connection coefficients as

Flll(it) = ].—‘112(.%) = F121(.’£) = F211($) = 0,
[hos(z) = —at, T?a(z) =T (x) = (¢') "
(We have borrowed these connection coefficients from example 4.1.6.)

The affine geodesic equations (4.43), dropping the symbol # and changing
T to t, yield

2XV) L, [dan)]?
010 [H0)

dt
g {vorth P o

These are two coupled, second-order, semi-linear ordinary differential equations.
The second equation admits the first integral

PR s

where h is the constant of integration. Two cases arise. If h = 0, the general
solutions of the geodesic equations are

r=at =X t) =kt +c1,

¢ =2 = X%(t) = co.

Here, k # 0, ¢;, and co are constants of integration. The geodesic, in polar

coordinates of R?, represents a portion of a radial straight line.

dx?(t)
dt

In the second case, h # 0. We can eliminate
equation to obtain

from the first geodesic

d>x1(t)
dt?
This equation can be solved directly. But to have the solution in such a way

that the geometry is transparent, we solve it by an unorthodox method. We
reparametrize the curve again by putting

— (W] =0

t =T(x?),

r=a! = X(t) = R(z?) = R(¢),

dX(t)  dX2(t)dR(z2)  h  dR(z?)
dt dt  d? [REHP dz®

d2X1(t) h d{ h dR(xQ)}.

a2 [R@2)2da? \[R@2  da?
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Substituting the equations above into the first geodesic equation, we get

CC2
% ra B - reA ~o,

dz?

Now we introduce another function U by putting

dU(z?) o dR(x?)
— 5 = —[RE) P — 5
dx dx
Expressing the geodesic equation in terms of U, we finally obtain the linear,
second-order ordinary differential equation

d*U(z?) 9

——" =0.

The general solution of the equation above is
U(x*) = Acos(z? — @).

Here, A # 0 and @ are two arbitrary constants of integration. The general
solution can also be expressed as

(cos @) (x! cos z?) + (sin@)(z! sinz?) = (A)~L.
Introducing the usual Cartesian coordinates by
z =x'cosz?, y=a'sina?,
the geodesic curve can be symbolically expressed as
(const.)z + (const.)y = (non-zero const.) .
The equation above represents a portion of a straight line not passing through

the origin in R2. O

We shall now generalize the definition in (4.37) to the covariant derivative
of a differentiable tensor field along (the image of) a curve X'. It is given by

Ve ['sT(X ()]
o ~ o (4.47)
= B VT ] (K1) ©- @ &2 (X(0)).
Example 4.2.4 In the coordinate basis
V" sT(X(1))]
dXk(1) d (4.48)

7 [VkT 1 ]1___]S]|X(t) <8xi1 R Qdr ) ,

‘X(t)
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(4.49)
i1...1 ka(t) DTZ-IHZT 1 Je(‘X(t))
= [T i Js]|x(t) dt dt
For a special case of T . (z),
DTi(X(t)) : dXk(t)
dt Vi
. , ; dX*(t)
i i l ! t
= [0T"j + T (@) T () = i () T ()], dt
Sl AN P (@) = Ty ()T T
- dt + [F k()T ](:C) [k ()T l(x)] lxwy  dt
DT (X (1) _ dT'i(X(t)) =
dt dt ’

Exercises 4.2

1. Consider the upper half-plane D := {z € R? : ! € R,2%? > 0}. Let the
connection coefficients in D be prescribed by

Fljk(m) =0, F%Z(l‘) = F%l(x) = F%l(x) =0,

I3, (x) == (1/222).

Integrate the affine geodesic equations using an affine parameter 7. Prove that
1
If dXT(T) # 0, the geodesics are furnished by semi-cubical parabolas

(x%)3 = (ka' +¢)%.
Here, k # 0 and c¢ are constants of integration.
g

2. Prove the Leibnitz rule of derivatives along a curve X:

D

77 (A (X @) - BE ey (X ()]

D

@Bkl'“k"zl...lq(?f(t))

D . .
| AT (X ()] BRe L (X ().

= Aty (X() -
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4.3 Lie Bracket, Torsion, and Curvature Tensor

The commutator or Lie bracket between two vector fields is defined by
0, V] := O@)V (@) - V(2)T(x) (4.50)
[U,V} [f] :== O(x) {V( } V(z { } (4.51)
for every f belonging to C2(D ¢ RN;R). Thus, [U, V] belongs to T, (RN).
Remarks: (i) The Lie bracket is relevant in Lie derivatives. (See appendix 2.)

(ii) Commutators are familiar in quantum mechanics.

The salient features of the bracket operation are listed below.

Theorem 4.3.1 Let ﬁ,V,W be three vector fields of class C® in D of RN .
Moreover, let f,g be real-valued functions of class C* in D. Then the following
equations hold:

(1) [ﬁ,\?} _ [\7,6} . (4.52)
(2) The Jacobi identity:

[0.[V.W]] + [v.[W.0]] + [W.[0.V]] =0().  (459)

@) [V eW] = {f@V@lg) | W) ~ {g@)W @)} V(o)
)

The proof is left to the reader.

Let basis fields €,(z) = E')(z )W and €,(x) = E-jq(x)% be of class C?
in D of RY. Furthermore, let f be an arbitrary function of class C? in D.
Then, by (4.51), we have

- OB @) OB, @)] 0f(@)
[eIHeq] [f] = Ezp(x) 7 -E q(x) 3 j
ox ox ox (4.55)
=: ijq(m)iagif)7

[6p7éq] = ijq(x)%'

In the case where the conjugate 1-forms are given by &%(z) = E%j(z)dz",
we obtain from (4.55) that

[€p, €] [€"] = A/ pqE (7)) =0 X¥pg(2) = =X (). (4.56)
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[€p, €] = X% pq()€u (). (4.57)

The functions X", (z) are called the structure coefficients of the basis field
{€,(z)}Y. The structure coefficients are not components of a tensor field.

Example 4.3.2 In a coordinate basis,

o 0 ~
| = O(a’,‘),
Oxt’ Oxd (4.58)
inj (ZL’) = 0,
or, in other words, the basis vectors a?ci and % commute. O

Remarks: (i) The basis set { 32i MV is called a coordinate or natural basis
set. The basis set {€,(z)} for which X%,,(z) = 0 is called a holonomic
basis. If X“,,(x) #Z 0, the corresponding basis set is called a non-holonomic

basis.
(ii) The complex operators (fi)% represent momentum operators in

quantum mechanics.

Example 4.3.3 Consider NV = 3 and three vector fields furnished by

_, 0 0 ~ 0 0
Ll(l‘> _anxg - 3({9 PR LQ(‘I") _xgazl - 18x37
_, 0 0

La@) =o' 55 — " 55

The commutators can be worked out to obtain

— —

[Li,Lo] = [Lo,L3) = Ly, [L3,Ly) = Ly, [L;,L;] = &%;(z) Ly (),

inj (x) = €ijl($lk.

Thus, the structure coefficients are constant-valued. O

Remarks: (i) In the case where X*;;(z) = C*;; are constant-valued, the com-
mutation relation (4.57) indicates that the vectors €,(z) are generators of a
Lie algebra.

(ii) In example 4.3.3, the vectors f](x) generate the Lie algebra correspond-
ing to the rotation group SO(3,R). The complex operators (—i)L;(x) rep-
resent the angular momentum operators in quantum mechanics.
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Now, we shall introduce the torsion operator T, which maps a pair of
vectors into another vector by the following rule:

T (ﬁ(x),V(x)) = Vg [V(x)] - Vg [ﬁ(x)} - [ﬁ(x),\*f(x)} L (4.59)
Note that

T(V(x),ﬁ(m)) = (ﬁ( ),V (z )) (4.60)

T(f(x)ﬁ(x),g(x)\?(x)) (2)g(z ( ) (4.61)

The torsion tensor field T .. (z) is defined by

[T ()] (W(x),ﬁ(x),ff(x)) = W(z) [T (ﬁ(m)7\7(x)>] , (4.62)

for all W, U,V fields. By (4.60) and (4.62), we have the antisymmetry

[T ()] (W(x),V(x),ﬁ(m)) = [T".. ()] (W(x),ﬁ(x),V(x)) . (4.63)

Let us work out the components of T ..(x) relative to a general basis set
{€,(z)}Y and the corresponding {&%(z)}. By (4.62) and (4.63), we have

TPou(z) = [T .. (2)] (eP(x), & (), €u(x))
= &"(z) [V, [6u]] — &(z) [Vs, [6,]] — &"(x) [€;, €.] .
Using (4.18) and (4.57),
TP qu(z) = TP qu(x) = TPyq(2) — AP gu(x) = TP (). (4.64)

By (4.58), the components of the torsion tensor relative to the coordinate basis
are

Tijk(.%') = Fijk(.%') — Fikj(aj) = —Tikj(.%‘). (4.65)

Introducing the symmetric part of ' (z) as

S'jn(@) = (1/2) [Mj(2) + Ty (2)] = Sy (), (4.66)
Wwe can express ) ) )
() = S'(x) + (1/2)T 1 (). (4.67)

The equation above shows that ' (z) is symmetric if and only if 7% (x) =0
or the torsion is identically zero.

Example 4.3.4 Let us define the connection coefficients in the coordinate
basis as

() = 2'(a7)*(a")?



110 4. Differentiable Manifolds with Connections

for every x € RV . Using (4.65), the torsion components are given by

T'ji(x) = Tr() = T'hj(2) = 2’ (a7a?)? (2% — 27) = ~T"(2).
The torsion components vanish at each of the (/N —1)-dimensional hyperplanes
given by

=0, af=az"

i,5,ke{l,2,...,N}.
Using (4.66), the symmetric part of the connection coefficient is provided by
Siki(@) = (1/2) [I75(x) + Digj(z)] = (1/2)2" (272F)?(a* + 27)
Sy ().
Stp(1,1,...,1) = 1. O

Now, we shall derive the commutators of covariant derivatives. By (4.1),
(4.31), and (4.55), we get

VoVpf =V Vof = [éqvép] f- [Fqu(x) - F“m(z)] Vuf

(4.68)
= T (@) Vo f =T (7)0uf,
VNjf - VjVif == —Tkij (:L‘) ag:i.:) = [iji(x) — Fkij(ac)] 8kf (4.69)

Now, we shall define the curvature operator R, which maps a pair of
vectors into a linear operator over T,(R™Y). The exact definition is provided by

[R (ﬁ(x),V(x))] [\?(x)] = Vg {Vv?(m)} ~ Vg [VUY(;E)}
—V[o.v] [q(x)} (4.70)
= -[r(v.9)] Y]
for all U, V,Y in T,(RY). By (4.19), (4.20), (4.21), and (4.22), it follows that
R f(x)ﬁ,\*f)} M — f() [R (ﬁ,\“f) M (4.71)
R (0.9)|[f@¥ @) +9@)Z@)] )

= W(z) [R (ﬁ@), \7(30)) [s?(@“ )

for all W,?7ﬁ, and V fields.
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Theorem 4.3.5 The components of the curvature tensor field R ... (z) relative
to a general basis field {€,(z) ® 8(z) ® &"(z) ® €°(z)}Y are furnished by
qum(x)
= [R... (2)] (€7 (x) @ &y(x) @ & (x) ® &s(x))
= a’fl—‘gq - 8SFIr]q + Fgu (.’L‘)ng (:E) - Fgu (x)l—wrtq(x) - ng (.Z')F,ﬁq (.’E)
= fRé’ST(:r).

(4.74)

Proof. By (4.73) and (4.70), we have
RPys(z) = &°(x)
= & (2) {Vs, [Va, (&(2))] = Vs, [Vs, (6,(2))] = Vs, .5,] [€(2)]} -
Using (4.18), (4.22), (4.5
{Va, [[5g8u] — Ve, [T

RPgrs(x) = & (x) €u] = Vyu,.e, (€]}
= e(z){[& [[sq]] €u + I"sqV er( uw) = [€ [[rgl] €u
—I"q Ve, (€u) = X"rsVe, (€))}
= €, [Py] — €5 [[Pyg] + TP I — TP, T% g — X5 Pug- ]

Corollary 4.3.6 The components of R ... (x) in the coordinate basis are pro-
vided by

. o . o , .
R jpn (@) = 5T nj(®) — @Fzmj(:ﬂ)Jrl”mh(m)thj(w) — T n (@)1 ()

(4.75)

M1l
58
3,
3

(The proof is left to the reader.)

Example 4.3.7 T'j;(z) = 0 = R'jpn(z) = 0. (However, R'j.,,(z) =0
does not imply that T, (z) =0.) O

Example 4.3.8 Let us borrow the connection coefficients in polar coordinates
for R? from example 4.2.3. The non-zero components are given by

Flgg(x) = —ZL’I, F212($) = F221(.’E) = (251)71.

Therefore, we have

% [I;k(z)] = 0.
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Let us calculate from (4.75) the component
Rlo1a(z) = 01T 9g — 0T g + Ty — Thogp Ty
=—1—(—aH)(=") =

Similarly, all other components turn out to be identically zero. Thus, in this
example R ;. (z) =0, although I''j;(z) £ 0. O

In the preceding two examples, we have R ... () = O ... (x) in domains of
RY and R2, respectively. The domain in the manifold M corresponding to the
domain where R'...(z) = O ...(x) is called flat. If R"...(z) # O’...(z), the
corresponding domain in the manifold M is curved in some sense.

Now, we shall work out the commutators of covariant derivatives. By (4.16)
and (4.17), we have

VTP = &, (2)[T7) + Ty ()T (x).

Since V, TP are components of a (1 + 1)th-order tensor, (4.31) yields (with
Leibnitz rules)

VoVuT? = &, {&u[T7] + TP T} + 7, {&,[T7] + T, T}
—I oy {€w[TP] + TP, T}
8,8 [TP] + {8,[[ ] + TP T, — T, TP, } T
TP, 8 [T9] + T, 8, [T] — T, 8, [T7).

By the equation above, (4.72), and some cancellations of terms, we compute the
commutator

(VoViu — Vi V,)T?
= [6,,8,][1"]
+ {61) [Fpuq] - éu [vaq] + vawrwuq_ Fpuwrqu+ (quv - vau)rpwq} T
F (T4 — T pu) € [T7]
= {év [Fpuq] — €y [vaq] + vawrww - Fpuwrqu} T
=T € [T + (T — T4 ) TP g T
= {€,[TPuq] — €ullPuq] + TP T g — TP 0T 0g — X¥ oI Puwg t TY
=T VTP
= RP pu(2)T9(x) — T () VTP, (4.76)
Thus, in the coordinate basis,

(Vkvl - Vle)Tj = Rjikl(a:)Ti(a:) — Tikl(x)ViTj. (4.77)
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Now, we shall deal briefly with Cartan’s approach to connections and cur-
vatures. We have already defined N2 connection forms WP, (z) = ', (z)e"(z)
n (4.8). Similarly, we can define N torsion 2-forms

TP, (x) == (1/2)T? 4 (z)e(x) A €“(x). (4.78)
Moreover, we can introduce N? curvature 2-forms by

QF, (x) == (1/2)RP yup(x)€“(z) N &° (). (4.79)

Cartan’s structural equations involve the 2-forms T?.. (x) and Q7 (z).
These equations are furnished in the following theorem.

Theorem 4.3.9 Let the N torsion 2-forms TP..(x) and the N? curvature
2-forms P, (x) exist and be differentiable in a domain D C RN . Then,
Cartan’s structural equations

(i) TP.. (z) = d&P(z) + WP, () A &%(x), (4.80)

(i1) QP (x) = dWP (z) + WP, (x) A Wy (), (4.81)

hold in that domain.

Proof. (i) Let A(z) be an arbitrary differentiable 1-form so that dA(z) is
a 2-form. By (4.50), (3.9), and (3.16), we obtain

2dA (z) (ﬁ(x), \7(1’)) (4.82)
( .

= U(a) (A@)V]) - V(@) (A@)[T]) - A@)[0, V]
By (4.82), (4.8), and (4.64), the right-hand side of (4.80) yields

A& (8,,8,) + WPy A &9 (&,,86,)
— (1/2){8,[6"(@,)] - &,[&(8,)] - &[6u,&.])
5176 B8 - 6 0 &) (6,6.))
1
2

= %{[o 0= xPuu] + (TP — TP} = ( ) TP o (2) = TP... () (8u, o).
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(ii) By (4.82), (4.8), and (4.74), the right-hand side of (4.81) yields
AWP () (84, &,) + [WPy(2) AW (2)] (84, &,)
= (1/2) {8u[WP(&))] — &,[WPy(&,)] — WP, (64, &,]}
FA{LP I sq[€" A &°](€4, €,)}
1

= 5 {éu [Fpﬂq] - év [Fpuq] - XTquprq

+Fprwrwsq ((Vu(ssv - 5rv68u)}

_ (;) R oo () = 7. (2) (60, ,). .

Now we shall prove the Bianchi’s differential identities.

Theorem 4.3.10 Let N torsion forms TP..(x) and N? curvature forms
Q7 (z) be differentiable in a domain D of RN . Then the differential identities

(1) dTP.. (z) = QF, () A&9(z) — WPy(z) A T, (), (4.83)
(id) dQP, (z) = QP (2) AWy (z) — WPu(z) A QY. (2), (4.84)
hold in D.

Proof. (i) By (4.80), (3.73), and (3.70), we have
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Corollary 4.3.11 In a coordinate basis, the identities (4.83) and (4.84) imply,
respectively,

(®) REyju(x) + R i) + R4 ()

= [V, 7% + T35 (2)T" i ()]

FVITF 5+ T 51 (2) T i ()] (4.85)
[ViT" i + T () T ()],
(i) m m m h "
ViR et + ViR™ 5 + ViR ij5 + T ji (@) R™ it (2)
FT () R g () + T (2) R e () (4.86)

=0.
(The proof is left to the reader.)

Example 4.3.12 Consider the surface S? of a unit sphere. (See fig.3.3.) We
use the usual spherical polar coordinates ' = 6, 22 = ¢. The domain of
validity of polar coordinates is given by D := {(z!,2?) € R? : 0 < 2! <
7, —7 < 22 < 7}. The coordinate basis and corresponding 1-forms are provided
by

o 0

@ahane) = (55 ) = (39 20)
(e'(z),&*(z)) = (dz',dz®) = (db, d¢),
de’(z) = 0.. ().

We prescribe the eight connection coefficients in the coordinate basis by

Flll(l‘) = Fllg(l’) = Flgl(l‘) = Fllg(x) = F211(£C) = 0,

Iog(z) = —(sina!)(coszt), T?1a(x) =29 () = cot al. (4.87)

We note that ' . . .
IMgi(x) =Tk (x), x'jk(@) =0, T =0.

By (4.8), we compute the four connection 1-forms to be

whi(z) = Iyda? = O(x),

why(z) = I'jg(x)dr? = Tog(z)da?® = —(sinz!)(cos z!)dz?,

w2y (x) = 'y (z)dz? = (cot 21)dz?,

w2y (x) = (cotal)dal!, (4.88)

= —(cos2zt)dz! A dz?,
= —(cosec z1)2dzt A da?,

(x)
(z)
(z)
dw'i(r) = O..(x),
(z)
(z)
() = O..(x).
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In this example, the torsion tensor components are identically zero, so that
for the two torsion 2-forms

T (z) := (1/2) T jk(x)dx? A da®

We shall now compute the components of the curvature tensor by (4.75).

RYii(z) = —RYyp(z) = 0,01 — 0T 1 + Tz (2) T2 ()
(@) 0?4 ()

=0,
R?ypi(z) = —R?a(x) =0, (4.89)
nglg(m) = 7R1221(I) = 61F122 — O -+ O — Flgg(I)F212(I)

= (sinz!)?,

The four curvature 2-forms are furnished by (4.79) as

O (z) = Q% (2) = O.. (2),
Oy (z) = Rlo1a(x)dzt A dx? = (sina!)?dat A da?, (4.90)
0% (z) = —dz! A da?.

In this example, the structural equation (4.80) reduce to
Wi (@) Adet +Wia(2) Ade? = 0. (x).

We can explicitly verify these equation by (4.88).
Now, let us try to check the structural equations (4.81) by (4.88). One of
these equations, reduce to

dwls(z) +W',(2) AWg(z) = (sin?z! — cos? 2')dx! A da?
—(sinz!)(cos z') (cot z1)dz? A dat

= (sin2 x)dat A da? = QY (7).

Similarly, other structural equations can be verified. O

Now, we shall discuss the geometrical significance of the curvature tensor
R ..(z). Suppose that a differentiable vector field V(z) is defined in the
neighborhood Nj(zo) of g € D € RN . Moreover, let the vector field V(z) be
propagated parallelly along every differentiable, non-degenerate curve passing
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through z. In that case, we must have by (4.39)

ViV = [0V + @)V (x)], =0. (4.91)

‘wo |I0

Let (4.91) hold for every x € D C RY | so that

ViVi= Vi T (z)Vi(2) =0 (4.92)

for all x € D.
Suppose that there is a differentiable curve X with an image I' inside D.

By (4.92), we obtain the difference

In the case where T' is a simple closed curve (Jordan curve) and is the bound-
ary of a star-shaped surface D*5 interior to D, we can apply the Stokes’ theorem
summarized in (3.85). (See fig. 3.8, fig. 3.10, fig. 3.11, and fig. 4.2.)

X /3
/\j s
— > —>» —O0— S

Figure 4.2: Parallel transport along a closed curve.

Applying the Stokes’ theorem and equations (4.92) and (4.75) into (4.93),
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we get the jump discontinuity

[AV] = — ]f T4 (z) VI (x)da”
aD;
- (1/2)/ [0k (T V) — 0y V)] dat A da®
D3
= (1/2) / [(akFilj - 81Fikj) Vj + (Fikjl“jlh - Filijkh) Vh] dﬂjl A dxk
D3

= (1/2) / (R ju(2)V7 (2)] da* A da®. (4.94)
D;

In the case where the components Rijkl are continuous, by the assumed dif-
ferentiability of the V7’s, the integrand R’;i;(z)V7(x) is continuous. By the
mean-value theorem of integration, there exists a point x,,, € D5 C D such that

[AV] = (1/2)Rijkl(xm)vj(xm)/dxl A dz®. (4.95)

Dj
Therefore, the change of the vector components, after being parallelly trans-
ported along a closed curve 0Dj, is proportional to the curvature tensor com-
ponents, the vector components, and the oriented area of the surface Dj. If

R';ki(z) =0 in D (or the domain is flat), the changes [AV?] = 0. In such a case,
the system of the first-order partial differential equations (4.92) is integrable.

Example 4.3.13 Consider the surface of the unit sphere S?. (See example
4.3.12.) The polar coordinates are z' = 6, 22 = ¢. The non-zero connection
coefficients are provided by

Moo (x) = —(sinzt)(cos xt),
I215(z) =29 (2) = cot at.

The geodesic equations (4.43) yield

M 2(r 2
T fsin 20 ()] cos X' ()] [d’fl( )} 0,
X’ (1) X1 (r) dX?(r)

o 2feot X)) S o,

A special class of solution of the equations above is furnished by
0=zt =xX(7) = (7/2),
p=a%=X%(1) =kt +c
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Here, k # 0 and c¢ are arbitrary constants. The equations above yield a portion
of the great circle that is the “equator” on S%. (By the symmetry of the sphere,
we can intuitively conclude that great circles are geodesics.) Moreover, the
coordinate ¢ = 2 is an affine parameter along the equator.

Consider now circles (not necessarily great circles) given by

=XY(r) =
X2(r) =
[— ™) CR.

SS
|||

- 907

©
|||

(4.96)

]
m

Here, 6y € (0,7) is a prescribed constant.
Let a differentiable vector field V(X (¢)) be parallelly propagated around

the circle given by (4.96). By (4.39), the components V(X (¢)) must satisfy
the equations

oVt . 9
(907 ¢) - (Slnao)(COS 90)‘/ (007 ¢) = 07
o
(4.97)
av? 1
(907 ¢) (COt QO)V (907 ¢) =0.
o
The general solution of the system of equations (4.97) is furnished by
V1(6o,¢) = B(fp)(sin ) sin[(cos ) — a(6p)], (4.98)

V2(0y,¢) = B(fy) cos|(cos ) p — a(fy)].

Here, B and « are two arbitrary functions of integration.
The jump discontinuities AV?(fy) around the circle are provided by (4.93) as

AVl(QO) = [limdj_,m V1(00, d))] — Vl(eo, —7'(')
= 2B(6))(sin bp)[cos a(p)] sin(m cos Oy) Z 0, (4.99)
AV2() = 2B(0o)[sin a(by)] sin(r cos ) # 0.

However, in the special case of the equator, AV1(7/2) = AV?(r/2) =0. O

Exercises 4.3

1. Consider the connection 1-forms w7,(z). Construct an N X N “matrix”
[W(x)] with 1-forms W%,(z) as entries. Prove that the transformation rules
(4.12) can be expressed as a “matrix” equation,
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2. Suppose that ", T(x) is a tensor field of class C? in D C RY. Prove the
Ricci identities:
T
[VuVy — Vo V] Tm‘--prqlmqs _ Z [Tpl~~pa—1wpcx+l--vp7‘q1.“qs R ]

a=1
S
_E P1...Pr . pw
[T q1---93-1WqB+1---qs R Qﬁuv]
B=1

—T% () - vammprq

1---9s*

3. Suppose there exist two manifolds (M, V) and (M, @) with identical atlases
and distinct connection coefficients.

(i) Show that the difference D' () := I j(x) — I (z) in a coordinate basis
transforms as components of a (1 + 2)th-order tensor field.

(i) Curvature tensor components are related by the equations

~

Rijp(z) = R (x) + VD — Vi D'y + D'y, D"yj — D'y, D"y + T Dy

4. Consider a differentiable, symmetric connection I'y;(z) = I''j;(z) relative
to a coordinate basis in D C RNV (N > 2). A projective transformation is
defined by

D) o= T (@) + 6 510 (@) + 07 x); ().
(Here, 9 (x)dx" is a differentiable 1-form.) Define Weyl’s projective curva-
ture tensor by
Whiki(z) == R'jra(@) — [1/(N + 1)]0"; R™ (@)
+[L/(N = D6 KR jim () = 61 R™ jom ()]
+H[1/(N? = D][0% R™ mji () = 0° 1 R™ i ()].

Prove that under a projective transformation

—

Wijkl(x) = Wijkl(x).



Chapter 5

Riemannian and

Pseudo-Riemannian
Manifolds

5.1 Metric Tensor, Christoffel Symbols, and
Ricci Rotation Coefficients

Let an N-dimensional differentiable manifold M be endowed with a metric field
g..(p) € %27,(M). (See section 2.4.) Let p belong to the open subset U C M
and (x,U) be a coordinate chart yielding x = x(p). (See fig. 3.1.) The metric
field has the isomorphic image g..(z) € %7, (RY). (For the sake of simplicity,
the same symbol g.. has been used!) The axioms (2.113), (2.114), and (2.115)

can be virtually repeated as

I. g.. (z)(A(z),B(z)) € R for all A(z),B(z) € T,(RN).
12. g (2)(B(z), A(x))

—g.. (2)(A(z),B(z)) for all A(z),B(z) € T,(RN).
13. g (@) (A\(@)A(x) + p(2)B(z), C(x))

= \(@)g.. (2)(A(2), C(x)) + p(2)g. (x)(B(x), C(x)).
14. g.. (z)(A(z),V(z)) =0 for all V(z)e T,(RN) iff

A(z) = O(x).

121
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Axioms 11, 12, and I3 imply that g..(z) is a symmetric tensor field of order
(04 2). Axiom I4 is the condition of non-degeneracy.
The separation o of a vector field V(z) is given by (2.120) as

V(2)) := +\/Ig~ (@)(V(@), V(@))]. (5:4)

A ‘“unit vector field” I_j(a?) must satisfy

o(U(z)) =1 (5:5)
Two “orthogonal vectors” A(z) and B(z) satisfy the condition
g (z)(A(x),B(x)) = 0. (5.6)
An “orthonormal basis” set {€,(x)}) is characterized by
g.. (x)(€(x),Ey(x)) =dap, =:diag [ 1,...,1,-1,...,—1],
—_—— ———
P " (5.7)

8- ()(€a(x), € ()] = dap,

sgn(g.. (x))=p—n>0.

We shall drop “ 7 in the sequel.

In the case of a positive-definite metric, axiom 14 has to be replaced by
a stronger axiom:
I4+. = -
g (2)(V(z),V(z)) = 0; 58)
g.. (2)(V(2),V(2)) =0 <= V(z) = O(a).

In the case of a positive-definite metric, the norm or length associated with a
vector field is given by

V@) = o(V (@) = +1/g- (@)(V(2), V(2)). (5.9)

(See (2.118).)
Moreover, in the case of a positive-definite metric, the angle field between
two non-zero vector fields is furnished by

IO @) - IV (@)] (5.10)
1

(See (2.119).)
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Example 5.1.1 Let Eyx be the N-dimensional Euclidean manifold. Let
(x,En) be one of the global Cartesian charts. In the Cartesian coordinate
basis {%}{V , the components of the metric tensor are

g (z) (aizv 5?;]) = gij(z) = dyy,
V@) = 6;Vi(@)Vi(x) >0, (5.11)

coslf(x)] = [ 95U (2)V (x)
V0510mnUF (2) U (z) V' (2) V7 (x)

Example 5.1.2 Let M be an N-dimensional flat manifold with Lorentz met-
ric g.. () = d..(z). (See (2.116).) In the global Minkowskian chart (x, M),
the metric field is furnished by

g.. (z) =d..(z) = d;jda’ ® da?
=de' @daet + -+ dzeV 1 @daN ! — daN @ daN.

This metric is obviously not positive-definite. The signature sgn (d..(z)) =
N —2. O

(5.12)

In the sequel, we shall deal with three types of basis sets, namely the general
basis set {€,(z)}V, the coordinate basis set {%}f , and the orthonormal basis

set {&, (x)}iv (Strictly speaking, the general basis set includes the two others.)
Our plan to handle such situations is to break up the lower case latin alphabet
into three classes: (a, b, c, d, e, f, etc.), (i, j, k, I, m, n, etc.), and (p, q, r, s,
u, v, w, etc.). We shall denote the indices of a tensor component relative to
a general basis by p, q, r, s, u, v, w, etc. The indices of a tensor component
relative to a coordinate basis are indicated by i, j, k, 1, m, n, etc. Moreover, the
indices for a tensor component relative to an orthonormal basis are denoted by
a, b, c, d, e, f, etc.
Therefore, by (5.11), (5.7), (5.1), (5.2), and (5.3), we can write that

g..(7) = gpg ()8 (2) © 8() = gij(x)do' © da?
= gup(v)e%(7) @ & (z) = dype?(x) ® &°(x),

9ap(T) = gpq (), gji(x) = gij(x), dpa = dap, g := det[g;j(x)] # 0, det[gpe(x)] #
0, |det[dab]| =1.

(5.13)

The components of the conjugate (contravariant) metric tensor field g (x)
are defined to be the entries of the inverse matrix [g,q(z)] ™!, etc. Therefore,

_ _ i O 0 ab = .
(1)) (2) © &(x) = 9V (1) 5 © = = A& () © & (x),
; gji(x) = gij(x), dba _ dab,

gP*(x) gug(z) = 074, g““(ac)gkj(x) = §ij7 d%“d., = 0%.

il

/\.

=
I

(5.14)
(See (2.129).)
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Now, let us discuss briefly the transformation from one basis set to another.
By (3.29), (3.43), and (3.46), we obtain

&y(x) = A1, (2)8,(2), &(x) = pPy(2)8(z),

(5.15)
(19 (x)] = [Ny ()]
3, (0 oXkx) 0 2, . OXUT) .
X (aw) N axE )@’ X (do) = a@gv izt
R . (5.16)
oxXi(z)] | 0X*(x)
ozk }_[ oz’ ] ’
8a(2) = L0a(2)8) (), &u(x) = A4 (2)E(2),
e“(x) = A% (x)e(z), &*(z)= L% (x)e(x), (5.17)

Lab (:E)daCLce ({E) = dbe .

The last equation defines a generalized Lorentz transformation. (The
set of all generalized Lorentz transformations constitutes a group denoted by
O(p,n;R)(p+n=N).)
The transformation from a coordinate basis to an orthonormal basis is fur-
nished by - . 9 9 . B
€a(x) = A a(x)@7 o M i(2)€a(),

(5.18)
&%(x) = p%(z)dzt, da' = \,(v)e*(x).
It follows from (5.13) and (5.18) that
day = 8- (7) (8o (), €6(7)) = gij(x)N'a(2)N(2),
05(0) = - 0) (55505 ) = a2 ).
ab __ () (e%(x = ¢ (g al
A =g (v) (8%(x),&"(x)) = g (2)us(2)p’;(2), (5.19)

9 (x) = g~ (x) (dat, CW) = dab}\la(ﬂf) ( ),
62‘ =g.(z) dxi, ) dxz, ) =\, () (x),
0% =g (2) (é“(x) b(2) =T . (z) (e(x ) b(2)) = pi(z) N ().

Example 5.1.3 Consider the four-dimensional flat manifold of the special
theory of relativity. In the spherical polar coordinate chart, the metric tensor
components are provided by

Di={zeR': 2'>0, 0<a’<m —w<2®<m —oo<a!<oo},
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0]
=
~—
Il
S8
8
—
&
8
—
+
roum)
8
—
S~—"
[ V)
Y
8
[
&
S8
8
[V
+
@,
=
[ V)
8
(V)
U
8
w
&
QU
8
g
\
U
8
'
&
QU
8
'

d
=é&'(x) @ &' (z) + & (x) ® & (x) + & (1) ® & () — &*(z) @ &'(w),

iy 0 9 -2 | 0 o2 0 9
g7 (x) = ozt @ Ox! + (@) Ox? @ Ox? + (sin ) ox3 = Ox3
00
ox* ~ Ozt
= &' (v) @ &' (x) + &*(v) ® & (x) + &% (z) ® & (x) — &*(z) ® &* ().
Therefore, we have, for daba d11 = dll = d22 = d22 = d33 = d33 = 7d44 =

—d* = 1. The eigenvalues of [g;;(x)] are given by

M) =1, Xa(z) = (2H?, \3(z) = (' sinz?)?, \y(z) = —1.

4
sgn (g () = ) sen (Me(2)) = +2,
k=1
g :=det [g;,(x)] = — [(z")? Sinz2]2 <0,
det[dab] =—1.

The separation of a vector field V(z) is given by
o[V (@)] =+ |V (@] + @)[(VA@) + (sina?V(@))?] = [VA(@))?] /2.

An orthonormal basis {é’a(x)}?, or tetrad, is furnished by inspection as

. 0

o
€1(r) = Dzl

a2’ &3(x) = (z'sinz?)”

0 0
N 1y—1 1 &
& (z) = (z7) 93 =
The coefficients in (5.18) for this example are provided by
pli(e) = 6%, pi(x) = (21)6%, pi(x) = (2" sina?)8%;, pi(x) = 6%,
N (x) = 0", Ng(x) = (1) 716%, Nia(z) = (z!sina?) 71073, Ny (x) = 6%4.

Another orthonormal basis or tetrad is obtained by the transformation

& (z) = (cosh a(x))ér(z) + (sinh a(x))Es(x),
&(x) = &(a), &(x) = (),
34(96) = (sinh a(z))&1(z) + (cosh a(x))Es(z).

This is a variable Lorentz transformation called the variable boost in special
relativity. O
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A tensor field ", T(z) can be expressed in terms of various basis sets as

"sT(x) = 0P g, (x)épl ()@ ® €p, (z)@e"(z)® - ®e"(z)

0

_ Til...i,.jlmjs (x)% R ® ® dmﬂl - ® daxs (5.20)

D'
=Ty 5, (2)80, (2) ® ® &, (2) @ @& (2) ® - @& (2).

Caution: We have used the same letter, “T”, to denote the components relative
to a different bases.

By (3.30), (3.48), (5.15), (5.16), and (5.17), we have for the transformation
of tensor field components

TPy, g () =

(5.21)
PP () P () A g () A g (@) T, (),
Tivin, 5.(@) =
0K (x)  0X'r(2) 0X" (@) OX“(@) 1, (@) (522
8;5"’1 e aka 9o . O7is ly...ls )
fal...ar x) =
br-cts (7) (5.23)
A‘“cl( ). A% (@) LTy, () .. L, ()T gy a, (2),
T
2.(®) = ) . o (5.24)
M‘“n(x) s ()N (@) N (@) T (),
Til...i,,. () =
drds () (5.25)

N () A (2)pbr g, () e, () Ty ().
(See references [2], [28], [34], and [37].)

The raising and lowering tensor component indices in (2.134) can
almost be repeated to obtain

g ()T gy g, () = TP Py, g (@), (5.26)
Gup, ()PP gy g () = TPV P g, . (2), (5.27)
g ()T gy (@) = Ty, Js(x)’ (5.28)
Gri, ()T 5, () = T, (@), (5.29)
dOTaary () = TOare, (g), (5.30)
Ao, Ty, b (x) = T“l"'a“lcblmbs (). (5.31)

Now we shall introduce the notion of a linear Riemannian connection.
(See (4.2), (4.3), (4.4), (4.59), and (4.62).)
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Theorem 5.1.4 In the domain D C RN corresponding to a domain of a mani-
fold with a metric, there exists a unique connection such that

(i) the torsion tensor
T . (z)=0"..(2), (5.32)

and

Vg..(z) = 0... (z). (5.33)

Proof. By the equation (4.64), the equation (5.32) yields
T u(z) =T () — T uq(x) — X" qu(z) = 0. (5.34)
Using (5.33), (4.30), and (4.31), we obtain that

Vaugpg(®) = Ougpg = Tup(2)gug () =T uq(2)gpw ()

_o. (5.35)
With cyclic permutations of indices u, p,q in (5.35), we can derive that
pYqu + OgGup — Ougpq = (I'pg + ' gp) Guu
"‘(pru - qup)gwq + (quu - quq)gwp~
By (5.34), the equation above yields
I pg(2)guwu () = (1/2)(0pgqu + Oqgup — Oulpq)
—(1/2)(X" apGwu + X" puguwg + X" quguwp); (5.:36)

I g (l‘) = (1/2)91m(8p9qu + aquu - 8u9pq)
_(1/2)(qup + 9" 9quX" pu + gvugpwquu)~

Thus, for given gpq(z) and xPpq(x), we can derive from (5.34) and (5.35) the
unique expression (5.36) for the connection coefficients I'V;,,(z). [
(See references [5] and [33].)

Although T, (z) and x"pe(x) are not components of tensor fields, let us
still denote the lowering of indices by

Fupq(z) = gw(z)f"’pq(z),
Yapal®) = Gun(2)Xpal0). (537
Using (5.36) and (5.37), we get
Lupg(®) = (1/2)(0pgqu + Oqgpu — Oulpg) (5.38)

—(1/2) (Xpgu () + Xgpu () = Xupe(®))-
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In the coordinate basis, by (4.58), (4.65), and (5.34), we get
X'jk(x) = 0. (5.39)
Therefore, (5.38) and (5.36) yield
(ki) == i) = (1/2) (0580 + Ohgyi — Oign) = hjdl,  (5.40)
[} =t = 2 @0+ o -as0 = { 1} G

The symbols [jk, 7] and {jlk } are called Christoffel symbols of the first and

the second kind, respectively. The Christoffel symbols above are symmetric
with respect to the interchange of indices j and k. Therefore, there exist
N2(N +1)/2 linearly independent components of each of these symbols. The
transformation of Christoffel symbols under a twice-differentiable coordinate
transformation is provided by (4.13), (5.36), (5.37), (5.40), and (5.41) as

= o 0X™(@) 0X" (@) 0X'(®) 9X™(Z) 92 X"(2)

Ukl = a5 o am "It om gmiags 9@, (542)
i\ 0Xi(x) X™(Z) 0X™(T) [ 1 N 0X'(x) 0°X\(Z) (5.43)
gk f— oxd ozI ozk mn ozt OrigTk '
The main properties of Christoffel symbols in (5.40) and (5.41) are summa-
rized below: l
) { .} =i (5.44)

g = — [g” {]‘jl} + g7t {kzl H . (5.46)

The cofactor of the entry g;;(z) in the N x N matrix [g;;(z)] is g g% (z).
Therefore, we have

det[g:;]10%1 = gim (g9 g*™),

] = Im
Do det[gi;] = gg™ (),

g = (0r9ij)(99"),

{ZJJ} — (1/29)959 = 8 In\/]g].

(5.47)

Example 5.1.5 Consider the polar coordinate chart for the subset of the Eu-
clidean plane E5. The metric tensor is furnished by

g.. () = dz' @ da' + (2')?d2? ® da?,
D := {x€R2 cat >0, —7r<x2<7r}.
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5@ = | 5 ol | 89 =] § i) | o=@ >0
The Christoffel symbols from (5.40) and (5.41) are given by
11,1 = [11,2] = [12,1] = [22,2] = 0,

[12,2] = —[22,1] = 2!,
{111}{121}{112}{222}_0,
{122} =@ {212} =,

d;ln\/|g| = 0;Ina’.
(See example 4.1.6.) O

If we choose an orthonormal basis field {éa(m)}iv, then the corresponding
metric tensor fields satisfy

Gab(T) = dap, g“b(:r) =d®, 9.ga = 0, 9.9%* = 0. (5.48)

(Recall that we denote orthonormal indices by a,b,¢,d,e etc.) Therefore,
by (5.36) and (5.38), we get

T (x) = —(1/2) [Xba + d°° (dbrX” ae + dagxTve)]
[ (x) — T%a(x) = X ab(T),
Lean() = —(1/2) [Xabe(T) + Xbac(T) = Xeab ()]

= —Thac().

(5.49)

The Ricci rotation coefficients are defined by a minor permutation of
indices as

Yabe(®) = Tpea (),

Yoac(T) = —Yabe(T),

d**ape () = 0, (5.50)
Voac() = —7ale() = —TPea(z),

Yale() = Vela(2) = VPca(®) = ac(®) = X ea().

The number of linearly independent components of Yap.(z) is N2(N —1)/2.
By (4.57) and (5.50), we obtain

[éav éb} [f] = aaabf - 8baaf = Xcab(x)éc(x)[.ﬂ
= [v¢ab(®) = Y ba(®)] Oc f-

(5.51)
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Putting f(z) := 27, we can derive from (5.18) and (5.50) the “metric
equation”

N (2)ONy — Ny (2)0e N o = [7¢ap () — 7Cpa ()] Mo (). (5.52)

Now, we shall state and prove a theorem about Ricci rotation coefficients.

Theorem 5.1.6 The Ricci rotation coefficients for a differentiable orthonormal
basis field {é’a(a:)}ff in a domain D C RN must satisfy

Yave (@) = gj1(@) (ViAa) My (z) A e(2). (5.53)

Proof. By (5.50), (5.37), (5.19) and (4.18), we can show that

Yabe(T) = dbfrfca(z) =g.(z) (ébvrfcaéf)
=g.. () (€, Vs, (€a)) .-

Employing (5.18), (4.18), (5.1), (5.2), and theorem 4.1.7, we can derive that

g.. (.13) (éb, Vé‘c (éa)) =8g.. (.13) ()\jbﬁj, V/\kcgk ()\laﬁl))
= /\jb(x)Akc(a:)g.. (x) (8]', (VkAla) 81)
= gi(@) (Vida) Mp(@) A e(2). o
Corollary 5.1.7
gi1(@) (ViXa) = Yave(@)n’j (2)pi(x). (5.54)

The proof follows from (5.53) and (5.18).

Example 5.1.8 Consider the surface of a unit sphere S2. In the spherical
polar coordinate chart, the domain of validity and the metric tensor field are
given by

D::{xER2 c0< a2t <, —7r<:1:2<7r}7

g.. (z) = do! @ dz' + (sina!)?dz? @ da?
=eél(z) ®el(z) + & (z) ® &(x)
= dg,8%(z) @ &°(x).

(See example 4.3.12.)
The non-zero components of the Christoffel symbols from (5.40) and (5.41)
are
[12,2] = —[22,1] = (sinz!)(cos ),
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An orthonormal basis set is furnished by

él(x) = da', &*(z) = (sina!)da?,

. o . 1 0
é1(z) = FIsE »(2) = (sina!) 1@,
A (x) = 8, ANy(x) = (sinal) =16,
pli(z) =0, p?i(x) = (sinz!)s?;.

The Lie bracket operation on an arbitrary twice-differentiable function yields

61,&]1f] = ~(cot o) eosee ) T — (et e f]

Therefore, by (4.57), the non-zero components of the structure coefficients
XCab(x) are
X’12(z) = —x?21(2) = — cot 2.

By (5.49), the non-zero components of I'?,;(x) and T'cqp(z) are

F122(17) = —cot iEl, F221(ZZ?) = cot $1,

Tioo(x) = —cotal, Tag(x) = cotal.

(Note that T'?15(x) = 0!) Using (5.50), we obtain the non-zero components of
the Ricci rotation coefficients

Y122(2) = 91 (z) = cot z!,

’}/212(1‘) S Flgg(l‘) = —cotz! = —’}/122(1‘). O

Consider the connection 1-forms w?(x) from (4.8) relative to an orthonor-
mal basis. We can write

w(z) =% (x)ec(x),
Wap(2) 1= doeW(x) = Tyep(x)€°(2). (5.59)
By (5.50), the above yields
Wab(Z) = Vpac(r)€°(x) = —Wpe (). (5.56)

By the first structural equation (4.80) and the condition (5.56), we obtain

det(x) = —w%(z) A & ()

= A (1) (2) A (2). 550
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Example 5.1.9 Let us consider the surface S? of the unit sphere and borrow
the basis 1-forms and Ricci rotation coefficients from example 5.1.8. These are
given by

él(x) = dxt, &*(x) = (sinxt)dz?,

Y122(7) = —7y212(2) = cot at.

The connection 1-forms from (5.56) are provided by 2x2 matrix (of 1 -forms) as

0, —(cos zt)dx?

(cosxl)dx?, 0 =~ [Wea(®)].

[Wap(2)] =
(Compare and contrast these 1-forms with those in example 4.3.12.) Further-
more, we can derive that
O..(z) = d*(z') = dé*(x) = —w2(2)é?(z) = (coszt)(dx? A dx?),
d((sinzt)dz?) = dé*(x) = Wor(v)é! (z) = (cosxl)dxt A da?.
Thus, the equations (5.57) are explicitly verified in this example. ]
Now, let us discuss the transformation properties of the relative tensor fields

and the oriented relative tensor fields. From (3.35), (3.50), (5.22), and (5.23),
the transformation of the relative tensor field of weight w is given by

i oX™@ Y 0Xi(z)  0Xir(z) OX"(3)
0 J1gs (@) = {det { o } } Bk ok Bah
X' (2)

S @), (5:58)

é\almarblmbs (m) = (il)wAal c1 (.’L‘) s AGTCr(l‘)Ldl b1 (CL‘)
.. L4 b (x)ecl"'Cleu_ds (.23)

(Here, we have used the fact that det[L%,(z)] = £1.)
By (3.38), (3.51), (5.58), and (5.59), the transformation properties of the
components of an oriented relative tensor are furnished by

o= 2 2

(5.59)

> (5.60)
X' () 90X (z)  9X'(2) N
T Oxkr orir T O7us 1.0 s
é\al"'a"‘ T) = :l:]- 1+wACL1 c1 xT)... AGTC T Ldl 1 X
e " A (5.61)

.. L4 b (x)@cl"'c"dlmd (.T)

s
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Comparing (5.59) and (5.61), we conclude that the orthonormal components of
an oriented relative tensor transform just like a relative tensor of a higher weight.
Moreover, under the subgroup of the proper generalized Lorentz transformations
(with det[L%(z)] = +1), there are no distinctions among orthonormal compo-
nents of an absolute tensor, a relative tensor, and an oriented relative tensor.

Example 5.1.10 By (3.36), (5.58), and (5.59), the transformation of the to-
tally antisymmetric, numerical relative tensor of weight —1 is given by

N OXH @)1 9X1(Z)  OXIN(3)

G0N — det — — —— 1. 0N .62

S { ¢ [ o7t }} oz ozin (5-62)
Eupay = (ED)TILY (@) L, (2)en, by - (5.63)

The contravariant version of (5.62) and (5.63) is furnished by

o X @) 90X (z) OX™(x) .
A1 AN - - 1-JN . 4
: {dCt { oz }} Oxir dain - ’ (5.64)
FUON = LAY (). AN, (2)eb N (5.65)

O

Example 5.1.11 Let us define Levi-Civita’s antisymmetric, oriented tensor
fields by (2.139), (2.140), (2.141), (2.142), and (5.13) as

Miy..in ($> =V ‘det [gkl(x)] ‘ghmiz\r = \/mfil...iw (566)

77(11...&1\] = Eal...aNa (567)
n () = {sen(o) /]l £ (5.68)
NN = {sgndet[dcq]|} eIV = (£1)gh N, (5.69)
. . [0XF ()] 0X7 (2 OXI~ (T

Miy..in (T) zsgn{det 8%5 ) } 8@’5 )-~~ (%“E )njl_“jN(x), (5.70)
ﬁalmaz\r = (il)Lblm ({E) U LbNaN (m)nblmbz\rv (571)

P TP [OXFE ()] 8)?“ €T 8)?“‘] x) ..
(@) = sn faon | 2| L O BTEE i), (.7
A = (1) A", () - Ay () (5.73)

(Note that the components above relative to an orthonormal basis are constant-
valued.) O
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Let us consider the totally antisymmetric fields ,W(z) and y_,A(z) for
1 < p < N. The Hodge-star duality operations can be defined from (2.144) and
(2.145) as

* Wigin, () = (/D07 9, i (@)W, g, (2), (5.74)
* Wayan_, (%) = (l/p!)nbl'”bpalu-aN—prl-ubp (z), (5.75)
* Ajy g, (@) = [L/ (N =)l r s G (@) Ay i, (3), (5.76)
* Apy b, (1) = [/ (N =p)n™ NPy, Aaycan, (2)- (5.77)

Here, nit-dr; . (x) = gI*F(z) ... g%*v (@)np, . 1, ir..in_, () and so on.

Example 5.1.12 Let us choose N =4, p =2, and sgn(g.. (z)) = +2. The
antisymmetric electromagnetic field tensor is furnished by

F..(z) = (1/2)Fij(z)dz’ A do? = (1/2)Fup(z)&%(x) A &°(x). (5.78)

(See example 2.4.12.) The Hodge dual tensor is provided by (5.74) and (5.75)
as
« P (z) = (1/2)n"" (2) Fa(2), (5.79)

x F(z) = (1/2)n°% (2) Fq(x) = —(1/2)e F4(x). (5.80)

The transformation properties are summarized as

« Fii(z) = {sgn [det {a)g;a)” } a);;f) a);;(f) «FF(2), (5.81)
% F(2) = £ A% (2) A4 () «F° (). (5.82)

Thus, the dual field «F.. (z) transforms as an oriented antisymmetric tensor. O

Exercises 5.1

1. Obtain the signature of the metric tensor given by

g.. (2) :=da' ® da' + 3dr' ® do? + 4da? @ da? + da?® @ da®.

2. Compute the Christoffel symbols of the two kinds, as well as the Ricci
rotation coefficients for the two-dimensional Anti-DeSitter metric

g.. (z) = (z' + 2?)?2da' @ da?.

3. (i) Prove that for a differentiable metric field g.. (x),

dgpq(T) = Gup(2)W" ¢ () + Gug(2)W" (7).
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(ii) Prove that for three arbitrary differentiable vector fields, a metric tensor
must satisfy

=

W(z)[g..(U, V)] = g.. (2)(V U, V) + g.. (2)(T, Vi, V).

4. Show that the “eigenvalues” A(z) of the equation
det [Apq(x) — M) Bpg(2)] = 0

are invariant under a general transformation of the basis sets.

5. Show that under a general Lorentz transformation, the Ricci rotation coef-
ficients undergo the following transformations:

aabc(x) = Lfa(I)Ldb(x)Lec(x)'yfde(m> + defob(I) [acLea(x)} .
5.2 Covariant Derivatives and the Curvature

Tensor

Let ", T(z) be a differentiable tensor field in D C RY. By (4.31), (4.35), (5.20),
(5.41), (5.49), and (5.50), we derive the following rules of covariant derivatives:

” .
o o i o _
01l R 010y . « i1 ta—1li i .
ViT "iiege = T "jiede T E { ki }T T G s
a=1

s l } o
— Z B N T (5.83)
= { kis

r
chal..,arblmbs — aCTal.”arbl...bs + E :FaaCdTal.“aaildaa-'—l“‘Tbl...bs
=1

a=

S
_ Fd Tai---ar
cbg by...bg_1dbgy1...bs
o=t (5.84)
r .

= acTalmarbl...bs _ § :,yaadCTal...aa,ldaa+1,_,a7\blmbs

a=1

S
E d al...ar
+ 'Y bﬁCT ! 7bl..‘b[-j_ldb[-g_'_l...bs'
B=1

Here, note that {jk} are Christoffel symbols and Yape = dany™se are the Ricci
rotation coeflicients.

(Caution should be applied in regard to the positions of the indices.)
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Example 5.2.1 Let ¢(z) be a differentiable scalar field or a 0-form.

Vio == 200
va¢ = /\ia(x) 6?;(;16)’

are components of a covariant vector field. The corresponding 1-form is given
by
d(z) = (0ip)dz’ = (Dug)e" (). o

Example 5.2.2 Consider a differentiable vector field A(z). By (5.83) and
(5.84), the covariant derivatives are furnished by

VA" = 0;A" + { ik }Ak(x),
VpA® = 0, AY — ~% () AS(2),

vid' = (1/V1g]) 9 [VIglA'| (5.85)
VoA = 0, A" — 4% ca()A%(2),

VA — VoA, = 0,A; — 0 A,

ViAa = Vo Ay = OpAq — 0 Ap + (Y ab — Y ba) Ac(T). U

Example 5.2.3 Consider a differentiable metric field
g.. (2) = gij(x)da’ ® do? = dpe(z) @ &°(z).
By (5.35), (5.41), (5.44), (5.46), (5.83), and (5.84), we obtain

Vigij = Orgi; — [ki, j] — [kj,i] = 0,
Vg =0, Vig'j = Vid'; =0,

(5.86)
vcgab = vcdab = 'Ybac(x) + '-Yabc(z) = Ov
Ved® =0, Vg% = V0% = 0.
Therefore, the metric tensor components are “covariantly constant .” O

Example 5.2.4 Let T..(x) be a differentiable, symmetric tensor field. Then,
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by (5.83) and (5.84), we get
VT = 9T + { 1 }T”(w) + { o }Tl(x),

VkTab _ aCTab o ,yaec(l,)Teb(x) o ,YbecTae(x)’

(5.87)
v, = (1) [oy (Visiz) + { (Vi)
VbTab _ 8bTab o ’Yaeb(fE)Teb(x) o ’ybeb(I)Tae(ZL').
This example is relevant in Einstein’s theory of gravitation. O

Example 5.2.5 Let F'(z) be a differentiable, antisymmetric tensor field.
The covariant derivatives are given by

ViFY = (UM) 9; ( IglF”),

Vo F = 0y F% — % 4 (2)F(2) — 7b o (2) FO° ().

(5.88)

This example is applicable in electromagnetic field theory. O

The Laplacian is an invariant, second-order, linear differential operator
furnished by N _
A =g (x)V,;V; = V'V, = V*V,. (5.89)
(Other notations for the same operator are V2 or AZ.) For a scalar field V(z)
of class C?, the Laplacian of V(x) is provided by (5.85) as

AV = V,ViV = (1/\/@ d; [ \g|giﬂ‘ajv} : (5.90)

AV =V, VYV = d™ [0,0,V + Y ap(x)0.V]. (5.91)

Example 5.2.6 Consider the Euclidean plane E5 and a global Cartesian
chart such that

g.. (v) = §;;dr' ® do? = §,e%(z) ® &°(x)

~a a A i 9
é%(z) = §%dx", &,(x) =4 aHgi
The Laplacian of a twice-differentiable function V' (z) is given by (5.90) and
(5.91) as
o?V o?V
(0212 " (@u2)2

The harmonic equation, or the two-dimensional potential equation,

AV =0

AV =

is solved by V(x!,2?) = Re[f (2! + iz?)]. Here, f is an arbitrary holomorphic
function of the complex variable z' 4 iz?. O
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Example 5.2.7 In a polar coordinate chart of E5, the metric tensor field is
provided by example 5.1.5 as

g.. (z) = dz' @ da' + (2')*(d2?® @ da?) = 6,p8°(x) @ &°(z).
The Laplacian from (5.90) is given by

AV = (1/2H[01 (2101 V) + da((z) 10 V)]

o*V +i5l+ 1 9*v
(0z1)2 " 2l ozt ' (21)2 (922)2°

We compute the Ricci rotation coefficients from (5.53). The non-zero compo-
nents are furnished by

Y122(2) = —Y212(2) = (1)~ > 0.
Therefore, by (5.91), we obtain
AV = [8(1)8(1)‘/ + vcu(x)acV] + [8(2)8(2)‘/ + ’Yczg(x)aCV]

_[«ng)] [<x1><gv> mrril

Of course, both computations coincide. O

Example 5.2.8 Consider the Euclidean space [E 3 and a coordinate chart with

Suppose that the wave function ¢ (z) is a complex-valued function over D C
R3 and is of class C2. The Schrdedinger equation for a stationary state of
a physical system in wave mechanics is provided by

A+ (2m/ (1)) [E = V(@) ¢ ()

= (W) o VIl @) 22| + 2 g - vilue)  6:92)
@
=0.

0
oz’ oxI

Here, 2mh is Planck’s constant; m, F, and V(z) are the mass, total energy,
and potential energy of the wave-mechanical particle. O

The Riemann-Christoffel curvature tensor components are furnished
in a coordinate basis by (4.74), (4.75), and (5.41) as

wwo-a{{}-a{g ) (@) {4} ()5} o
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Rijua(x) = Ol i] — i, i] + [il, ] { i } ~ [ik, B { o } (5.94)

1
Rijri(x) = (2) [0;0kgi1 + 0i019;k — 0jO19ir — 0iOk ;i)

+g"™ {[jk, m]lil, h] — [jI, m][ik, ]} .

(5.95)

The curvature tensor components in an orthonormal basis are provided by
(4.74), (5.49), and (5.50) as

R%ea() = 0aY%be — 0cY%bd + Y he Y bd — Y nd Y be

(5.96)
+7%%h (V'ea — Y"dc) 5
Rabcd (.’[) - ad’)/abc — OcYabd + ’yhadﬁyhbc - ’Yhac’yhbd (5 97)
+Yabh (V'ea = Vdc) » .
Rapea(r) = N ()N p(2)NF o (2) N (@) Rijra (), (5.98)
Rijra(x) = p®i ()’ (2) s (@) p1(2) Rapea (). (5.99)

Now, we shall investigate the algebraic identities among curvature tensor
components.

Theorem 5.2.9 The algebraic identities of the Riemann-Christoffel tensor
components are furnished by the following:

Rjiri(x) = —Riju (), (5.100)

Rijik(r) = —Rijri(w), ( )
Rpij(2) = Rijr(w), ( )
Rijii(x) + Riij(z) + Raju(z) =0, ( )
Rpqca(x) = —Rapea(), (5.104)
Rpaac(r) = —Rapea(), ( )

Redab () = Raped(z), ( )

Raped () + Racdb () + Radve(x) = 0. ( )

Proof.  The identities (5.100) and (5.104) follow from (5.94), (5.96), (5.97),
(5.98), and (5.99). The identities (5.101) and (5.105) follow from (4.73), (5.94),
(5.96), (5.97), (5.98), and (5.99). The identities (5.102) and (5.106) follow from
(5.95), (5.100), and (5.101). The identities (5.103) and (5.107) follow from
(4.83), (4.85), (5.94), and (5.101). -
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Corollary 5.2.10 The number of linearly independent, non-identically zero
components of Rijri(x) or Rapea(x) in an N -dimensional manifold is N2(N?% -
1)/12.

Proof. If there were no identities, the number would have been N*4. How-
ever, the identities (5.100), (5.101), (5.102), and (5.103) reduce the number
considerably. By the identities (5.100) and (5.101), we find that curvature ten-
sor components are antisymmetric with respect to (ij) or (kl). There exist
N:=N (N —1)/2 independent components of such an antisymmetric pair of
indices. We can map independent components in a one-to-one manner to ob-
jects Rap, where A,B € {1,...,N}. By the identity (5.102), Rga = Rap.
Therefore, Rap have N(N + 1)/2 independent components. Examining the
identity (5.103), we observe that unless the indices i, j, k, [ are all distinct, that
identity is already included in (5.100), (5.101), and (5.102). The number of four

distinct choices from N is (JZ) = N(N — 1)(N — 2)(N — 3)/24. Therefore,

subtracting this number from N(N +1)/2, we arrive at the number of indepen-
dent components of the curvature tensor as N?(N? —1)/12. [

The number of independent components of the curvature tensor for dimen-
sions N = 2,3,4,5, and 10 is 1,6, 20,50, and 825, respectively.

Now, we shall state and prove Bianchi’s differential identities for the curva-
ture tensor components.

Theorem 5.2.11 Let the Riemann-Christoffel curvature tensor field R ... (z)
be of class CY(D C RN;R). Then the corresponding components satisfy the
following differential identities:

V;R"ipi + ViR ; + ViR, =0, (5.108)

VdReabc + VbReacal + cheadb =0. (5109)

Proof.  Equations (5.108) and (5.109) follow directly from (4.83), (4.84),
(4.86), and (5.34). -

Remark: The number of independent Bianchi identities in (5.108) or (5.109)
is N2(N? —1)(N —2)/24.

Now, we shall state the general rule for commutators or Lie brackets of two
covariant derivations. These are known as Ricci identities. (See problem 2 of
exercises 4.3.)
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Theorem 5.2.12 Let ", T(z) be a tensor field of class C? in the domain D C
RN . Then the following commutation relations hold:

(ViV, = Vi V)T

.
Y [Pt @Re@] 6110
a=1
=Y (T 5 ks (@) R (@)
p=1

(chd - vdvc)TalmarbLnbs

= Do [Tty (@) R ()] (5.111)

a=1

- Z [T by vebgyabs (T) Rbgea(2)] -
B=1

(The proof is left to the reader.)

Example 5.2.13 For a twice-differentiable tensor field T.. (z), the equations
(5.110) and (5.111) yield

(ViVi = ViVi) Ty = =Ty (@) R jpa(2) — Tin(2) R" jri(z),

(chd - Vdvc)jju,b - - eb(l‘)Reacd(x) - Tae(x)Rebcd($)~

In the case where T..(z) = g.. (z), the left-hand sides of the equations above
are zero by (5.86), and (5.87), whereas the right-hand sides are zero by (5.100)
and (5.104). O

Now, we shall define the contractions of the Riemann-Christoffel curvature
tensor. The Ricci tensor R..(z) = Ric(z) is defined by the single contraction
(mentioned in (3.34)) of the curvature tensor R....(x) given in (4.73). Thus,
we define

Ric(z) = R..(z) := 13C[R ... (z)]

= RF1(z)d2r' @ dod =: Rj(v)dz’ @ da? (5.112)
ijk - Ly )

R..(2) = R°ue(7)8%(z) ® & () =: Rap(x)8(z) ® &°(x). (5.113)
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By (5.93), (5.94), (5.47), (5.112), and (5.113), we obtain

re = o fo e U L - L )

aiajln\/m—\/lm {M?I{ H {Zl}{ }

e ab — Y ac + ’Ycad’dec - ’chc’Ydab- (5.115)

Rab(I)

Therefore, the Ricci tensor R.. (z) is symmetric and there exist N(N +1)/2
linearly independent components of R;;(x) or Rgp(x). In the case of general
relativity, we have N = 4 and the number of linearly independent components
of R;;(z) is ten.

The curvature scalar or curvature invariant is defined by

R(2) = Rii(x) = ¢ (@) Ryy (@) = Ry (2), (5.116)

R(z) = R%(z) = d"Ray(z) = Ry’ (). (5.117)

The Einstein tensor field G.. (z) is defined by

G..(z):=R.(x) — (;) R(z)g.. (x), (5.118)
Gule) = Ri) — (3 ) Rl = G, (5119
Gap(2) := Rap(zx) — <;> R(x)dap = Gpa(). (5.120)

The Einstein tensor is a (04 2) th-order symmetric tensor and possesses N (N +
1)/2 linearly independent components. In Einstein’s theory of gravitation, this
tensor is important, and it has ten independent components.

There exist more differential identities involving R"...(z), R..(z), and G..(z)
that follow from Bianchi’s identities.

Theorem 5.2.14 Let a metric tensor field g.. (x) be of class C® in D CRYN.
Then the following differential identities hold:

VjRjikl + ViR — ViR, =0, (5.121)
vd-Rdabc + Vb}zac - chab = 07 (5122)
VG =0, (5.123)

V,G?, = 0. (5.124)
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Proof. The identities (5.121) and (5.122) follow from Bianchi identities
(5.108) and (5.109) by single contractions and the definitions (5.112) and (5.113).
The identities (5.123) and (5.124) follow from (5.121) and (5.122) by further con-
tractions and the definitions (5.119) and (5.120). m

Remarks: (1) The identities (5.121) and (5.122) are called the first con-
tracted Bianchi identities.

(ii) The identities (5.123) and (5.124) are called the second contracted
Bianchi identities. These identities prove to be extremely important in Ein-
stein’s theory of gravitation. (They yield differential conservation equations.)

Example 5.2.15 Consider the spherically symmetric space-time metric field
g.. (z) = expRa(zt, 2?)]dz' @ da'
+[Y (2!, 2))?[dr? ® dx? + (sin2?)?dz® @ da?)
—exp[2y(z!, 2*)]da* ® da;

" 3
5 (5.125)
(@) = e o7
eWM(z) = e¥dz', 6@ (2) = Yda?, ¥ (z) = (V sinz?)dz?,
W (z) = 7da?;
D = {xER4:r1<x1<r2,O<x2<7r, —7r<x3<7r,t1 <x4<t2}.

By (5.41) and (5.125), the non-vanishing Christoffel symbols of the second kind
are furnished by

1 _ 4 _ 2(0&—"{) 2 _ 3 —1
1 } = 0o, { 11 } =00 g T 13 Ay,
_ 4 _ 1 _ _ 2« 4 =2y
}—8404,{14}—817,{22}— e Y@lY,{Qz}—e Y 0,Y,
31 _ 9 21 [ 3 _1
23}—00t1‘7{24}—{34} 04Y,

= —e 2 (sinz?)?Y0,Y, { 323 } = —(sin2?)(cos 2?),
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{4 } = e P (sina?)?Ya,Y,

W
w

—
B
——
|

e 4
29,4, { 4 } = O47. (5.126)

Equation (4.80) yields for the torsion-free case
de® = &b(x) A wy(x). (5.127)
By (5.125) and (5.127), we can obtain

16 = e~ 1(0,0)8M A 8D, &6 = Y1(8,7)ee A&
+Y 10, )e 6™ A e,
Yde® = (0,Y)e &M A& + (0,Y)e78W A&t + (cot?)e® n&l®),
de® = e~ (9y)8M A ¥,
W) = W) = —Wya) = W) = €77 (010)8M) + e (917)8W,
W) = Wiy = —Waye) = —W g =Y (01Y)e e,
W) = W) = W) = W) =Y (Y )e7e®),
W) = W) = —Waye = W =Y @1y )e e, (5.128)

W) = Wiy = ~WayE) = w 3= Y=1(04Y )e e,

W(g)(2) = V\NI(3)(2) = —\7\7(2)(3) = —W(2)(3) = Yﬁl(cot "EQ)é(g)

By (5.56) and (5.128), we obtain for the non-vanishing Ricci rotation coeffi-
cients

Vay(1)(1) = —V(1)a)4) = € 01,

V@) =~V =€ “07,

Y@@ = ~V@W)@) = T1E)E) = —Y@a)e) =Y (1Y )e ,  (5.129)
T = ~V@@E) = VDE)E) = V@) @@ =Y H(01Y)e™,

7(2)(3)(3) = ~V(3)(2)(3) = Y ! cot z2.
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By (5.126), (5.93), (5.94), and (5.95), and notations f’ := d,f and f :=
Oy f , we obtain for the non-vanishing (coordinate) components of the Riemann-
Christoffel curvature tensor

Rigiz = Y[-Y" + 'Y’ + 2 @=7aY],

Ris13 = (sinz?)?Ry1a,

Rigos = Y[Y' — &Y' —~'Y],

Ri334 = (sinz?)2Ryg04,

Rigg = [~ — (@) + &3] + ¥ [y + (v)? — o'y,
Rogoq = Y[V +4Y + 20-0)y/ Y],

(5.130)

Rsa34 = (sinz?)?Rogau,

Ro3o3 = (Y sin x2)2[1 - e—2a(y/)2 + e_QV(Y.')Q].

The orthonormal tetrad components of the curvature tensor are furnished

by

Ruymye = Roy@ae) =Y e 2 =Y + /Y + 2],
Ry = Ruy@ew =Y e Y —ay’ — Y],

Rayay@@ = Reywew =Y e D [=Y +4Y + 20799y, (5.131)
Riysy)) =Y *[L—e 2 (Y)? + e (V)7

Ruyayayay = € 27(=a — (@)* + &) + e 2*(v" + (')? — o'").

The Kretschmann scalar is provided by

RijklRijkl — RabcdRade

—4 {Y“*[l — e 2(Y)2 4 e 2 (V)22
+[672’y(,d — &2+ oz’y) + 67204(7// Jr,y/2 B O/,Y/)]Q}
_ (5.132)
1872 ety 4 'Y 4 XAy
e M-V +4Y + 62(7’0‘)7’}/’]2}
—16Y 2e 2@V — 4V’ — 4V ]2

By (5.130), (5.131), (5.114), and (5.115), the Ricci tensor components are

given by

Ry =2Y WY+ 4"+ ()2 = 22'Y Y — o'
+e2@ M [—d — (&) — 2aY 'Y + a4,
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Rog = —14e2[YY"+ (Y')2 + (v —d)YY]
+e =YY — (V)2 + (5 — a)YY],

Rz = (sinz?)? Ry,

Rys =2Y 'Y +a+ (&) — & — 24Y 1Y
+e207D [ — ()P + oy = 20V Y],

Riy = Ry =2Y 1Y —aY’ —~'Y],

(5.133)

Rayay = e 222V 1Y 44" 4+ (v/)? = 22'Y 1Y — o'/
+eP =i = (6)F - 20Y 1Y + G,

Ry = Ry = Y 2+ e 22V 7Y + (YY) + () — o)V 1Y)
e [Y Y - (YY) (5 - )Y Y,

Ry = e 22V 7Y +d + (4)? — af — 297 1Y
e[ — (Y)2 + oy — 2¢'Y 1Y,

Rayay = Rayy = 2Y e 2@y —ay’ — 'Y,

The scalar invariant is obtained from (5.116), (5.117), and (5.133) as

R(z) = —2Y "2 4 2222V ~1Y" 4 (Y 1Y")?
() =o'y 2y = )Y Y] (5.134)
2D [—2Y 1Y — (YIV)? —d — (&)% + 64+ 2(5 — &)Y 1Y),

The Einstein tensor components are furnished by (5.119), (5.120), (5.133),
and (5.134) as

Gh=GY =Y 2+ e (YY) + 20/ Y Y]
+e RY Y + (Y TY)? — 25y 1y,
G =GPy =G =G%3 =
e =YY = = (V)P + o'y + (o = )Y Y]
+e YT +a+ (a) — @+ (6 —4)Y Y,
Gy=GW =Y 2 e =2y Y — (YY) + 22/ Y Y]
+e (YY) + 2ay 1Y,
e22Gly = PG = 2Y_1[Y' —aYy' — 'y'Y],
GW iy = -GW =2y e MY — 4y — Y] (5.135)
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The second contracted Bianchi differential identities (5.123) and (5.124) yield
by the metric in (5.125) the following identities:
NG+ (2|Y]|+9)' Gy + 904G + (e +2In[Y | +4) G
—'G* —2(n|Y])G?, =0
NGy + (a+2In|Y[+7)Gly — [aG'y + 2(In[Y]) G2
+(94G44 + (a +2In ‘Y|)G44 =

(5.136)

This example is important in the spherically symmetric gravitational fields
that govern the space-time geometry of spherical stars and black holes according
to Einstein’s theory of general relativity. (See Das & Aruliah [9].) O

Now, we shall express Cartan’s structural equations and Bianchi identities
in terms of the connection 1-forms and the curvature 2-forms. By the torsion-
free condition (5.32), the general Cartan structural equations (4.80) and (4.81)
reduce to

deP(z) + wPy(z) Nel(z) = O..(x), (5.137)

QP (x) = dWPy(z) + WPy (z) A Wy (x). (5.138)

Equation (5.127) is a consequence of (5.137). Moreover, (5.138) can be used to
compute N-tuple components of the curvature tensor. (Equations (5.131) can
be derived in such a manner.)

The Bianchi identities (4.83) and (4.84) reduce to

QP (z) Nél(z) = O... (), (5.139)
dQP,. (x) = QP (z) AW (x) — WPy (x) A QY. (2). (5.140)

The identities (5.139) and (5.140) are equivalent to (5.103) and (5.108), respec-
tively.

Example 5.2.16 Consider a thrice-differentiable two-dimensional metric field
given by

g.(z) = [h(l)(x)}z dzt @ da' + [k (x)}Q da? @ da?,

g.. (1) = 6pet(z) ® &°(z).
Thus, we can derive the 2-forms

de"V(z) = [Ooh()| da® Adxt, de®(z) = [01hey)] dat A da?.

The non-zero connection 1-forms are furnished by

Wl o) = Way@) = —Wya) = =%

= [O@hq] da* — [0y )] dz?.
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Now, the wedge products are
VNV(l)(Q) Ae?) = [h(g) (.%‘)a(z)h(l)] dat A da?
= [Doh)] dat A da? = —deW) (z),

W gy A8 = [hey (2)yhay] da® A dat
= [01h(2)] da® A dz' = —de®) (z).

Thus, the structural equations (5.137) are explicitly verified. ]

Now, we shall discuss the covariant differentiations of the relative and ori-
ented relative tensor fields. The transformation rules are given in (5.58) and
(5.59). The covariant derivative of a relative tensor field of weight w or an
oriented relative tensor field of the same weight are defined by

Vab? g = g1V g TR0 ], (5.141)

T .
vkailmirjl...js _ 8k9i1".irj1...js + Z{ 2;02 }921...i0—1l1a+1...ilemjs
a=1
S
—Z{ ! }9 o
ki Jr--Jp—1lip+1---Js
ot Js

w{ kfl }eil‘-'irh_“js, (5.142)

r
ai...a _ ay...a, Ao ai...a da ...a,
Ve 0y b = 00"y b, — E P T
a=1

+ Z deﬁcé?“l”'a“ by..bg_1dbpir...be- (5.143)
B=1

(Note that |g|~®/20P1Pr_ . (z) is an absolute or oriented absolute tensor field.)

Example 5.2.17 Now, sgn[det g;;(z)] = sgn(g) is an (absolute) invariant.
Therefore,

Vi[sgn(g)] = Ok[sgn(g)] = 0. (5.144)
Since g = det[g;;(z)] is a relative scalar of weight +2, by (5.141),
Vi(9) = 19/Villgl "9l = 0. (5.145)

Since /|g| and \/|det d,p| is a scalar density (of weight +1), by (5.142) and

(5.143)
Vi (m) = O (\m) - { kll } Vigl =0, (5.146)



5.2. Covariant Derivatives and the Curvature Tensor 149

V. [\/\ det dabl} —9.(1) = 0. (5.147)

O

Example 5.2.18 Consider the components of the totally antisymmetric, nu-
merical tensor density €''*~. By the rules (5.142),

N .
i1.iN (2% i1eda—1liot1-in ! i1..4N
Vie _Z{kl}s + {kl}€ .

a=1

We can choose Riemann coordinates (in section 5.4) at a point such that {]’k}

= 0. Therefore, in such a coordinate chart,
Vieltiv = (. (5.148)

Since this is a tensor density equation, it is valid in every coordinate system or
chart. Equation (5.148) implies that

Vet o = (), (5.149)
Similarly, we can prove that

Vié€iy..in =0, (5.150)

Viea,..an = 0. (5.151)

Using the Leibnitz rules of covariant derivatives and (5.146) and (5.147), we
prove that

Vini..in = Vk [\/mfjl...m}
= VI9IViej, jn =0, (5.152)

Vv = 0.

Now, we shall classify differentiable manifolds with metrics and torsion-
free connection into various subclasses. The signature of the metric (in (5.7))
and the curvature tensor R....(z) will be used for this classification. It has
been mentioned previously that a domain U C M is called flat provided
R....(r) = O...(z) in the corresponding domain D C RY. A non-flat or
curved domain is characterized by R.... (z) Z O.... (z). For a positive-definite
metric, sgn[g.. (x)] = N. For a Lorentz metric, sgn|g.. (z)] = N — 2. For
(indefinite) non-Lorentz metrics 0 < sgn|[g.. (z)] < N —4. We represent the
classification of the manifolds in the following diagram.
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Manifolds (with metrics)

Riemannian Pseudo-Riemannian
(4ve def.) (indefinite)
Lorentz Non-Lorentz
Euclidean Non-Euclidean | | | |
(flat) (curved) (Flat) (Curved) (Flat) (Curved)

Remark: In Newtonian physics, a three-dimensional Euclidean manifold (or
space) is used. In the special theory of relativity, four-dimensional flat space-
time with a Lorentz metric is utilized. In Einstein’s theory of gravitation, a four-
dimensional curved space-time manifold with a Lorentz metric is considered.

Now, we shall discuss briefly some integral theorems. Recall the definition
of an oriented volume in (2.143). In a similar approach, we define the oriented
volume of a domain D C R¥ by the integral

V(D) :=/Nn(:c) = (1/N!)/’7i1-..m(1?)dx“ Ao ANdxt™N

D

D
=/\/E512...Ndm1A--.Ade :;/de_
D

D

(5.153)

Let the (N — 1)-dimensional, differentiable, orientable, closed boundary 9D of
D be represented parametrically by (3.82) as

=) =¢ (. uNTY),

u € Dy_1 CRNTL (5.154)

Let the Greek letters assume values from {1,2,...,N — 1}. The induced
metric on the boundary 9D is furnished by

g (2o = g () 5 0 2 W g g

(5.155)
= Jap(u)du® @ duP.

The (N —1)-dimensional volume of 9D is given by (5.153), (5.154), and (5.155)

as
/dN_lvz / V0gldutdu?® ... du™ 1 (5.156)

oD DN-1
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Example 5.2.19 Consider the Euclidean space E3 and the spherical polar
coordinate chart. (See example 4.3.12.) A spherical surface of radius a > 0 is
given by

S*(a)={z€eR®: z'=a>0, 0<2®<m, —7w<2®<7}.

It encloses the spherical domain

z{xERB: 0<zl<a, 0<2?<m, —7T<a:3<7r}7
aD = 5%(a).

The spherical surface can be parametrized by

U= Y (u) i=a, 2% =¢&%(u) :=ul, 2% =¢&(u) :=u?,
Dy = {uGRQ: 0<ut <m, —7r<u2<7r}.

The three-dimensional metric tensor is given by

g.. (z) = da’ @ da' + (21)? [da? ® da? + (sin? 22)da® ® dx 5,
Vgl = (#1)?sina? > 0.

Therefore, the volume of the sphere D is given by (5.153) as

a_ T T_—

3
/// smm dzldxzdm —@.

0+ 0+ —7+

The induced metric on the spherical surface is given by (5.155) as

g.. (x)‘s%ﬂ =g..(u) = a® [du! ® du’ + (sin® u')du® ® du?],
V1G] = a®sinul.
Therefore, the surface area of S%(a) by (5.156) is provided by

T T

V(0D) =: A(S?(a)) :/ / a®(sinut)du' du?

o+ —my

= 4m(a)?. O

Now, we shall introduce the normal vector v; (not necessarily a unit vector)
to the (N — 1)-dimensional boundary 0D. We define the normal components
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by (5.154) and with the help of (N — 1)-forms as
(N — 1)!uj = Ejjz_,,de.’BjQ VANREIWAN d.’L‘jN,

Wi, = vidut A A duN T

§ T N DN BT, a1y (5.157)
LW 100 O, aN)
J 3uo¢ (N—l)' JI2--IN aua 8(U1;~~~7UN71)
B 1 6(3;17372,...331\[) -0
(N —Dlo(ue,ul, .. uN=1) =
987 (u)

(In the Jacobian above, two of the rows coincide!) Since =55 are components
of a vector that is tangential to the hypersurface 0D, the last condition indicates
the orthogonality of v; to the hypersurface 0D.

Now, we can prove by (5.155) and (5.156) that
g := det [gap(u)] = [¢7* (§(w)) vjv] det [gi; (€(u))],

Vgl = ViglIg .

Assuming that the boundary 9D is nowhere null (i.e., g/*v,v) # 0), we can
define the unit, outer normal as

nj = v;/\/ g vem. (5.159)

Now, we shall state and prove the generalized Gauss’ theorem.

(5.158)

Theorem 5.2.20 Let D* be a star-shaped domain in RN with a continuous,
piecewise-differentiable, orientable, closed, non-null boundary OD* with unit
normal n;. Moreover, let A(m) be a differentiable vector field in D* U 0D*.
Then the following integral relation holds:

/(vjAf) ATE /Aﬂ‘ndeflv. (5.160)
D~ oD~

Proof. Consider an (N — 1)-form of weight one defined by (5.157) as
w = /gl
dw = (VA7) \/|gldzt A A daN.
Using (5.153) and (5.161), we obtain

/(VjAj)dNU: /dw. (5.162)

D+ D+

(5.161)
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By the Stokes’ theorem 3.4.12 and (5.162), (5.161), (5.157), (5.159), and (5.156),

fu- -

o0D*
= / Al (E(u)) == '|g|1/jdu1 Ao A dulN T
. lgktvu]
N-—-1
= / Ajndeflv. u
o0D*

Example 5.2.21 Consider the Newtonian theory of gravitation in the Eu-
clidean space E 5. The gravitational potential W (x), which is of class piecewise

C?, satisfies
Gp(z) in D,
AW:{ 0{)( 1;3 i (5.163)
in R® — D.

Here, G is the Newtonian constant of gravitation and, p(z) > 0 is the mass
density (which is assumed to be integrable). By Gauss’ theorem 5.2.20, we
obtain

/AWd% = /(v-viW)d% = /(ViW)nidzv,

oD

Gm —G/ /(VZW)ndU

Here, m is the total mass of the body in D. Moreover, the integral on the
right-hand side is called the total normal flux of the gravitational field across
the boundary 0D . O

(5.164)

Now, we shall state and prove the Green’s theorem.

Theorem 5.2.22 Let a domain D C RN and its boundary 0D satisfy the same
conditions as in theorem 5.2.20. Let U,W € C%(D C RY;R). Then,

/[U(x)AW—W(x)AU] de:/[U(a:)viW—W(x)viU] nidN"lv.  (5.165)
D oD

Proof. By Gauss’ theorem 5.2.20, the left-hand side of (5.165) yields

/v o)V'W =W (z)V'U] de:/[U(x)viW—W(m)viU] nidN 1o,
oD
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M,

Figure 5.1: Deformation of a cubical surface into a spherical one.

The integrals over a closed, compact manifold M can yield important topo-
logical invariants of the manifold. (See Bocher & Yano [3].) The simplest of
such results is contained in the Gauss-Bonnet theorem for a two-dimensional
surface embedded in a three-dimensional space. To explain briefly the con-
tent of the theorem, consider the boundary surface M, of a cube in space.
(See fig. 5.1.)

For the cubical surface M, we can count the number of vertices v = 8,
the number of edges e = 12, and the number of faces f = 6. Therefore, the
Euler-Poincaré characteristic x(Ms) := v — e+ f = 2. The Euler-Poincaré
characteristic x (M) happens to be a topological invariant number. There-
fore, this number does not change under a continuous and one-to-one mapping
(homeomorphism). Since a cubical surface can be continuously deformed into a
spherical surface, we expect x(S?) = 2.

The Euler-Poincaré characteristic number is expressible as an integral over
the surface. The following Gauss-Bonnet theorem precisely states that fact.

Theorem 5.2.23 Let My be a closed, compact, orientable, and piecewise-dif-
ferentiable continuous surface. Moreover, let My be endowed with a twice-dif-
ferentiable Riemannian metric g..(x). Then, the Euler-Poincaré characteristic
1s furnished by the integral

1
X(Ma) = o /R1212($) (9)"Y2dat A da?. (5.166)
Mo

For the proof, consult the book by B. O’Neill [30].

Example 5.2.24 Consider S?, the spherical surface of unit radius. In the
spherical polar coordinate chart, the metric is furnished by

g. (z) = de' @ da* + (sinz')?de? ® da?.
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By (4.90) and (5.166), we obtain that

// sinz!)?(sin2') "' da' da?
T on

0 —m
Thus, the integral yields the expected number. O

Now, we shall state the generalization of the Gauss-Bonnet theorem 5.2.23
for a general hypersurface.

Theorem 5.2.25 Let M be a closed, compact, orientable 2N-dimensional Rie-
mannian manifold with twice-differentiable metric field g.. (x). When the Euler-
Poincaré characteristic of the manifold is x(M), then

%N / Kr(z) ,un = x(M). (5.167)

Here, Von is the hyperarea of a 2N-dimensional unit hypersphere and is explic-
itly given by
2(m)N+1/2 gN92N+1 N

Von = PV SNt (5.168)

Moreover, the ‘total curvature’ Kr(x) is defined by

Ko (z) 1= [2V (2N)1] " vz g o 5169

X Ri1i2j1j2 Ri3i4j3j4 s Ri2N—1i2Nj2N—1j2N'

(For the proof of the theorem, see Willmore’s book [39].)

Exercises 5.2
1. Let S (z) be a differentiable, symmetric tensor field. Prove that

V37 = (1/V19D10;(V191570)] = (1/2)(0kg:5) 5" ().

2. Consider the flat metric of special relativity furnished by

g.. (z) = da! @ dat + da? ® da? + da® ® da® — dxt @ dxt.
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(i) Prove that for a twice-differentiable scalar field W (x),

02 0? 0? 02
= — =: OW.
A @1 " @227 T @atP (0 W=

(Remark: The symbol O is called the D’Alembertian or the wave
operator.)

(ii) Let f and g be two arbitrary functions of class C?. Moreover, let ki,
ko, k3 be arbitrary numbers with v(ki, ko, k3) := \/(k1)2+ (k2)2+ (k3)2.
Show that the function

W(z) = f(kiot + koa?® + kza® — vat) + g(kra' + koa? + k32 + vat)

solves the wave equation OW = 0.

3. Consider the case where N = 2. Show that there exist (additional) algebraic
identities

(i) Rijmn(z) = (1/2)R(2) [gingim — Jim8jn];

(il) Gij(x) = Rij(x) — (1/2)gi;(x) R(z) = 0.

4. Weyl’s conformal curvature tensor for N > 3 is defined by
Clijk(x) = Rlijk(l') 4+ (N — 2)71 [5ljRik — 5lkR¢j + gilej - ginlk]
+(N—=1)"YN —2)"'R(x) [5lkgij - 5§gik] .
Prove that in the case where N = 3, there exist (additional) algebraic identities
Clijr(z) =0.
5. The symmetrized Riemann tensor S....(z) is defined by

S... ()X, Y,0,V) = —(1/3) [R....(X,0,Y,V) + R.... (X,\?,\?,ﬁ)}

for all vector fields X (z), Y (z), U(z), V(z). Prove the algebraic identities

Sapuv(T) = Spguo(T),  Spquu(T) = Spquo (),
Suvpg(®) = Spguo(T);  Spquv () + Spuve(®) + Spugu(x) = 0.

6. The double Hodge dual tenser of the four-dimensional Riemann-Christoffel
curvature tensor is defined by

1

) P97 (2) Ry (2 (1)

* x RPIYY(x) := (4
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(i) Show that = RPI“Y(x) satisfy exactly the same algebraic identities as
RPa(z) in (5.100) — (5.107).

(ii) Prove that the single contraction

sk RP op () = Gyo(2).

7. Prove that for differentiable Ricci rotation coeflicients, the following differ-
ential identities hold:

ac(’ycab_ Vcba) + 8a/ycbc_((Qb'-)’cac + ’YCdc(lydba_ P}’dab) + Vcad'ydbc_ 'chdpydac =0.

8. Suppose that the metric tensor field g..(z) is of class C* in D C RYV.
Show that the following second-order differential identities hold:
vuvvaqrs - Vvvuqurs + qupRrsvu - vaqusvu
+VViRyupg — ViVeRyupg = 0.

9. Let U(z) be a differentiable vector field in D U D < RN. Let D and
0D satisfy conditions stated in theorem 5.2.20. Prove the Yano’s integral
formula

/ [(VU)(VIUY) — (VU = Ryj(2)U' (2)U7 (z)] dNw
D
= / (U7 (2)V,;U" = U (2)V,;U7] nyd™ o
oD

10. Let p be an integer such that 2 < p+2 < N. Let 0D*,;2 be the
closed, orientable, differentiable boundary of a star-shaped domain D*,,5 in
RN . Moreover, let ,A(z) be a differentiable p-form in D containing D*, 2.
Prove the integral identity

j{ [Vqul_,,qp] el (z)N---NeT(zx)Ne"(x) =0.

5.3 Curves, Frenet-Serret Formulas,
and Geodesics

We introduced the notion of a parametrized curve into a differentiable manifold
in section 3.2. We also defined the parallel transport of tensor fields along a
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differentiable curve in section 4.2. In the present section, we shall deal with all
these concepts in a Riemannian or a pseudo-Riemannian manifold.

Consider a non-degenerate differentiable curve X' into D C RY correspond-
ing to an open subset U C M. By (3.22), (3.24), and (4.36), we write

v = X(0)
)

; j (5.170)
/(= 0 [ai} L =R ),

t € la,b] CR.

The covariant derivative of a differentiable vector V along the image I of X
is given by (4.37), (4.39), and (5.85) as

Vfﬂvcmoﬂf;?xan[;;}XUQXQXu»a«uw»

DV ; dxi(t)y ; i : dX(t)
a0 = 197 T = o { pre)] T,
D (1) = [VoV gy X7(0) = [V — @)V @) X(0). (5171)

Example 5.3.1 Equations (5.171) yield
DV v’ - X7 (t)
X = . .

If we choose the vector field as the tangent vector to the twice-differentiable
curve, then V(X (t)) = aX'(t) ond

dt
DVi(X(t)  d2Xi(t) i dX3(t) dX*(t)
dt ~ e ¢ { Jk }|X(t) dt dt - (5.172)

The expression above can be considered as a component of the “generalized
acceleration.” a

The covariant derivative of a differentiable tensor field ", T(z) along a dif-
ferentiable curve can be obtained from (4.49) and (5.83). It is furnished by

DTy, _ i1 ip dX*(t)
DL Dot ((6)) = [ViT 5, ) gy o
dTil"'iT‘ X r ; . . . .
_ dt]l..'js (X(t)) + Z{ ;Coz }Tzl...za1l1,a+1...sz1ij (5173)
a=1
dxk(t)

S
! } 1.
_Z . T“”.erl...jgflljBJrl---]‘s
ﬁ_l{km

[x(t)
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The covariant derivatives of products of tensors obey the Leibnitz rules in (4.25).

Therefore, the covariant derivative % of products of tensor components along

a curve will respect the Leibnitz rules of differentiation.

Example 5.3.2 Consider a differentiable tensor field g (z) ® g.. (). The
components are given by ¢ (z)g;n(x). By (5.173), the covariant derivative
along a curve is provided by

k
D o gy 0)] = [T (67 970)] gy o = 0

Thus, we derive the equation

i lam @ + (L Fam e L b ) an

- : In jl =u.
ki L A

These equations are consistent with equations (5.44), (5.45), and (5.46). O

Let us assume that the non-degenerate, differentiable curve X satisfies
g.. [f’(t),;?’(t)} £0.

Therefore, the curve is non-null. We shall reparametrize the curve according to
(3.26) and (3.27) as
s=38(t),t = h(s),
= X#(s) = X(0),
dx" (s) dXk(t)
ds dt
We choose a class of special reparametrizations such that

ds(t)
St

= h'(s)

(5.174)

In a Riemannian manifold, such a parametrization will be called the arc length
parametrization. In a pseudo-Riemannian manifold, s can be called an arc
separation parameter. (See the book by O’neill[30].)
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Example 5.3.3 Consider E3 and a Cartesian coordinate chart. A circular
helix X is characterized by

z = X(t) ;= (acost,asint,bt); a >0, b>0;t > 0.
The separation or length of the tangent vector X/ (t) is given by

o (f/(t)) = X ()] = Va2 + b2 > 0.

The differential equation (5.174) for the arc length parameter is given by

B 1@l = Va2

dt

Integrating the equation above, we obtain
s=8(t) = (\/@2 + b2) t + s.

Here sg is the arbitrary constant of integration. Putting sy = 0 for simplicity,
the reparametrized curve X#(s) is furnished by

o 5 . s bs 3
=X (s)—(acos(m),asm(\/aerlP),\/a2+b2)€R. O

Subsequently, we use this parameter most often. However, we shall drop the
symbol # from X# in the sequel.
Let us denote the tangent vector of a non-null curve X of differentiability

class CN by 21 (s)
. (s
A = .
©0)(s) ds

By (5.174), the vector X(O)(s) is a unit vector. Therefore, using (5.173), (5.174),
and (5.175), we get

(5.175)

oNoy(s)] =1, (5.176)
9i5 (X ()N (0y ($)N (0) () =1 £(0) = £1, (5.177)
% [9i5 (X(5)) X0y ()M (0)(8)] =0, (5.178)

D)\j (0) (S)
ds

9ij (X()) N (0)(s) 0. (5.179)

Equation (5.179) shows that the vector field m+;(s)

gent vector field X(O)(s) along the image of the curve. Let us denote the unit

vector field that is codirectional to D/\%(S) by X(l)(s). It exists in the case

is orthogonal to the tan-
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m%(s) is not a null vector field. The vector field X(l)(s) is called the

DX(O) (S)
ds

where
first normal and the separation 0[ } is called the first or principal

curvature rp)(s). Assuming rq)(s) > 0, we have

DX (s .

%U = K1) ()N (1) (8), (5.180)
s
9ii (X ()N (1) (5)N (1) (s) =: e(1) = 1, (5.181)
97 (X () X (0) ()N (1) (s) = 0. (5.182)
Suppose that
DXi1y(s o
o [(UU + 6(0)5(1)K(1)(S)A(0)(8)1 > 0.

In that case, we can define a positive invariant #(2)(s) and a unit vector X(g) (s)
by the following equations:

K(2) (8) =0 [W + E(O)E(l)ﬁ(l)(s)X(o)(S)] , (5.183)

/\i(Z)(S) = [“(2)(3)]71 [D/\Z;)(S) +6(0)6(1)/€(1)(8)>\i(0)(8):| , (5.184)
9ij (X () X' (2) ()N (2)(5) = €(2) = %1, (5.185)

9i5 (X () X (0) ()N (2)(8) = g (X(5)) X' (1) ()N (2)(s) = 0. (5.186)

The vector field X(g)(s) is called the second normal (or binormal), and the
invariant o) (s) is called the second curvature (or torsion).

In this fashion, we can continue to create more orthonormal vectors along
the curve. But the process must terminate before or at the Nth step since
the tangent space T (s)(RY) can admit at most N orthonormal vectors. We
summarize the outcome of this process in the Frenet-Serret formulas in the
following theorem.

Theorem 5.3.4 Let X be a parametrized, non-degenerate, non-null curve of
class CN+1 ([51,32] C R;RN). Let s be the arc separation parameter for X .
Moreover, let there exist a finite sequence of N non-null vector fields, recursively
defined, along the curve:

DN (4_1)(5)
ds
K(0)(8) = Ky (s) =0, (5.187)
9ij (X(S)) )\i(A_l)(S))\j(A_l)(S) =1€a-1) = +1,

Ae{l,2,...,N}.

Ky ()N (a)(s) == + e(a-2)E(A-1) k(A1) ($)A (a—2)(5),
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- N
Then the set of vectors {)\(A—l) (s)} is an orthonormal basis set for T (s)(R™).
1

The proof is left to the reader.

Caution: If any of the vectors m<27;1>(‘“)+5(A_2)5(A_1),€(A_1) (S)X(A_Q) (s) becomes

null, the procedure breaks down in the next step.

Example 5.3.5 Let us choose E3 and a Cartesian coordinate chart. We
denote the alternate symbols by

Ti(S) = )\i(o)(s), Nz(s) = )\i(l)(s), Bl(S) = )\i(z)(s),
K(s) = K(1)(s), T(s) := K(2)(s).

The Frenet-Serret formulas (5.187) yield the well-known equations

L we)
d]\(;;(S) = —k(s)T"(s) + 7(s)B'(s), (5.188)
dBi(s) B :

ds = —7(s)N"(s).

Let us choose a circular helix furnished by

X(s) := (cos(s/V2),sin(s/V2),s/V2,),

s € 10,00).

(See fig. 5.2.) In this case, we compute explicitly
6 == (2) i (5v2) () -+ (92)on (549) (555)
+ (1/\@) (38393>., ;
N(s) = —cos (5/V2) (ail) —sin (5/v2) (ﬁx?)l]
B(s) = (1/v2) sin (5/V3) (ai) — (1/v2) cos (5/V2) (£)|

L) (),

k(s) =(1/2), 7(s)=(1/2). O
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Figure 5.2: A circular helix in R3.
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Example 5.3.6 Consider the four-dimensional space-time manifold of a
Lorentz metric. Consider a timelike curve X of class C®. Therefore, we must
have

—E(0) T E(1) T E(2) = €(3) = L.

The Frenet-Serret formulas (5.187) yield

D)\i(o) (S)

= Ky (5)N (1) (5),

DX / '

%(S) = K2)(5)A"(2)(8) + K1) ()X (0) (3),

N (5.189)
i 2 (s i %

% = r(3) ()X (3)(8) — K2y ($)X' (1) (),

DX 3)(s) i

T = —K(g)(S))\ (2)(5)'

The set of vectors {X(O)(s), X(l)(s), X(g)(S), X(g)(S)} is the orthonormal Frenet-
Serret tetrad along the curve.

A hyperbola of constant curvature in space-time is characterized by r(1)(s) =
b = const., k) (s) = s (s) = 0.

In a flat metric, using a Minkowskian or pseudo-Cartesian coordinate
system and the Lorentz metric g;j(x) = d;;, equations (5.189) for a hyperbola
with constant curvature can be integrated. The general solution is characterized
by

zd = XI(s) = (b)"'¢ sinh [b (s - S%O))} + 27 ).

Here, ¢! 5{0)7 and x{o) are twelve arbitrary constants of integration. O

Now, we shall derive Frenet-Serret formulas (5.187) in an alternate form.
We change the notations

-

(X(O)(S), )\(1)(5), ey X(N—l)(5)> to (X(l)(s), X(Q)(S), ceey X(N) (S)) .

Then, (5.187) can be expressed as

D (4)(5) , A
P = R (9N (@) () ~ Sam (@) (X (0o (3),
ko) (8) = k) (s) =0, (5.190)

9ij (X(5)) Na(8)Mp(5) = das,

8(1) = dll, 6(2) = d22, ceey E(N) = dNN~



5.3. Curves, Frenet-Serret Formulas, and Geodesics 165

Using (5.171), (5.54), and (5.19), we obtain

D)\i (a) (S)
ds

k S k S :
S e R e P

= dPype () X(s)N g ()

N
= 3" e (@) Dade (@) X(8)] N g(a). (5.191)
d=1

(Here, we have suspended the summation convention partly!) Comparing (5.191),
with (5.190), we conclude that for a Frenet-Serret orthonormal basis (or frame)
we must have

Yade(X)X'¢(s) =0 for d#a=+1,
V(@) (a+1)e(T)X(8) = =Y(at1)(a)e() X (5) (5.192)
= €(a+1)/€(a)(8).
We shall now define the parallel transport of tensor fields along a differential

curve X. By (4.38), (4.47), (4.48), (4.49), and (5.173), the rules for parallel
transport are provided by

Vi [sT(X(1)] ="s0(X (1)), (5.193)
DTil‘..irjlij B i ka(t) B
) = VTG T =0 (5.194)
DTal"‘aT'
%(X(t)) = [VeT™ %, 0], A7) = 0. (5.195)

Here, the covariant derivatives Vj and V. are provided by (5.83) and (5.84).

Example 5.3.7 By (5.172) and (5.194), a differentiable vector field V() is
parallelly propagated along a curve X provided

DVi(X(t)) . i L dX7(t)
—— = |0,V . = 1
i o;V' + ik V¥(x) -, i 0, (5.196)
DVe(X(t
DV _ o,y — sV, X0 =0, (5.197)
Let another vector field W(m) also be parallelly propagated so that
DWI(X(t))
—==0.
dt
Thus, by the Leibnitz rules, (5.86), (5.196), and (5.197), we get
D i j D a b _
7 L@V @W ()], =2 [daV @)W (@), =0, (5.198)



166 5. Riemannian and Pseudo-Riemannian Manifolds

Il
e

G lrV@)] = 2 [e(Wia)] (5.199)

|X(t)

Therefore, an orthonormal basis field (or frame) {&, (:c)}f[7 which is parallelly
propagated, remains an orthonormal frame. O

An affine geodesic curve and an affine parameter have been defined in (4.40),
(4.43), and (4.46), respectively. Thus, we are motivated to express the geodesic
equations in terms of an affine parameter as

22X (7) i dX7 (t) dX*(7)
v {jk }M & @ " (5:200)
X7(7) [0 X" (7) — ¥ (X (7)) X'¢(7)] = 0. (5.201)
As a consequence of (5.41), (5.47), and (5.200) we obtain
L ))dXJ(T)ka(T) L ﬂjcﬂxkﬂ | ')di)(iﬁjdé\’k
dr PR gy dr TR g Tdre Wik) ar Tdr dr

o[y X XA A
R S ar dr dr

0.

Therefore, in terms of an affine parameter 7, the geodesic equations (5.200) and
(5.201) admit a first integral

dX7 (1) dX* (1)
dr dr

gik(X (1)) = ¢ = const. (5.202)
In the case of a Riemannian manifold, ¢ > 0. Thus, we can reparametrize
s = /cT to express the geodesic equation in terms of the arc length parameter
s in (5.174). In the case of a Lorentz metric, (i) ¢ = 0 implies that the geodesic
is null, (ii) ¢ > 0 implies that the geodesic is spacelike, and (iii) ¢ < 0
implies that the geodesic is timelike. In the case of non-null geodesics, we can
reparametrize s = \/HT to obtain an arc separation parameter s. In such a
case, (5.200), (5.201), and (5.202) reduce to

d>X(s) i dXi(s) dx*(s)
ds? { Jk }X(S) ds s 0
X (5) [OpX'™ — 4% (X (5))X"(5)] = 0, (5.203)

dX7(s) dX*(s)

=¢g:= +1.
ds ds c

dap X" ()X (5) = gjr(X(s))
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A null geodesic is characterized by (5.200), (5.201), and (5.202) as

d*X(T) i dXI (1) dX*(T)
dr? YL NI dr dr

=0,

X (7) [ X' — A% (X (1)) X"(7)] = 0, (5.204)

dX7 (1) dX*(T)

dr ar 0-

dap X" (1) X" () = g1 (X (7))

If we write the unit tangent vector along a non-null geodesic as )\i(o) (s) :=

%;(S'), then the first equation of the Frenet-Serret formulas (5.187) and (5.196)

yields for the first curvature

The remaining Frenet-Serret formulas in (5.187) are undefined for a geodesic.
- N
Let us consider an orthonormal basis field {)\a(a:)} . Let us restrict the
1

- N
basis field over a non-null geodesic X and thus obtain the basis {)\a(X (s))}
1

(which need not be the Frenet-Serret frame.) If A\'.(X(s)) = dXC;(S) is tangential

to the geodesic, we obtain by (5.194), (5.197), and (5.54) that

_ DNL(X(s))
ds

= [0 (@)7ebe (@)’ ()]

0 = Ao(X(s)) [Vide]

[x(s) *

Here, the (down) index ¢ is not summed, but the index b is summed! Thus, we
derive the conditions for a geodesic as

Yoee(X (5)) =0,

(5.206)
be{l,2,...,N}.

We already discussed a geodesic in example 4.2.3. We shall provide another
example presently.

Example 5.3.8 Let the metric tensor field of a two-dimensional surface em-
bedded in E3 be given by

g..(u) = E(ut)du! ® du' + G(u')du® @ du?,
E(u') >0, G(u') >0, (5.207)
(ul,u?) € D C R?.

(Remark: A plane, sphere, helicoid, or surface of revolution is characterized by
the special case of the metric in (5.207).)
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By (5.207), we obtain for non-zero components of Christoffel symbols

L =amome, [ 21={ 2 =amama,

{ 212 } =—(1/2) [E(ul)]‘1 01G. (5.208)

The geodesic equations (5.203) reduce to

d2U(s) R Uty du?\ B
leecs)
d*U3(s) dUt du?
T OO T
. 12) (5.210)
_ 1 -1 4 1 SN
— G g e o) |
Integrating (5.210), we obtain a first integral
2
G (U'(s)) dZ/; () = h = const. (5.211)
s

Instead of integrating (5.209), we can integrate the first integral in (5.203) by
(5.207) to derive

E(U'(s)) [dz’f;s(s)r + G (U'(s)) {dud?s(s)r =1 (5.212)

Eliminating %z(s) from above by (5.211) for the case h # 0, we get

[dlx[l(s) dU?(s)

ds ds } = {6 (G = #7) /hQE(ul)}\ulm )

Reparametrizing the curve, we obtain from the equation above:

AU (ul) hy/E(ul)
i VGG ul) = 2] (5.213)

Integrating the above, we get the solution

u? = U2 (ut (5.214)

o V/E
= Jeme

(We have tacitly assumed that G(z) > (h)?.) a
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We shall now derive the geodesic equation (5.200) by the variational
method. The separation along a non-degenerate, non-null, differentiable
curve X is defined by

dX(t) dXI(t)
- (X
[ |ostean =g 2 =m0 ae
t1
to
=: /L(a@u) ema() 46 (5.215)
t1 “:%it)
Lz,u) = y/lgij(@)u'v| >0,
dS(t)
L(z,u)| ey = T
_dX(0)
U="a

In a Riemannian manifold with a positive-definite metric, the separation above
coincides exactly with the arc length of the curve X'. The critical values of
the integral (5.215) under the variation of X (together with zero boundary
variations) is furnished by the Euler-Lagrange equations

d [[OL(.
—x(t) ~ { { &Ek)] |»} =0. (5.216)

_dXx(t)
U="g¢

OL(z,u)
Ok

(See the book by Lovelock and Rund [26].) Now, by the Lagrangian L in
(5.215), we have

P~ 22()) (g o
8L(.) (5.217)
o = LG gk (@)
By (5.217) and (5.215), the Euler-Lagrange equations (5.216) yield
as(t)]™" - d [[ds)]™ .
o ] o, ~ {59 e, ).
or (5.218)

A2 Xk (t) k dX'(t) dX7(t)  dX*(t) d | ‘dS(t)‘
a2 G i Attt e\l de f
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Choosing the parameter ¢t = s, the arc separation parameter, we get back
equation (5.203). Let us consider the alternate Lagrangian

Lo(w,u) := (1/2) [gij (x)u'v?] ,

OLa(x,u P
OL28) _ (1/9) (0hguy)
OLo(x, u , (5.219)
Paret) (o
82

W[h(@u)] = gij().

The Euler-Lagrangian equations (5.216) from the alternate Lagrangian (5.171)
yield again the geodesic equation (involving an affine parameter)

d>X*(T) k dXi (1) dX7 (1)
{ }x)((-,—)

dr2 1 dr dr

Remark: The Euler-Lagrange equations from the alternate Lagrangian (5.219)
can be used to compute Christoffel symbols {5 } .

Since the geodesic equation was derived by the variational methods from the
Lagrangian (5.215) and (5.217), we can conclude that the separation along the
geodesic X is critical-valued. In other words, for a geodesic X joining two
points X (71) and X(72), the separation is maximum, minimum, or station-
ary compared with that of any neighboring non-geodesic curve joining the same
two points.

From the equation

BT st PR

in (5.215), the first fundamental form, metric form, or line element
ds® = g;;dz"da? (5.220)

has been invented.

Example 5.3.9 Let us choose a flat manifold and a Cartesian, or a pseudo-
Cartesian, chart. The metric tensor field and the Christoffel symbols are given
by

dijdr' @ dz?

Lu
O
I

0.

—N

.

——
Il
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Equation (5.203) for a non-null geodesic implies that

d> X% (s)
PR (5.221)
o = XF(s) = cFs+ k.

Here c¥ and zf are 2N constants of integration. Thus, the geodesics are

straight lines in RV .
Equations (5.203) and (5.221) yield

‘dijc"’cj‘ =1.

Therefore, there exists one second-degree constraint on N constant ¢’’s.
The separation X(&X) in (5.215) along the geodesic in (5.221) is given by

X)) = ]2lel5_7-)dr = 7ds = (82 — s1) = y/|dijctcd| (s2 — 1)

T1

VIdiglei(s2 = 5] [ (52 = s1)]

= \/|dij(93i2 —a'y) (272 — a9y,
s =B = |diy(a'y —ah) (@72 — 27y (5.222)

The equation above is the generalization of the usual Pythagorean theo-
rem. O

Now we shall derive the equations for the geodesic deviation. Consider a
two-dimensional parametric surface ¢ into D € RV given by

z =¢(m,v)
¢ € C3(D € R%LRY),

agt ogt B
Rank [87’31}] =2

(5.223)

(See figure 5.3.)
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-I-RZ

TRN

Figure 5.3: Two-dimensional surface generated by geodesics.

Let a typical parametric curve &(7,v9) be a geodesic in D C RY with 7 as
an affine parameter. Therefore, we have

£4(r0) 1= 2o (r,0),

80 =€) (5r) =€ raEn )

(5.224)

(9 1% { 17 / .
o7 (T,U) = 875 (T,’U) + { ]k }|5(77v) fj(Tvv)fk(Tﬂj) - Oa

Gij (6(7—7 v))fli (Ta ,U)glj (Ta ’U) = dabgla (T7 U)glb(Tv ’U) = ¢ = const.

The tangent vector & (7, vo) is parallelly transported along the geodesic =
&(7,v0). Let us consider the other coordinate curve, x = £(79,v). This curve is
non-degenerate, differentiable, and need not be a geodesic. Thus, £(7,v) defines
a one-parameter congruence of geodesics spanning a two-dimensional surface in
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D c RY . The tangent vector along &(79,v) is given by

, o¢i
W) = (),

i) =) () = gde ),

%

€ (r000) = €, 0) = (o1 = wn)' (o) + (1/2) | 52| on = wol,

o7 =g + 0(v1 — vo),
0<6<1. (5.225)

Therefore, |vq —vg|o[7f(70, vo)] is the first-order approximation of the separation
between two neighboring geodesics, £(7,v9) and &(7,v1), at 79. We can deduce
from (5.224) and (5.225) that

0%¢'(r,v) _ 0*¢(rv) 0

! — — _ 1%
o, (mv) Brow doar .~ a0° (1Y)
Dn? on' 1 j 1k
— . ’ .22
R R }|§(m> W, 0)E (1, 0), (5.226)
Dgli _ agli(,r’v) i 13 k _ Dni(Ta U)
8’[) (Tv ’U) - 8’1) + jk’ ‘5(7-71)) § (Ta U)T] (T7 U) - 87’ .

The vector field (v;—vp) %(T, vg) is the approximate “relative velocity” between
two neighboring geodesics, £(7,v9) and &(7,v1). Similarly, the approximate
“relative acceleration” between the same two geodesics is furnished by (vq —

vo)gjzf(ﬂ vp). We would like to investigate the “relative acceleration.” Now,
by (5.110), (5.111), and (5.173), we obtain for a twice-differentiable vector field
T(z) restricted to a smooth surface the following commutation relation:

DT DT
%(f(ﬂv)) ~ ovor (&(r,v))

= Ry (§(7,0)) T (E(7,0))"* (7, 0)1p (7, ).

(5.227)

By (5.224), (5.226), and (5.227) we can derive that

D2 i D2 7 D2 17 . )
DT (r0) = e (r,0) = 2 (7,0) + R (60, 0))€" (r, 0)E (7,0} (7, 0)

= Rl (§(7,0))8" (7, 0) € (7, 0) (7, ).

The equation above is exzact. We have essentially proved the following theorem
due to Synge. (See Synge & Schild [37].)
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Theorem 5.3.10 Let D C RY correspond to an open subset of a C® -differenti-
able manifold with a metric. Let £ € C3(D C R%;RY) be a two-dimensional,
non-degenerate parametric surface into RY . Let the parametric surface & be

; _ g DE(Tv) _
generated by the one-parameter geodesic congruence x = &(r,v) (wztih TU =
0). Then, the geodesic deviation vector components n'(T,v) := %%(7'71)) must
satisfy

D%*p(r,v i -
B 6] + Rl )€ o) (ro)é (r0) =0, (5229

°(1,0) [Ve(€"Vun®)] + Rbea(€(7,v))€" (7, 0)0° (7, 0)€" (7,0) = 0. (5.229)

Remark: The equations (5.228) and (5.229) are called the geodesic deviation
equations.

Example 5.3.11 Consider a locally flat manifold and a Cartesian, or a pseudo-
Cartesian, chart with R’;i(z) = 0. By (5.221), a one-parameter family of
straight lines (or geodesics) spanning a ruled surface is provided by

at = ¢'(r,v) = TF'(v) + G (v),

N
ST [Fi(©)]” > 0, diyF'(v)FY (v) = const.,
=1 _ _ ' _ (5.230)
§'(r,v) = F'(v),n'(r,0) = 7F"(v) + G"(v),
D % . D2 )
S (7.0) = F' (0), == (r,0) = 0.
Thus, the geodesic deviation equations (5.228) are identically satisfied. O

Example 5.3.12 Consider the surface S? of the unit sphere embedded in R3.
(See examples 4.3.12, 4.3.13, 5.1.8, and 5.2.19.)
The metric tensor, the non-zero Christoffel symbols, and the non-zero Rie-
mann tensor components are furnished by
g.(r) = dr'®da! + (sinz?)?d2® @ da®
= df®df+ (sinf)*dé ® do,

1 . 2 2
{22} = —811190059,{12}—{21}—00‘59,

1 1 . 92
R'212 = —R 921 =sin“0,

R2112 — —R2121=—1.
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Consider the one-parameter family of geodesic congruence (or great circles)
provided by the longitudes as

£0,p0) == (0,00), (0,¢) € (0,7)x (—7m,7) CR?

. o€’ | . 9E(0.0)
0.0 = 0.0 = S 100)= 0D — g,

9ij (£<97 (b))g”(e? ¢)€lj (97 ¢) =1, Gij (5(9, (b))?’]i (9, ¢)77j(9’ (b) = sin? 0,
Gij (5(97 qb))é“”(@, ¢)77] (97 (b) = 0.

(See fig. 5.4.) Obviously, @ is the arc length parameter along a longitude.
The geodesic conditions (5.224) can be checked explicitly as

Figure 5.4: Geodesic deviation between two neighboring longitudes.

D¢ 1
;9 0,9) = 0+{ - } [6°w)]* =0,

D€/2 2 _
W(gv(ﬁ) = OJFQ{ 12 } [*w]” =0
The geodesic deviation equations (5.228) reduce to

06?

[\

4 D ' , . ,
+ R'91 = % H 122 H + R'121 = V1 [(cot 0)8° (2)] + R'121

= [al (COt 9)] 57’(2) + { 1Zk } 5k(2) cot 6 + R21215i(2)

= 5i(2) [— cosec?d + cot? 0 + 1] =0.
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Thus, the geodesic deviation equations are identically satisfied by 1(0,¢). In
this example,

[7(6,0)]| = o770, ) = sin0. lim [56,0)] = lim [56,)] =0.

(Longitudinal geodesics do meet at the north and south poles, which are not
covered by the coordinate chart.) a

The solution 7*(7,vg) of (5.228) along the geodesic &*(7,vp) is also called a
Jacobi field (from the viewpoint of the second variation). (See the book by
Hawking and Ellis [18].) If the Jacobi field 7j(7,vg) is not an identically zero
vector field but vanishes at two points (7°(71,v9) = n%(72,v0) = 0), the points
&(m1,v0) and &(m2,v9) are called conjugate points on the geodesic &(7,vp).
In example 5.3.12, the north and south poles are conjugate points on every lon-
gitudinal geodesic on S2.

Now we shall discuss briefly geodesic completeness of a differentiable
manifold. Recall that the completeness of the set of real numbers R is one of
the corresponding axioms. It is equivalent to the condition that every Cauchy
sequence converges. (Completeness is also one of the axioms for the Hilbert
space that is applicable in quantum mechanics.) Consider a Riemannian mani-
fold (endowed with a positive-definite metric). In a coordinate chart, the dis-
tance between two points ¢; and ¢o in M along the image of a curve + is given
by (5.215) as

UGIE / \/ng Xm( )X o

I (tl) To = X(tg),

(5.231)

@ =x"">1), ¢2=x""(22).

We define the distance function p(gs,q1) by the greatest of lower bounds for
lengths of all C!-curves joining ¢; and go. The distance function p(qa,q1)
satisfies the axioms of a metric space. Consider a sequence of points {g,}$°
in M. This sequence is Cauchy provided that for every € > 0 there exists an
integer N(g) > 0 such that p(¢m,qn) < € for all m,n > N(g). In the case where
every Cauchy sequence in M converges, the manifold M is called complete.
As an example, consider the Euclidean plane Eo and a Cartesian chart. We
choose the usual distance function

d(qr,q2) = d [x " (z1),x " (@2)] = \/(:v% —a3)? + (af — 23)2.

By the completeness of real numbers, we can prove that every Cauchy sequence
{x,}$° corresponding to {¢,}° converges. Thus, the space Eo is complete.
Now, let us ezcise one point (corresponding to the origin) from E5. Consider
the sequence {g¢,}5° corresponding to {z,}{° := {(0,1/n)}$°. It is a Cauchy
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sequence that does not converge in R? — {(0,0)}. Therefore, such a differen-
tiable manifold is not complete. Moreover, in this case, two points, (a,a) and
(—a,—a), in R? cannot be joined by a straight line (or a geodesic) lying entirely
in R? — {(0,0)}. (See fig. 5.5.)

X2

0.1

@a)
©,%)

©, %)

(0,0

xY

TRZ

(-a, -a)

Figure 5.5: An incomplete manifold R? — {(0,0)}.

We can use for the positive-definite metric either of the following two equiv-
alent criteria for the completeness.

(i) Every Cauchy sequence of points {g,}° in M is convergent.

(ii) Every geodesic in M can be extended for all real values of an affine pa-
rameter.

The second criterion is called the geodesic completeness for a Rieman-
nian manifold. In a pseudo-Riemannian manifold, the concept of geodesic com-
pleteness is more subtle because of the existence of timelike, spacelike, and null
geodesics. Nevertheless, such concepts are useful in the study of singularity
theorems in general relativity.

Another relevant concept associated with geodesics is the idea of a world
function Q (introduced by Synge [38]). Let a twice-differentiable geodesic X
in a coordinate chart be expressed in terms of an affine parameter 7 as

r=X(r) € DCRV,

T € [m, 2] CR.
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The world function  is defined by

QX(12), X(11)) := (1/2)(72 *Tl)/gij()(('r))%ﬁ%pdr (5.232)

T1

Since g;; (X (7))%57)%;(7) is constant-valued along the geodesic, the world

function Q in (5.232) can also be expressed as

dX(7) dXI(7)
dr dr (5.233)

QX (72), X (1)) = (1/2)(r2 — 71)%gi; (X (7))

T € [11, T2

Caution: The function € above is not to be confused with the curvature 2-form

Using (5.174), (5.215), (5.232), and (5.233), we obtain

2
o, 1) = (), X)) = (1/2) | 5 (= )]

= (1/2) [E(X))*.

(5.234)

Here, (X)) is the arc separation along the (unique) geodesic joining the points
x1 =X (m) and xo = X(72).

Example 5.3.13 Let M be an N-dimensional flat manifold. In a pseudo-
Cartesian chart, the metric tensor is expressed as
g.. (z) = d;jdr’ @ da?.

Equations (5.222) and (5.234) yield

wg,x1) = (1/2)dij(ah — a)(2) — 2]),
0 (a0, x ; ;
)~ (e o)
Oxa, ; ;
(aaji Vo -l
lim Q(z9,z1) = 0,
lim 89(:527951) _ lim 89(1'271'1) -0 O

T1—T2 8;10’2 T1—T2 8x’1
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Exercises 5.3

1. Consider S?, the surface of a unit sphere and the spherical polar coordinate
chart characterized by

g..(0,¢) = df @ df + sin® 0 dp @ do.
Integrate the corresponding (non-degenerate) geodesic equations to obtain
c18infcos ¢ + cosinfsin g + ¢z cos = 0,

where the constants satisfy ¢ + ¢3 + 3 > 0.

2. Consider a three-dimensional pseudo-Riemannian manifold and the metric
field
g.. () = [f(2*)]° [de' © da' + da® © da®] — da® ® da®.

Here f € CY(D C R;R) and f(x3) # 0. Integrate the equations for a non-
degenerate null geodesic.

3. Let a four-dimensional metric field be furnished by
g.. (z) = 6pdz® @ dz® — (1 4 2')%dz* @ dz*.

Show that the solutions of timelike geodesic equations with initial conditions
X*(0)=0, 4 =0, are provided by

) dzt \z4:0

X'(2?) = sech (z%) -1, X?(z*) =A%) =0.

4. Prove that the arc separation function

S(X) = ]\/

for a differentiable curve X into RY is invariant under a reparametrization.

dXi(t) dXi(t)

dt
dt dt

9i (X(t))

5. Consider the Euclidean space E3 and a Cartesian coordinate chart. Let X
be a thrice-differentiatle curve from the arc length parameter s into R®. Assum-
ing k(s) = K(1)(s) > 0, prove that X" is a plane curve if and only if 7(s) = #(2)(s)

6. Consider a flat four-dimensional pseudo-Riemannian manifold and a pseudo-
Cartesian (or Minkowskian) coordinate chart. A timelike helix satisfies the
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following Frenet-Serret equations:

d\i () ,
(0) _ i
s = cA)(s):

Dy
ds

d\i, (s) A
(2) _ i
s = —c)An(9);

— c(Q)AéQ)(s) + c(l))\fo)(s),

dAzg)(s)
ds

Here, the constants satisfy c(;) > 0 and ¢(g) # 0. Prove that the curve (with
a>0, s>0) defined by

X (s) := (sin[(sinha)s] , cos [(sinha)s] , 0, (cosha)s)

= 0.

is a timelike helix.

7. Recall the symmetrized Riemann tensor S....(x) in problem 5 of exercises
5.2. Prove that the geodesic deviation equation (5.228) can be cast into the

form D
% + 3515 ((7,0)) €F (,0)€" (7, 0)0? (1,0) = 0.

8. Investigate the spacelike geodesics in an Anti-De Sitter space character-
ized by
g.. (z) = e [fopda™ ® daP] — dt @ dt,

o, Be{1,2,--- ,N—1}.

(i) Deduce that the first integrals

dXP(s)

exp[—2T'(s)]0ap 7

= k., = const.,
dT(s)]?
exp[2T(5)] (5" k) — [] -1,
ds
exist locally.
(ii) Prove that the world function is furnished by
2
Qx,x0) = (1/2) {Arctan e2(t—to) _ 1] ~
{[eQ(t—to)/(th _ e2to)] 5uu($# _ xg)(xu —af) — e2(t—to) | 1} :
—g < Arctan x < g,

T
0<so<s<5+so.
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5.4 Special Coordinate Charts

Consider a particular point pgp € U C M. In a coordinate chart (y,U), the
corresponding image is zo = x(po) € D € RV . The metric field at that point
is given by

g.. (v0) = gij(z0)dz’ @ da? =: s;;dx" @ da? . (5.235)

Here, the N x N matrix [S] := [s;;] is symmetric with p positive eigenvalues
and n negative eigenvalues. Let us consider a coordinate transformation by
(3.2) and the tensor transformation rules (3.48) to obtain

o [ox*@) ox'(3) kAl
Sij = 91](330)—{ oz oF Logkl(%) = Xy, (5.236)
[S] = [NTISIN.

In linear algebra, there is a theorem asserting the existence of an N x N matrix
[A] such that

[S] = [D] = [di;]. (5.237)

(See the book by Hoffman and Kunze [21].) Therefore, we seek a coordinate
transformation satisfying first-order differential equations

Sk (s
LXax(i ) = by
] = T

Thus, we can have coordinates so that at a particular point Zg,

(5.238)

./g\ij (/-1'\0)d/l'\Z & d/x\j = dUdﬁc\Z X d/x\j

Example 5.4.1 Consider the metric tensor field in a two-dimensional mani-
fold given by

g. (x) = e dr' ® dat — da? ® da?.
At the particular point zq = (0,1) € D C R?, we have

g.(z0) = g.(0,1) =e tda! @ dat — do? ® da?,
_ ety 0

. 1/2 0 . —-1/2 0
(2 _ € I 2 € )
Al = [ 0, 1}’ [’“]_[ 0, 1]
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Therefore, the differential equations (5.238) reduce to

0K (1) _ 1pp 0X'(2)

a1 ) a5 Oa
axl\(o 1) a952|(0,1)
0X2(x) 0X2%(x)
51 =0 92 b
Oz l0,1) T 0.1
A general class of solutions is furnished by
X'@) = et + (@) (),
Xx) = (1/2)(@*)? + (2% - 1)%g(a).
Here, f and g are arbitrary functions of class C*. O

Remarks: Note that in the construction above, simplification of the metric
tensor occurs at a single point. Moreover, the transformation is not unique.

We would now like to simplify the metric tensor and also the connection coef-
ficients at a point. For that purpose, we introduce the exponential mapping.
Consider the geodesic equations (5.200) in terms of an affine parameter 7. The
equivalent first-order system of ordinary differential equations is provided by

dX(T)

dT = V (T)7

(5.239)

dV;T(T) _— { jik }mﬂ VI (r)V(7).

The system of equations above possesses unique solutions to an initial-value

problem provided the coefficients { lk} satisfy Lipschitz conditions. Let the
J

initial values be presented by and the corresponding geodesic be furnished by

. . dX’(T) .
XZ — 3 — (3

(O) T 0, dT |-,—:g W )
=Xy (1), T€[=0,0;

wir), Tel=4,0] 10
Xy i [-0,0] — RN,
_ . .0

Xw(0) =29, X'w(0)=W,, =W i € T,, (RY).

The geodesic above may or may not be extendible for the interval 7 €
[-1,1]. In a geodesically complete manifold, every geodesic passing through
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o can be extended for all 7 € R. In the present context, we assume that the
unique geodesic in (5.240) exists for the whole interval 7 € [—1,1]. We define
the exponential mapping exp,, : Ty (RY) — RY by the rule exp,, (Wa,] =
Xw(1). (See fig. 5.6.)

DCMRY

Figure 5.6: The exponential mapping.

Now, 7 appearing in (5.240) is an affine parameter. Therefore, by (4.46),
x = Xw(kT) (with k # 0) yields another geodesic having a common segment
with the original geodesic © = Xy (7). The new geodesic has the initial values

Xw (KT)|,_, =x0 and dx+(m>|,,0: [d(df)% T kW?. Thus, we
conclude that

Xw (k1) = Xew (1),

XDy [FWay | = X (1) = A (), (5.241)

exp,, {wao} = Xw (7).

Example 5.4.2 We choose a flat N -dimensional manifold with

(z) = dijdr* @ da?
k

(5]

The geodesic equations (5.239) yield

Vi(r) = At
Xi(r) = At + B,
T eR.

Here, A'’s and B"’s are arbitrary constants of integration (with > |A*| > 0).
i=1
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The initial values can be incorporated by

2l = B, dX'(r) = A
dr |+=0
. 0 -
X(0)=A"—=W_,.
( ) axZO 0

Therefore, (5.240) yields
Xiw (1) = Al + B' = Wit + 2%,
T o exp,, [V_VIO} =Xy (1) = Wi+ 2%,

T o exp,, {TW,;O} =TWi4 2ty = Xy (7). a

We have already tacitly assumed for the geodesic that Xy € C%([—1,1] C
R;RY). Let us make a much stronger assumption that X* = 7% o X are real-
analytic functions. In that case, we obtain the Taylor series

z' = 7' oexp [TV_VJCO} = X' (1)

_ 2(1/71!) {d"f;W(T)] o

TTL

=l +TW = (1/2)7 { J?k } WIWH 4 73¢ WIWFW! +

|2

T/ <1, 0<6;W'WI <rf. (5.242)

By the repeated use of the geodesic equations, each term in the series above
is of the type (7)7 et o L WJi . Wi . We now introduce a coordinate
transformation in a convex neighborhood of xg by imitating the series in (5.242).
The transformation is given by

= X\(2) = xi0+§i—(1/2){ ! } PEh 4 TR

i+,
OX'(Z) _ [ ~k ~2
W_aj—{jk }lx + 0@, (5.243)
det {8XA(;) ] =1.
0TI 4o

We conclude from (5.243) that the transformation is one-to-one in the neigh-
borhood of the origin Zy = (0,...,0). Therefore, by (5.243), we get
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The hatted coordinate system is called the Riemann normal coordinate
chart.
We notice that the curve

T=2X(r):=W'r (5.245)
has for the pre-image (by (5.242)) the geodesic
x = Xw ().
Since the geodesic equation (5.239) is a vector equation, the coordinate trans-

formation (5.243) yields the corresponding geodesic equation (5.245) in the Rie-
mann normal coordinates. However, this geodesic is a straight line passing

through the origin zp = (0,...,0). Moreover, on every point of this geodesic,
we have
PXi(r) _ 0
dr2 7
(i dXi(r) dX*(r)
. =0 5.246
{ jk } dr dr ’ ( )

At apoint 7 = X (1) away from the origin, other geodesics (not passing through
the origin) will intersect the particular geodesic in (5.245). For other geodesics,

2 vi . vi vk
equations d fTQ(T) =0 and{jzk }I %T(T)dXT(T) = 0 may not hold. However,
X ()

every straight-line geodesic in (5.245) intersecting at the origin must satisfy

(5.247)
{Wh. o WwN)eRN; 0<6;WW! <rg}.
Therefore, we obtain
8° R 1
R R P
[jk:,z']ko _____ 0 =0, (5.248)
99,1 () o
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Thus, at the origin of the Riemann normal coordinates, we can replace covariant
derivatives by partial derivatives. Moreover, by (5.93) and (5.95), we have

ﬁijkl(oa"'vo): [ak{lg}al{kl] }:| )
[c0,...,0)

,,,,,

(5.249)

N 25 25 2~ (o 25 (o
Rijui(0,...,0) = % P ga(@)  0°gin(@)  0°gi(¥) _ 0°gqu(%)

0z Ok 0Tt o7! 0TI 07 oT Ok

The equations above can be utilized to prove the algebraic identities the and
Bianchi’s identities of the Riemann-Christoffel curvature tensor in (5.108), and
(5.109), (5.100) — (5.107).

Example 5.4.3 Consider a metric field given by
g.. (z) = (zh)*dz! @ dot + (2?)*d2?® @ dz?,
D :=R?*—-{(0,0)}.

The non-zero Christoffel symbols are furnished by

1] 2 2 2
11 [~ 2z 22 [ 7 g2

We choose the initial point zg := (1,1). The unique geodesic with

; B, 9
=Xw(0)=(1,1 Xw(0) =W, =W'—
Lo W( ) ( ’ )7 W( ) 0 8:1/,1'(1’1)’

is provided by
Xl (s) =70 X (s) = (14 3W's)'/3,

The functions above are real-analytic and admit Taylor’s expansions

Xy (s) 14+ sWh— (sWhH2 + ...
1

2

1+sW182{ 11} (W2 4.,
(L)

X%y (s) = 1+sW?2— (sW2)2 4 ...

2 5 2 212
:1+5W—5 99 (W2 +...,
1 (1,1)

3

N

s
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The Riemann normal coordinates are provided by
at = (14323,
z = (1/3) [(«*)® = 1],

zo = (0,0),
8.(%) = 0ydT © di?, D, := R2_ (-2 =)L
37 3
=0. .

k]
3k J 0.0y

Let a function f: D C RY be differentiable so that we can obtain a 1-form
by (3.15),

A (@) = (0,/)da? = (Du )" (2). (5.250)
We assume that
df (z) # 6(x),
N (5.251)
> (0:f)* > 0.

The separation of the 1-form can be defined from (2.137) as
o(df) .= /g () (df, df)|. (5.252)

For a Riemannian manifold, (5.251) and (5.252) yield that o(df) > 0. How-
ever, for a pseudo-Riemannian manifold, g (z)(df,df) can have positive, neg-
ative, or zero values. Now, consider an equation of the type

f(x) = f(z!,...,2") = ¢ = const,.,

zeDCRV. (5.253)
An equation like (5.253) may have no solution, or infinitely many solutions
constituting one or more (N — 1)-dimensional hypersurfaces. For example,
consider E3 and a Cartesian coordinate chart. An equation f(x) := (z')? +
(22)? + (2%)? + 2 = 0 has no solution. An equation f(z) := 2!+ 2%+ 23 =0
yields one two-dimensional plane passing through the origin.

Another example is given by f(z) := (2! + 22 — 2%) (2! — 22 + 23) = 0.
Solutions lie on two planes z! +22 — 23 = 0 and 2! — 22 + 23 = 0. Thus planes
intersect on the line given by ! = 0 and #? = 2. The solution z¢ := (1,1,2) is
on the plane 2! +z2 —23 = 0 but not on the other plane ! —z2+2% = 0. There
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is another example in f(z) := (zl2? + 23)? — (xl 2) —2zta?ad — (23)2 =
This is an identity and is satisfied by every (z!,2%, 2%) € R3. We assume that
(5.252) yields only one (N — 1)-dimensional hypersurface Dy_1 CDCRVN
and the point xyp € Dy_1. We classify the hypersurface Dy_; according to

o(df)|,, >0 — spacelike or timelike,

(5.254)
O’(df)‘zo =0— null
A null hypersurface Dy_1 can also be expressed as
(2)(9: f)(0; f) (5.255)

d*(9,1)(Dsf) = 0.

Consider two differentiable non-null hypersurfaces given by f(z) = ¢ and
h(z) = k. In the case where these hypersurfaces intersect orthogonally at zg,

we must have g (1')(df, dh)IJCO — O,
97 (@)(@:1)(9;m)],, =0, (5.256)
4™ [(9u ) (@), = 0.

The first-order partial differential equation
9" (2)(9:)(9;h) = 0

for a prescribed differentiable function f (with o(df) > 0) locally admits N —1
independent solutions hq(z),...,hx_1(z). We make a coordinate transforma-
tion

N = XN(z) = f(a:), (5.257)

The transformed components of the contravariant metric tensor satisfy

V(@) = af—(”aha—(“)gij (2) = g () (df, dha) = 0,

out  Ou? (5.258)
) ) 0f(@) ‘
NN _ 2
g"" @) = axl o9 @) = lo(d)]
The equations above yield for the metric field
g.(@) =3 dz® @ daP + dzN @ dz™,
(%) = Gas(®) gvn (@) 5259

gnN () # 0.
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Here, the coordinate zV is called a normal or hypersurface orthogonal co-
ordinate.

The geometrical interpretation of these results is that the image of the coor-
dinate curve for ZV intersects orthogonally each of the other coordinate curves
for % contained in a hypersurface Dy_;. (See fig. 5.7.)

KN- coordinate
curve

N =C,

Figure 5.7: A normal coordinate z% .

Example 5.4.4 Consider a two-dimensional differentiable manifold such that
the conjugate metric field is furnished by

iy o (Do 00
g () .—@@)%—i-{exp[(x) +$]}<8x1®8x2+6x2®8z1

0 0
+ [exp(a:l)z] 922 ® 92

D :={(z',2?) e R?: (z')? + 222 < 0}.
Let a differentiable function be chosen as f(x) := 222. We verify the condition
[o(df)]? = 4[exp(z*)?] > 0.
The partial differential equation in (5.256) reduces to
[exp(z?)]O1h + O2h = 0.
A particular solution is provided by
h(x', 2?) = z' — exp(z?).
We make a coordinate transformation

o~ 2 o~
=gt —e*, 72 =22%
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The metric tensor components in the hatted coordinates are given by

o217t
g.(3) = {1 — 32 4 exp [(5&1 —l—e‘”2/2) } } A7 ® di!
~2 2
+(1/4) exp { (fEl +e* /2) } dz? ® dz?.

In the metric tensor above, the coordinate Z2 is a normal or hypersurface or-
thogonal. O

We now drop hats from a normal coordinate chart. Consider an (N — 1)-
dimensional hypersurface given by

Dy_1:={zeDcRY:aN =¢} (5.260)

in the normal coordinate chart. The metric field in (5.259) (with dropped hats)
restricted to the hypersurface Dy_; can be expressed as

g (T)|py_, = Guv(x,c)dzt @ dax¥ =: g, (x)dz* @ dx?,

' N=1 ) L x = (2. 2N, (5.261)

x=(zt . e T

w,v€{l,...,N—1}.

=: (x,2V)

Caution: The bar does not indicate the complex conjugation!

y (5.41), (5.259), and (5.261), we derive that

{nh, )

o } 1/2 PHaNg#J, (1/2gNN) aNgmn

——
=
H,—/

po
(5.262)

1
{NNp} (1/29n ) Dpgnn, { }: —(1/2)g"(x)0pgn N,
{ N

NN } (1/2g9nN) ONgNN-

Consider components 7% ; . (z) of an (r+ s)th-order tensor field rel-
ative to a normal coordinate chart. We introduce a coordinate transformation
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to another normal coordinate chart by

e = X#a(gl 22 . 2N~ = X#e(x),

PII

TN = XH#N (1) = 2V,

OX o (x) —0 OX#N (z) _ (5.263)
oxN 7 ozN T
Oxe(x)
By the transformation rules (3.40), (3.49), and (5.263), we obtain
OX#er  9XHer 9XH#m
T#al.A.apNA.ANﬁl“ﬂquN(X#7I#N) — TR et erren
(5.264)
OX#ua 1oy NN N
G B T ° ul..‘qu...N(Xax )

This is a transformation rule for a subtensor field of order (p+ ¢) defined on the
hypersurface Dy_; with 2V = ¢ under the restricted coordinate transformation
in (5.263). We can generate new subtensors in Dy_1 by covariant derivatives
with Christoffel symbols in (5.262). For example, let us compute the covariant
derivative of a 1-form Tj(z)dx! = T,(x)dz® + Tn(x)dz™. We obtain from
(5.83) and (5.262)

VaTn, , =
[aaTN - (;) (Ongua) (¢°T5) — (;) (Oann) (gNNTN)LNzL’ (5.266)
UnTa | =
[aNTa - (;) (Ongap) (9"°T5) — <;) (Oagnn) (gNNTN):| L (5267
UnTy, =
[8NTN * % (9sgv) (9"7T) = <;> (OngnN) (QNNTN)] v e o

The expressions on the right-hand side of (5.265)—(5.268) yield one subtensor,
two subcovectors, and one subinvariant, respectively, in Dy_; (under the re-
stricted transformation (5.263)).
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Let us go back to the metric form for a normal coordinate chart in (5.259)
(with dropped hats). Corresponding orthonormal N-tuples must satisfy by (5.18)

3 i o 5 .0
A (a)(‘r)% = /\(a)(iﬁ)wy

P .0
o = EV g @)
/ 0
= Zl: E‘:NgNN(x) 81‘71\77
0,

= doy(p)- (5.269)

[¢)
Q
—

8
~

I

)\f\;) (x) =0,

én(z) = N(w)(x)

=5
2
=
S~—
I

i (%) [N (2 (2) N ) ()]

lov—c

We can derive necessary conditions for Ricci rotation coefficients in a normal
coordinate chart. Suppose that 2" is a normal or hypersurface orthogonal
coordinate. Therefore, (5.269) holds. By (5.52) with j = N, we obtain that

b = o) ] e [t

N [Vévﬂ(‘r) - Véva(x)} Al (@), (5.270)

TNag (.23) = Inga (.23)

There exists a special type of normal coordinate chart, namely a geodesic
normal coordinate chart (or a Gaussian normal coordinate chart ). The
corresponding metric field is furnished by

g.(2) = gap(z)dr® @ daP + dyndaN @ da™N
= gop(r)dz® @ dzP + eydz™ @ da¥ (5.271)
g (T) v . = gap(x,c)dz®® dzP =: Gop(x)dz® @ dzP.

By (5.271) and (5.262), we can obtain non-zero Christoffel symbols

{ i} o } = 07207 0n00)
R (5.272)

{2} = Cxronge.

—N
=
SRS
Y
2
|
I

po

An z -coordinate curve
x® = X(1) := k* = const.,

N =xN(r) =1,
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satisfies the geodesic equation (5.200). Thus, each of the z -coordinate curves
is a non-null geodesic. Moreover, the (N — 1)-dimensional hypersurfaces 2% =
c1 and zV = ¢y are called geodesically parallel.

We can compute curvature tensor components and related tensor compo-
nents restricted to the (N — 1)-dimensional hypersurface ¥ = ¢ from (5.271),
(5.95), and (5.272). The results are exhibited in the following equations:

Jop(X) = 8NgamwN=u, Jap(x) = 5N3Nga/3‘m=u, (5.273)
RAPHV(:C)\IN:C = E)\p;w(x) + (EN/4) [qug'm - qug,\u] ) (5274)
2RNp/,LV (X7 C) = vVgp,u, - vp,gpu, (5275)

Ry pun (%,¢) = (1/2) o (x) = (1/9)7* (%) dap g, (5.276)

Guv(@)|,y_, = Gu(x) + (en/2)Guv (%) + (n/4)5" (%) po (%) G (%)
—(en/2)7*" (%) dua (X)G03(x) = (N /2),0, (%)
X [(1/4) (77 (X)G00(x))” = (3/4)77 ()7 (%) dap (X) G20 (X)
+9”7 (%) Gpe (X)] ; (5.277)
Gun (@) v . = Run(x) = (1/2)77 (%) [Viudpo = Vdou] (5.278)
Gun ()| = —(en/2)R(x) — (1/8) [" (X) g (x)]”

(5.279)
+(1/8)g"* (x)7"* Gpw (%) G (%)

Example 5.4.5 Consider the four-dimensional space-time manifold with the
metric field

g.. (z) = [A(T))2g% op(x)dr® ® d2P — dr @ dr,

a, B €{1,2,3},
x = (2!, 2%,2%), 2t=T, (5.280)
reDCRY A(r)>0, A(r):= dill(:)’
sgn[g.. (z)] = +2.
Here, we have
gap(@) = [AMPg75(%), goa(z) =0, gu(z) =du=e4=—1,
9os(@)—. = [AP9E5(%) = Fup(X); Gas(x) = 0agas, _,

= 2[A()A(T)]|,_. g% ap(x),

{ﬁafy} = {ﬁa7 }#. (5.281)
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By (5.273)-(5.279), we obtain that

G 4 | 2ADAD + A .
G#V(x)|7—:c - G#V( ) + (A(T))Q - guu( )’
G (@)oo = G+ 2ANAM) + (AP o),
Gua(z) = 0, (5.282)

— 2
Cu(e). = (/DR() =3 [A0)/A@)]

T=c

Gul),.. =A@ [(1/2R*(x) - 3(A()?]

[r=c

The equations above are relevant to the relativistic cosmology. The physical
terminology for the chart inherent in (5.280) is the comoving, synchronous
coordinate system. O

Now, we shall introduce the orthogonal coordinate chart. Suppose that
there exist N differentiable functions f(;)(x) such that

g (x) [dfpy, df ] = 0 fori#j,
(.CC) (8kf( )) (8lf(])) = 0 fori 7A j, (5283)
9" (@) (Onfiy) (Bify) # 0.

The system above comprises N(N +1)/2 coupled, non-linear, first-order partial
differential equations. The solution of this overdetermined system may not
exist for IV > 3 cases. If the solution exists locally, the non-null hypersurface
fiy(x) = ¢y and f;)(z) = c(;) intersect orthogonally for i # j. We make a
coordinate transformation

ii = XZ(Z‘) = f(z) (1‘)
By (5.283), we obtain for i # j

§9(3) = 22 W0 juy — ) @10 @1fr)) = 0

@) £ 0, §2(3) #0,..., ¥V @) £ 0. (5.284)

Therefore, the metric field reduces to

g..(%) = 911(2)dz' ® dZ' + Goo(T)dZ? ® dT2 + - - - + Gyn (B)dT™ @ dzTN
911(Z) # 0, 922(Z) #0,..., gnn(T) # 0. (5.285)

Every coordinate curve 7' intersects the other (N — 1) coordinate curves of
Z7(i # j) orthogonally. Let us drop the hats from the orthogonal coordinates
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in the sequel. We also suspend the summation convention for the orthogonal
coordinates. With this understanding, we rewrite (5.285) as

ZZ ) dijd’ @ da? = Za *da’ @ da

h(i) (1‘) > 0,
9ij(x) = [hg) (m)]zdm g7 (x) = [h(i)(l“)]_2 v, (5.286)

N
g = det [gij(x)] = {H [hi) (@]2} det [dy;],
N 1

Vgl = [[ [y ()]

For a corresponding orthonormal basis (or orthonormal frame), we can deduce
from (5.286) that

o -1, O
Zh @)% da’, &u(w) =3 [hay(@)] " dag s
: (5.287)
i -1 a a
No(@) = [hy(@)] 0%, p%(2) = he(2)6%.
Denoting by i, j, k only distinct indices for N > 3, the Christoffel symbols from
(5.286), (5.40), and (5.41) are computed as

lij, k] = 0, [ij,i] = —[i1,j] = dishg(2)0;h)

[i1,1] = diih()(x)0ihy,
© () (5.288)

i j ” -2
{ jk } =0 { i } = —did” heiy (@) [hj) ()] Djh,

l .
{ Zj } = 8j hlh(i)(l‘), { ii } = aihlh(i)(z).

The Ricci rotation coefficients are provided by (5.287) and (5.53) (with
a,b,c as distinct indices) as

’Yabc(x) = 0,
Yaba(T) = —daq [hp(z)]™ ai [ln hay( )] = —daaOp In [he ()] = —Vpaa (),
Yaaa () = 0. (5.289)

The connection 1-forms from (5.55) and (5.289) are furnished as
Wab(m) = daa [8bh(a)] dz® — dbb [aah(b)} d.’Eb

(5.290)
= daa [8,, In h(a)] éa(l’) — dbb [8a In h(b)] éb(.%‘) = —V~Vba($>.
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The covariant divergence of a differentiable vector field provided by (5.85)
and (5.286) is

N N
. ! _
E ViA = [hiyhy - by ' pye {[hayhe) - b A} = E VAP (5.291)

The invariant Laplacian is given by (5.90), (5.91), (5.286), and (5.289) as

AV = ZZ{ Whe - hon] 0 [(h(i>--~h(N)) -h@?dif‘ajv}}. (5.292)

Now, we shall compute the Riemann tensor components from (5.95), (5.286),
and (5.288). (We restrict the dimensions to N > 4 and denote by h, i, j, k only
distinct indices.) Long calculations yield

Rpijr(z) = 0,
Rhiik(l') = duh {ahakh@ [8};,]1(1)] [(r“)k In h(h)]
- [@ch(i)] [On Inhay] }

Rpiin(x) = digdgphey(2)hy (z ){d"0; [h 8h(k)} + d** o, {h(k)akh( )}
+ > d ()2 [Oihey) [Oihay] }- (5.293)
l#i,k

Relative to an orthonormal basis, the curvature components computed from
(5.97), (5.287), and (5.289) are given by (a,b,c,d #):

Rapea(z) = 0,
Rawpa(x) = dup [hy(@)] " {0abahi) — [0ahw)] [0alnhiay] ),
Rappa(r) = daadpp{d" [ha)(2)] - OOh(ay + d** [hpy(2)] - 0aOah ()
+ > d* [DeInha)] [DeInhgy] }. (5.294)
cab

The Ricci tensor components relative to a coordinate basis are given by
(5.114) and (5.293) for | # k as

Ru(@) = D" [hoy(@)] " {8dkhe) — [0theo] [0 nhy]
ikl

— [0k [Bilnhy ]}

Ryp(x) = dirhy(z) ) ) [hy ()] {diiai [h&)laih(k)} +d*oy, [h@l)akh(i)]
i#k
+ 30 d" [ (i) (Ohe) | }- (5.295)

£k
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The Ricci tensor components relative to an orthonormal basis are provided
by (5.115) and (5.294) for a # b as

Rap(@) = 3" [he) ()] {Babbho) — [Oali(e)] [0 I hay) — [Buhie)] [0 by ]}
c#a,b

Raa(@) = daa 3" {d [hay(@)] ™ Dby + 4 [y ()] " Dada
b#a

+ ) 7d [0 Inhy) [0 Inhg)] }- (5.296)
c#a,b

The curvature scalar by (5.116), (5.117), (5.295), and (5.296) is furnished by

R(z) = Z[h(k>( NS {aos [nG oy | + a0k [nGokh |

i#k
+ Y dhg} (o] (Db }
I,k
= S R uhiay + d* G Budahy
a b#a
+ 30 d [0 ) [0 b)) - (5.297)
c#a,b

Remark: These equations are important in continuum mechanics as well as
general relativity.

Exercises 5.4

1. Consider the two-dimensional, real-analytic metric field given by
f -2
g. ()= [1 +(1/4) (2" + xQQ)} [da! ® da' + da? @ da?]
x € R2,

Determine whether or not the coordinate chart above is Riemann normal.

2. Suppose that the N-dimensional, real-analytic metric field in a Riemann
normal coordinate chart is provided by

g.. (z) = gij(v)dz’ @ dat

:UEDCRN;{‘Z} 0.
L
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Provethf;{jik}2{ﬂ;}{g}}+aj{;§z}2{n§k}{$}
a i -2 )] =o

3. Consider a 1-form A(z) = A;(x)dz’ such that dA(z) is a continuous
2-form. Let the oriented tensor field equation A;, () [0, Asy, — i, Ay, nirizis-in
(z) = 0 hold in D C RY. Prove that there exist functlons A and f such that

x)
A(z) = Mz)df (z).

(Remark: Such a 1-form field is called hypersurface orthogonal.)

4. Consider a normal coordinate chart. Show that the corresponding Christof-

fel symbols { } { } {NN} { }, and {NNN} transform as subten-

sors under the restricted coordinate transformation z#® = X#(z! ;N1
#N — N
TN =g,

)

5. Consider a geodesic normal coordinate chart characterized by (5.271). Prove
that the corresponding N-tuple components /\i( ~y(x) must satisfy

Vidani = Vidav; -

6. Consider a class of twice-differentiable geodesic normal coordinate charts
characterized by

g.. (z) = gij(v)dz’ @ da’ = [A(Jcl\/ﬂ2 97 0p(x)dr® @ d2P + en(dz™)?,
a,fe{l,2,....N -1},
x:=(z',..., 2N e D c RV L
oV € (r,m) €R.
Assume furthermore that g% ,s(x) yield (N — 1)-dimensional positive definite

metric components. Prove that the invariant eigenvalues from the equation
det[G;; — A(x)gi;(x)] = 0 are all real.

7. Consider a three-dimensional manifold and a twice-differentiable orthogonal
coordinate chart characterized by

3
g.(z) = Z (i) [h(i) (l‘)]Q de' ® da'.
=1
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(In this problem, the summation convention is suspended.) Prove that for dis-
tinct indices ¢ and k, the Riemann-Christoffel tensor components must satisfy

Ryiik() — 2ty [hy ()] Ria(w) — £y [hoy (2] R ()
+(1L/2R@)eem (b @hay(@)]” = 0.



Chapter 6

Special Riemannian and

Pseudo-Riemannian
Manifolds

6.1 Flat Manifolds

It was mentioned in section 5.2 that a domain D C R™ corresponding to the
domain U C My is flat provided

Rl(sc) = O..(z), (6.1)
R jri(z)
for all z € D.
Eisenhart, in his book on Riemannian geometry [10], proves that a metric
tensor component g;;(z) of a prescribed signature (corresponding to that of the
flat metric component d;; ) solves the non-linear equations (6.1) if and only if

0f"(x) Of'(x)

gij(x) = di Bt B (6.2)
Here, N functions f*(x) are of class C® in D and otherwise arbitrary.
If we make a C3-coordinate transformation
7= fi(z),
then (6.2) yields
g. (z) = gij(x)da’ @ da?, §..(7) = dd2" @ d2'. (6.3)

200
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In the above, the metric tensor components dy; are diagonal as well as constant-
valued. The corresponding Z-coordinate system (or chart) surely deserves a
special name. If the metric tensor g..(z) is positive-definite (thus d;; = &;5),
the special coordinate system is called a Cartesian coordinate chart. If
g.. (x) is not positive-definite, the chart is called pseudo-Cartesian. In the
case of dimension N =4, and g.. (z) is of Lorentz signature, the chart is known
as Minkowskian (in the theory of relativity).

The coordinate transformation from one Cartesian (or pseudo-Cartesian)
chart to another is governed by the equations

i = X#i(7),
OX#r(Z) OX#1(T) (6.4)
A

The system of first-order, non-linear partial differential equations in (6.4) can
be solved. The general solution, comprising N(N + 1)/2 arbitrary constants
(or parameters), is furnished by

o= X7 (2) = + lijfj,

limdijljn = dmn7

[L]:= [I';], [D]:= [dy], (6.5)
(L [D)[L) = (D),
det[D] = +1.

(Compare the equations above with (5.17).) The proof for the general solution
in (6.5) is available in books by Synge [38] or Das [7] on the special theory of
relativity.

The set of non-homogeneous linear transformations in (6.5) constitutes an
N(N +1)/2 parameter continuous group. This group is called the generalized
Poincaré group, denoted by ZO(p,n;R).

The Cartesian (or pseudo-Cartesian) tensor components transform under a
generalized Poincaré transformation (6.5) (by (3.48)) as

P B & k. . i =R
T#k1 711“_15(1'#) = 1 Yiy . n-rajlll Lo.al lST“ Z”jlmjs(.’b),

6.6
(Al = [a4y] =1(0]7". (66)

Under the transformation (6.6), we notice the following consequences:

(1) There is no difference between the Cartesian (or pseudo-Cartesian) com-
ponents and the corresponding orthonormal components.

(2) In a Euclidean space Epy, relative to a Cartesian chart, tensor compo-
nents satisfy Tt *ritJds(z) = Ty 5 (Z) = Ty, 4vjy..j, (). Thus,
the contravariant components and covariant components are identical.
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(3) The flat metric tensor components d;; and the corresponding tensor-
product components d;, j, d;,;, - .. d;, j, transform under (6.6) as numerical
tensor components (retaining the values intact).

(4) The totally antisymmetric permutation symbol &;, ;v = T, in -
5) The Christoffel symbol components {4 % + = 0 relative to a Cartesian
ik

(or pseudo-Cartesian) system. Therefore, covariant derivatives reduce to
partial derivatives.

Example 6.1.1 Consider the three-dimensional Euclidean space E3 and a
Cartesian coordinate chart. Let three vector fields

A(x) _ ai(x)%, fi(x) _ bi(x)%, é(x) = ci(X) 3?3“

be defined in a domain D C R3®. (Here, x := (z!,2%,2%).) Recall the usual
vector cross product given by
- 0

A(x) x B(x) = [0"e;j0a7 (x)bF(x)] 5o

By (2.96), we express
5™ e pimEijk = 0150mk — O1kOm;-

Therefore,

A(x) x {ﬁ(x) x C(x)} — (576 e isgna™ (OB ()¢t ()] a%h

= { [Fmia™ () (0] () = [B050™ ()07 ()] ch<x>}5%

—

= |Ax) - €x)| B(x) - |Ax) - Bx)| Cx).

Thus, we recover an equation from the elementary vector calculus. O

Example 6.1.2 Consider the flat product manifold E3 x R. Here, the Eu-
clidean space E3 represents the physical space according to Newton. The set
R represents the absolute time.

A Cartesian coordinate system is used for a domain of E3. Tensors are
considered in the corresponding domain D of R3 x R. A typical point in D is
denoted by (x,t).

An elastic deformation of a material body is mathematically character-
ized by a C?-diffeomorphism of a domain of E3 — Ej3 (at a given instant).
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The spatial gradient of a small deformation, u;, yields the symmetric strain
tensor

O'ij(X, t) = (1/2) (aiu] + ajul) . (67)

The generalized Hooke’s law states that the symmetric stress tensor
7i;(x,t) is linearly related to the strain tensor by the following equations:

(X, 1) = cijmot(x,t),
Cijik = Cijkl, (6'8)
Cklij = Clkij-

Here, c;ji; are components of the constant-valued first elasticity tensor.
The elasticity tensor of an isotropic material body is furnished by

Cijkt = AN0ijOnt + 1 (001 + 0i10j) - (6.9)

Here, the constants A and u are called Lame’s constant and rigidity, respec-
tively.

The equations of motion for a particle inside an isotropic elastic body (with
sufficiently small velocity) are governed by the equations of motion

O*U;(x, t
P(Xﬂf)% = p(x, ) F;(x,t) + (A + p)0; [6" o] + pAu,. (6.10)

Here, p is the mass density, F; is the body force density, A is the three-
dimensional Laplacian, and u; = U;(x,t) are deformation components. (See
the book by Green & Zerna [16].) O

Example 6.1.3 We consider again the flat product manifold E3 x R of the
preceding example. Let us investigate fluid flow in a domain D C R? x R using
a Cartesian coordinate chart for R?. We denote the fluid velocity field by the
components

;0

; dX'(t)
Y oz

o = Vi, 1), T = V(D). (6.11)

\_I' =
The acceleration vector of a fluid particle is given by

av'(x,t) CJavi(x,t) .
[dt} e {3,5 +(050") V7 (x,1) : (6.12)

lz=x(t)

By the principle of conservation of mass, the continuity equation

% [p(x,t)] + 0; [p(x, )V (x,1)] =0 (6.13)

follows. Here, p is the fluid mass density.
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The vorticity tensor components and the vorticity 2-form at a point in a
fluid are defined by

wij = (1/2) (Ov; — 0jv;) = —wjs,
i (/){ j.]) i (6.14)
w.. = widr' Ndx? =d [vidajl] .

(Here, we have utilized (3.65).)
In the case of a perfect fluid, the density of pressure p(x,t) plays an impor-
tant part. The equations of motion of a perfect fluid particle are governed by

p(x,1t) w + (0,0") VI(x,t) | = p(x,t)F'(x,t) — 6" 0;p. (6.15)

Here, F'(x,t) is the density of body force.
In the case where there is an equation of state, the mass density and
pressure are functionally related. We can express the relationship as

p(X, t) = R[p(x, t)] > 0. (6.16)

Here, R is a differentiable function of p. Thus, we can define another C?

function by
dp -1
Pp) = = / dp,
®) R(p) ’ (6.17)
oP = pfl&-p.

When the body force Fi(x,t) is conservative, it is derivable from a potential
U(x,t) so that
Fi(x,t) = —5Y9,U. (6.18)

In the case of an irrotational motion, the vorticity tensor vanishes. Therefore,
by (6.14),
w..(x,t) = 0..=d [v;da’] . (6.19)

By theorem 3.4.10, there exists a function ¢(x,t) of class C? such that

(The function ¢ is called the velocity potential.) |

Exercises 6.1

1. Consider E3 and a Cartesian coordinate chart. Let a differentiable vector

field U(x) = Uf(x) 6‘; and a twice-differentiable vectorfield V(z) = Vi(x) B(Zi
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be defined in a domain D C R3. Using the Cartesian components of the vector
fields, prove the following vector identities:

(i) V x {v x V(x)} =V [v-fz(x)} -V {V\?(X)} .

—

(i) V x [ﬁ(x) x V(x)] = V(x)- [Vﬁ(x

|
ch
X
<
<
NeJ

2. Consider the equations (6.5) with ¢! = 0. (Compare this with (5.17).)
Prove that the resulting set of transformations, called O(p,n;R), constitutes
an N(N — 1)/2 parameter subgroup of the generalized Poincaré group.

3. Prove that in the absence of a body force (Fj(x,t) = 0), and equilibrium
(95 =0), the equations (6.7), (6.9), and (6.10) yield

A [6klU}€l(X)] =0.

4. Consider a perfect fluid endowed with an equation of state following an
irrotational motion under a conservative body force. Prove that the equations
of motion (6.15), (6.16), (6.18), and (6.20) admit the Bernoulli integral

_%f(x, t)+ %Wam 09+ R[p(x, )] + Ux, 1) = f(D).

(Here, f is an arbitrary function of integration.)

6.2 The Space of Constant Curvature

Consider a smooth surface M, embedded in R?. (See fig.6.1.) Let us use a
Cartesian coordinate chart in R3. By (5.154), the equations of the surface are
provided by

z' = ¢ (u),

Rank [851(“)] =2, (6.21)
ou™

u e Dy C R

Let a plane P be generated by the tangent vector t(&(u)) on the surface M,
and the unit normal [(¢(u)) to Ms. Let the plane P intersect the surface along
the image of the curve £ olf.
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Figure 6.1: The normal section of M, along t(z).

The first normal and the first (or principal) curvature of the curve £ o U are
denoted by N(¢(u)) and k(u) := +r(£(u)). (See the Frenet-Serret equations
(5.188).) As the tangent vector t, the plane P, and the (consequent) normal
section of £ o change along the curve, the value of the curvature k(u) also
changes. We can prove that there exist a maximum value k(;)(u) and a min-
imum value Koy(u). These correspond to the principal tangential directions
€1(¢(u)) and €2(&(u)). The Gaussian curvature and the mean curvature
of the surface at the point &(u) € My are defined respectively by

K(u) = kj(l)(u) . ]41(2) (u), (6.22)
p(w) = (1/2) [k (u) + k@) (u)] . (6.23)

Pictorial depictions for three simple surfaces are exhibited in fig. 6.2 below.

@ (ii) (iif)
Figure 6.2: (i) A plane, (ii) a sphere, and (iii) a saddle-shaped surface.

It is intuitively evident that for (i) a plane, k)(u) = ki)(u) = K(u) =
p(u) = 0. (i) For a sphere, k(1)(u) = k(2)(u) < 0, K(u) > 0,and p(u) <O0.
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(iii) Moreover, for a saddle-shaped surface, kqy(u) > 0, kg)(u) < 0, and
K(u) <0.

The metric tensor field (or the first fundamental form) of M, can be
derived from (6.21) and (3.49) as

I, ) . oE? N O&J
2(5 1) ((SijdmZ@de\&(u)) = 0 { ng:>du } ? [ gu(;é)duﬂ
O (u) O¢7 6.24
= {51'1' gu(: ) gu(/? )} du® @ duP ( )

= gap(u)du® @ duP.

Gauss, in his famous “Theorema Egregium,” proved that the curvature in
(6.22) can be expressed as

K (u) = Rizia(w)/ |91 (w)g2z(u) = (912(0)*] (6.25)

Here, Rj212(u) stands for the Riemann-Christoffel tensor component derived
from gap(u). By the right-hand side of (6.25), it has been demonstrated that the
Gaussian curvature of a surface My embedded in the Euclidean space E3 can
be expressed in terms of the intrinsic geometrical properties of the surface M,
alone without reference to the three-dimensional space in which it is embedded.
We would like to generalize now the Gaussian curvature K (x) for higher-
dimensional Riemannian or pseudo-Riemannian manifolds. Consider a two-
dimensional “plane” Il embedded in My . It can be characterized by

= Ei(ul,u?) = tiul + v,

7
(ul,u?) € Dy C R?,

gy i O N (6.26)
t(z):=t py €T, (RY),

i} .0

V(z):=v py eT, (RN) .

(Here, we have assumed that t(z) and V(z) are linearly independent.) We
consider all geodesics locally passing through the point z € Il; that are tan-
gential to IlIy. The collection of all such geodesics generates a two-dimensional
geodesic surface M;. The Gaussian curvature of the geodesic surface My at
the point x € IIo N My is expressed from (6.25) as

Rlijk(w)tlvitjvk
[ghm(x)gin(x) - g}m(m)gim(x)] thottmen

(6.27)

The K (x, t, \7') above is called the (Riemannian) sectional curvature of the

N -dimensional manifold My relative to the plane IIy (spanned by t and v )
at the point « € IIs N My .
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In the case K (z,t, V) assumes the same value k(z) for every pair t(z), V(z) €
T, (RN), we call the point € My isotropic. We shall now derive the neces-
sary and sufficient conditions for isotropy. At a point of isotropy, by (6.27) we
obtain the identity

Tyijr(z)titiok = 0

’ (6.28)
Tiiji(z) := Ruiji(x) — k() (95 (2)gir (x) — gie(2)gi; (2)] -

The identities (6.28) for arbitrary values of ¢!, v/, with the help of identities
(5.100)—(5.107), yield

Tiiji(2) = —Taji(x) = =Tk () = Tjra(x),

Tyiji(x) + Tijri(x) + Tikij(x) = 0,
0= o T thigd ok (6.29)
= OthoumotIdun [Thijit' o't v"]

= Lgnhm (37) + Thngm (l‘) + Tgmhn(x) + Thmgn (J?)
We can conclude from (6.28) and (6.29) that

Tyiji(z) =0,

(6.30)
Riiji () = k() (915 (%) gir.(z) — gix(7)gij ()] -

Now, we come to an interesting theorem due to Schur.

Theorem 6.2.1 Let My be a differentiable manifold with N > 2. Moreover,
let the metric field g..(x) be thrice differentiable and every x € D C RN be
isotropic. Then, the sectional curvature k(xz) must be constant-valued.

Proof. By (6.29) and the Bianchi identities (5.108), we derive that

(Omk) (913 9ik — 9iij) + (03 k) (gixgim — Gim9ik)
+(Okk)(9im9i; — 9159im) = 0.
By the multiplication of g% (x)g"*(x) and the contractions, the identities above

yield
(N —1)(N —2)(0mk) = 0.

Thus, for N > 2, 9,k =0 and k(x) is constant-valued. [

Remark: The constancy of the sectional curvatures is also called homogene-
ity. The three-dimensional spatial submanifold of our cosmological universe is
assumed to be isotropic and homogeneous.
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A Riemannian or pseudo-Riemannian manifold with both isotropy and ho-
mogeneity is called a manifold or space of constant curvature (k(z) = Ko =
constant). By (6.30), for a space of constant curvature, we obtain

Rije(z) = Kolgij(2)gir(r) — gu(2)gi;(2)],
Rij(z) = —(N—1)Kogij(z),
R(z) = —N(N—1)K,
1
Gita) = (3) (¥ = DV = DKoz o), o)
Rabcd(z) = K (dacdbd - daddbc) y
Ry = —(N —1)Kodg,

(;) (N = 1)(N — 2)Kodu.

Q
)
=
—
&
[

Note that orthonormal components of the curvature tensor, etc., are all constant-
valued.

Example 6.2.2 In a two-dimensional Riemannian surface of constant curva-
ture, (6.31) reduces in an orthogonal coordinate chart to the following;:

) [31;52} + 0 {83‘7;] +2K0r/g = 0. (6.32)

Assuming a geodesic normal coordinate chart (5.271) in this case, (6.32) reduces to

g.. (z) = da' @ da' + [h(z!, x2)]2 dz? @ da?,
82

Garh@! ) + Kohla',a®) =0, (6.33)
(z1,2%) € D C R?.
We impose initial values
0
h(0,2%) = 1, @h(wl,xz)‘mlzo =0. (6.34)

We shall now derive solutions of (6.33) and (6.34) in three distinct cases. O

Example 6.2.3 For the flat case Ky = 0, the general solution of (6.33) is
furnished by

h(at,a?) = f(a*)z! + g(z?),
where f and g are arbitrary functions of integration. Solving the initial values
in (6.34), we derive that

g.. (z) = de' ® do' + do? ® da?.

Therefore, the domain of the flat surface M5 is locally isometric to a plane. O
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Example 6.2.4 In the case where Ky > 0, the integration of (6.33) yields the
general solution

h(z', 2?) = A(z?) sin(v/Koz') + B(2?) cos(y/Kozt).

Solving the initial values in (6.34), we deduce that
2
g. (z) = de' @ da* + [cos( Koml)} daz® © da?.

Making a coordinate transformation

o= (1VE) [5/2) -7, a? = (11VKo) &

we finally obtain
g. (@) = (1/Ko) [d:?l ®di' + (sinz')’ di? @ d@?] .

The metric above shows that the domain of a surface M of the constant positive
curvature K is locally isometric to the domain of a spherical surface of radius

(1/VKo). O
Example 6.2.5 Assume that Ky < 0. The general solution of (6.33) is given

b
’ h(z',2?) = A(x?) exp [\/iKo:rl] + B(z?) exp [*\/%%1} .

The solution of the initial-value problem (6.34) yields

912
g. (v) =de' @ dat + [cosh (\/ —Koa:1> ] da* @ da?.

In the case where we do not use the geodesic normal coordinates, we can produce
another special solution of (6.32),

g.. (z) = (-1/Kyp) [(cot 2!)?dz! ® da' + (sinz!)?da? @ dz?],
(xt,22) € (0,7/2) x (—m, ) C R2

This is the surface of revolution in the shape of a bugle, and it is a geodesically
incomplete surface. O

Now we shall derive the canonical form of the metric tensor for a space of
constant curvature K.

Theorem 6.2.6 Let My be a manifold (or space) of constant curvature Ky of
the differentiability class C?. Then there exists locally a coordinate chart such
that

g.. (z) = [1+ (Ko/4)(dpx"at)] - [dijda’ ® da?];

(6.35)
x € DcCRVN.
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Proof. For N > 2, we assume that there exists a coordinate chart such that

g.(z) = [U(x)]_ldijdxi@?dl’j:[U(x)]_ljz:;‘g(j)dxjégdxj; (6.36)
Ulx) # 0.

(This assumption will be wvalidated in section 6.4.) Suspending the summation
convention, we obtain from (6.36), (6.31), and (5.293) for distinct indices the
following equations:

Rpiir(x) = —eyU*(2)0,0,U = 0,

Riiir(x) = —e@yemU—>(x) {[E(i)aiaiU + () Ok Ok U |

N
- 2
-U 1(.’1;) ZE(]-) (8jU) }
j=1
= —€(i)€(k)K0U_4(x).
Simplifying the equations above, we get

0*U(x)
ook 0, (6.37)

U(x) [ew (07U) + ey (ORU)] = emewm . (6.38)

Ko+ e (0;U)°

J

The general solution of (6.37) in a convex subdomain of D C R¥ is furnished
by

N
Uz)=F'(z") + F(a®) + -+ FN(@V) = > Fi(ad). (6.39)
j=1

Here, each FJ is an arbitrary C?-function of the single variable z7. Substitut-
ing (6.39) into (6.38), we get

dQFi(xi) dQFk(l‘k) 9
U(x) E()E(k) (dx)2 + (dz*)2 = ) [ Ko +Z‘€(j) (0;0)

J

A2F (2! d2FFk(zF
=U(z) [5(1)5(/6) (dxl()2) + (deE)Q )}

Therefore, for each pair of indices ¢ and [, we must have

dZFi(xi) dQFl<xl>

g(i)W = EU)W = 2a = const. (6.40)
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[Pkl

Here, “a” is a constant of separation. Integrating IV ordinary differential equa-
tions in (6.40), we deduce that

Fi(z') = ey [a(a)? + 2002t + O], (6.41)

;U = 25(]’) [axj —|—b(j)] . .

Substituting (6.41) into (6.38), we derive that
Ky = 4Z€(j) {ac(j) - b(j)] , (6.42)
J
. 3 2
4aU(x) = Ko + 42 (a:vJ + b(J)> . (6.43)
J

In the case where Ky = 0, the proof of (6.35) can be obtained from (6.31) and
the existence of a Cartesian (or pseudo-Cartesian) coordinate chart for a flat
manifold.

In the sequel of this proof, we choose Ky # 0 and a # 0. By (6.43) and
(6.36), we have

-2
. 3\ 2 ) .
g. (r) = (4a)? | K, + 4 g £(4) (az” + b(J)> ] dijda’ @ da’. (6.44)
J

By making a coordinate transformation
# = (da/Ko) (27 + a7 1)

and dropping hats, we can prove the validity of (6.35). ]

Remark: In example 5.3.12, problem 8 of exercises 5.3, and problem 1 of
exercises 5.4, spaces of constant curvature are involved.

Now consider the following linear coordinate transformation:

T =+,

lijdiklkm = djm,

N (6.45)
> el il m = e(j)0jm-
k=1

The set of all such coordinate transformations under the usual composition
rule forms a group called the generalized Poincaré group ZO(p,n;R). (See
(5.17) and (6.5) and problem 2 in exercises 6.1.)



6.2. The Space of Constant Curvature 213

Under the N(N+1)/2 parameter group of transformations (6.44), the metric
form (6.35) remains intact. (Or, in other words, the metric (6.35) admits N (N +
1)/2 Killing vectors.) See Appendix 2.

Now, we shall state a deep theorem.

Theorem 6.2.7 A differentiable manifold My with a metric admits a group of
motions involving N (N +1)/2 parameters if and only if it is a space of constant
curvature.

(For the proof of the theorem above, see the book by Eisenhart [10].)

Exercises 6.2

1. (i) Express the sectional curvature as

R”kj (x)tmtjvk _
(g"mgim — ghkgim)tpvitmvn

Prove that

(ii) Let {&,(x)}Y be an orthonormal basis set. Suspending the summation
convention for this problem, prove that the Ricci tensor components satisfy

R () (& (), €(x)) = —e ) ZK (7,€q,6) .
a#b

2. (i) Prove that in a regular domain of a space of constant curvature, the
orthonormal components of the curvature tensor satisfy the criteria of a sym-
metric space, namely

Va Rbcde (:L’) = 0.

(ii) Prove that the Kretschmann invariant for a space of constant curva-
ture satisfies

Rijkl(x)Rijkl(l‘) = Rabcd(.’L‘)Rade(l‘) = QN(N — 1)(K0)2.
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6.3 Einstein Spaces

We shall define a space more general than a space of constant curvature. We
assume that in a regular domain of such a space, the metric field is of class C3.
In a coordinate chart, let the equations

R..(z) = [R(z)/N]g. (2),
Rij(z) = [R(x)/N]gij(z), (6.46)
Rap(z) = [R(z)/N]dap(z),

r € DCRY,

hold. Such a domain D is called a domain of an Einstein space. (See the
book by Petrov [32].)
Consider an arbitrary non-zero vector field v(z) € T,,(RY). By (6.46), we
derive that
R;j(z)v’(z) = [R(x)/N]v;(x). (6.47)
Therefore, the Ricci tensor in such a space possesses an invariant eigenvalue
R(z)/N . The corresponding subset of “eigenvectors” is given by T,,(RY)—{6,}.
Now we shall state and prove a theorem about Einstein spaces and spaces
of constant curvature.

Theorem 6.3.1 A regular domain of a space of constant curvature must be a
reqular domain of an Einstein space.

Proof. By (6.31) for N > 1, we obtain
Rij(z) = =(N = 1) Kogij () = (1/N)R(x)gi;(x).
Thus, by (6.46) the domain is that of an Einstein space. For N = 1, the proof

is trivial. n

Remark: The converse of the theorem above is not true.

The next theorem deals with the scalar invariant of an Einstein space.

Theorem 6.3.2 In the case where N > 2, the scalar invariant R(z) in a
reqular domain D C RN corresponding to that of an Einstein space is constant-
valued.

Proof. By (5.119) and (5.123), it follows that
V,R; - (1/2)0;R =0
in D c RY. Using (6.46), the identity above yields
[(N—-2)/N]O;R=0.
Therefore, for N > 2, ; R=0 and R(z) = k = constant. [
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Remark: A regular domain of any two-dimensional manifold Ms must be a
domain of an Einstein space. (See problem 3(ii) of exercises 5.2.)

Example 6.3.3 Consider the four-dimensional space-time manifold and the
following metric field in a chosen chart:

g.(z) = [Sin ((\/3?/2)) x?’} e (da! @ da' + da? ® da?) + da® @ da®
- [cos ((\/?K/Q)x?’)} ’ [sin ((\/33/2):&)’)} o dr* @ drt,
D = {meR4,xleR,0<x3<(w/\/ﬁ),m“eR}.

Here, A > 0 is the cosmological constant. By direct computation by (5.114),
we obtain

Rij(z) = =Agij(z) = [R(x)/4] gij (x).
Thus, D C R¥ is a domain of an Einstein space. (This example is from Novotny
and Horsky [29].) O

The next theorem is due to Thomas discussed by Petrov [32].

Theorem 6.3.4 Let D C RN be a regular domain corresponding to that of a
positive-definite differentiable manifold My . The domain corresponds to that
of an Einstein space if and only if

NR;j(z)RY (x) — [R(x)])* = 0. (6.48)

For the proof, see Petrov [32].

A special class of Einstein spaces with vanishing curvature invariant are
called Ricci-flat spaces. (For this class, R;j(z) = 0.) In the cases where
N =2 and N = 3, the Ricci flatness is equivalent to the usual flatness. For
N > 4, Ricci flatness is a weaker condition than flatness. In Einstein’s theory
of gravitation, a Ricci-flat domain indicates the absence of sources generating
gravitation.

(See the references [18], [25], [27] and [38].)

Example 6.3.5 A space-time metric field

g.(z) = (2V)*da! @dat + (21)?*2d2? @ da?
+(zh)?edr® @ do® — (21)?4da?* @ dat,
D = {zeR':z'>0,(2? 2% 2% eR3},
cateztey = l+ecg, (c2)?+(c3)2+(ca)? = (c1+1)?

is an example of a Ricci-flat domain. (This metric was first derived by
Kasner [23].) O
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Exercises 6.3

1. Show that a regular domain of a three-dimensional Einstein space must be
that of a space of constant curvature.

2: Consider the following metric for N > 2:

N-1
Z da: ® dz® — dz™ @ dz™N

a=1

Prove that for
h(a)(.TN) — (Sinﬂl’N)l/N71 [tan (BIN/Q)}Ba/ﬁ ’

B:=01+ - +0n-1#0, a€{l,...,N — 1}, the resulting metric field yields
an Einstein space (Petrov [31]).

3. Consider the following metric field in a regular domain of a space-time
manifold:

g.. = Wzl 22 2%)dzt @ dat + 2da! @ dat + da® @ da® + da® @ da?,
W, a%,29) = [(22)? — (6] flat) — 22228 h(a).

(Here, f and h are arbitrary C®-functions.) Show that the metric represents
a Ricci-flat domain.

Remark: The metric above represents the plane gravitational-wave solution of
Bondi, Pirani, and Robinson [4].

6.4 Conformally Flat Spaces

We shall now investigate conformal mappings. This term is well known in
complex analysis. A mapping from a domain of a complex plane into another
complex plane such that the angle (and the sense) between each pair of inter-
secting curves is preserved is called a conformal mapping. We generalize this
concept to the conformal mapping of a regular domain of My into My . (For a
global definition, it is assumed that My and My have identical atlases.) The
conformal mapping can be defined (in a specific chart for both spaces) as

g (z) = exp[2u(z)] g (),

g (x) = exp[—2u(z)] g (z),

e’(z) = exp[u(z)]e*(z), (6.49)
€u(r) = exp[—p(x)] €u(x),
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Here, p is assumed to be a thrice-differentiable function into R. We note that
by (6.49) we can obtain

g (#)(V(z),v(x)) = exp[2u(z)]g.. (x)(¥(x),V(z)),

B . :7 . . (6.50)
g (2)(V(x),w(z)) = exp2u(2)lg. (2)(V(z), Ww(z)).

The equation above shows that spacelike, timelike, and null vectors are mapped
into spacelike, timelike, and null vectors, respectively. Moreover, for a positive-
definite metric g.. (), the angle between two non-zero vectors is exactly pre-
served.

By (6.49) and (5.41), we obtain the transformation between Christoffel sym-
bols as

k k
{ i } = { ij } + 5kj8iu+ 5’“1-55»” — gijgklam. (6.51)

By (6.49), (5.93), and (5.96), (after a long calculation) we obtain for the
transformed curvature tensor components
Rijp(w) = R jra(2) + 6% [VeVjp — (Orp) (951)]
—0"k [ViVjpu — (91) (9j10)]

_ _ (6.52)
+ (6"195% — 6"k gj1) 19" (Omps) (O )]
+9"" {9xj ViVt — (O112) (O p)] = 951 Ve Vst = (Oes) (D)}
e R%eq(2) = Rpea() + 6% [V Vi — (9epn) (Opp)]
—0%:[VaVyp — (Oap)(Op )] (6.53)

+ (§addbc — 5acdbd) [def (aeyu’) (af:u’)]
+d* {dpe [VaVepr = (0apt) (Oep)] = doa [VeVepr = (9e) (Dep)]} -

Here, the covariant derivatives are performed in the chart for My . By (6.49),
(6.52), (6.53), (5.114), (5.115), (5.116), (5.117), (5.119), and (5.120), we get

Opep) (O;1)]

Rjp(z) = Rji(z) + (N = 2) [ViVp —
+gjk [V Vip 4 (N = 2)g™™ (0 1) (Onpr)]
e Rap(x) = Rap(x) + (N = 2) [Va Vi — (9aps) (op)]
+dap [VVepo + (N = 2)d*(0cp) (Oan)]
R(z) = exp [=2p(z)] {R(z) + 2(N = 1)(V'V,p)
+(N =1)(N =2) [¢7(0ip)(05m)] } ,
Gik(x) = Gj(x) + (N = 2) [V Vi — (O ) (9j11)]
—(1/2)(N = 2)g;k [2(V'Vip) + (N — 3)g" (8in) (Oups)] .

(
(

(6.54)
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Now we shall define Weyl’s conformal tensor. (See problem 4 of exercises
5.2.) For N > 3, Weyl’s conformal tensor is defined by

1
Cliji(z) == Rliji(z) + N 3 [6"jRir. — 6"k Rij + gixR'; — 915 R'i]
R(z) (6.55)
o [8'%gi; — 0'j9in]
(N—-1)(N-2)
Ciye(@) = R gpe(@) + ~N_3 (6% Rac — 69cRap + dac Ry — dap R’
6.56)
R(x) d d (
+m [5 edap — 0 bdac] .

An important theorem about the conformal tensor will be stated and proved
now.

Theorem 6.4.1 Consider a conformal mapping g..(x) = exp [2u(x)] g.. (x) of
class C* in a domain D C RN (N > 3). Then the components of the conformal
tensor remain invariant; i.e.,

C_'lijk(ac) = Clijk(fE). (657)

Proof. By equations (6.49), (6.54), and (6.52), equation (6.57) follows. m

Recall the algebraic identities of the Riemann-Christoffel tensor in (5.100) -
(5.107). Similar and other algebraic identities of the conformal tensor are

Cijri(z) = =Clin(x) = —Cijpr = Cruij(w),
Cliji(x) + Cljri(@) + Cluij(x) =0, (6.58)
Clu(x) =0, CF () =0, C'ja(x) =0.

0
0

By Bianchi identities (5.108) for N > 3, the conformal tensor satisfies the
following differential identities:

ViC" ik + ViC" i + VieCliyy = (N = 2)71 (6" Ria + 0" Ruj + 6™ Ry
+gixR" ;1 + gu R + ginhlk) ,

Riji(z) = ViRij — V;Ry + 2(N = 1)] 7" (gix0; R — gijOx R) = —Rirj(z),

Ri(x) = 0. (6.59)

The third-order tensor field R;;i(x) can be called the Schouten-Cotton
tensor.
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The contraction of the identities for N > 3 in (6.57) leads to

N -3

A regular domain of a conformally flat space My is characterized by the
conditions

g- () = exp[-2u(2)]&- (@), gi;(w) = exp [-2u(2)] 75 (%),

6.61
R ju(z) = 0. (061

We shall now state and prove the main theorem regarding the conformal flatness.

Theorem 6.4.2 A reqular domain of My for N > 4 is conformally flat if and
only if Clijr(z) =0 in the corresponding domain D C RN .

Proof. (i) Assume that the domain is conformally flat. Then, by (6.61),
(5.112), (5.116), and (6.55),

Eljkl(x) =0, Rji(z)=0, R(z) =0,
—1

C ijk(x) =0.

By theorem 6.4.1, we must have

C’lijk-(:C) =0.

(ii) Assume that C';;(z) =0 in D C RY. By (6.60), we get
Rijp(x) =0.
Now, consider an overdetermined system of partial differential equations
V;Viw = (9iw)(9;w) — (1/2)gi;9" (Okw) (dw)

(6.62)
+(N = 2)7 {[2(N = 1)] ' Rgi; — Rij } -

To investigate the integrability, we derive from (6.62), (6.59), and (5.110) that

(alu})Rlijk = VijViw — VijViw,

(6.63)

((9lw)0lijk(l') + Rijk(x) =0.
By our previous assumptions, the equation above (which is the integrability
condition for (6.62)) is identically satisfied. Thus, a solution w(z) of (6.62)
locally exists. We identify u(x) := w(z). Thus, g,;;(z) = exp[2w(z)]gi;(z). By
theorem 6.4.1, we have l

C Z]k(x) =0.
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Equations (6.54) yield
(N =2)"{[2(N = D)]"'Rg;; — Ri; } =
—V,Vw + (0;w)(9;w) — (1/2) i 9" (pw) (dw)
+(N =2)7H{[2(N = )] Rgi; — Rij -
Since w(x) satisfies (6.62), we obtain
[2(N —1)]7'Rg,; — Ri; =0, R;j(x) =0, R(z)=0.

Thus, by élijk(a:) =0, we get Rlijk(x) = 0. Therefore, the metric g..(z) is
conformally flat. |

Remarks: (i) Any regular domain of M is conformally flat.
(ii) A regular domain of Ms is conformally flat if and only if R;;,(x) = 0.

(iii) Any regular domain of a space of constant curvature My is conformally
flat.

(iv) In a regular Ricci-flat domain, C';;5(x) = Rijk(x).

Remark: The last equation has been utilized to investigate gravitational waves.
(See the reference [25].)

Consider a conformally flat space My . It has a coordinate chart such that
9ij(x) = exp[2v(z)]d;; . (6.64)

We consider another chart intersecting the preceding one such that
9ij(Z) = exp[201(Z)]ds; - (6.65)

It is natural to investigate the possible coordinate transformations that take
(6.64) into (6.65). The answer was given by Liouville a long time ago (See
Bianchi [1].). To understand these transformations, consider the following co-
ordinate transformations:

z = \a' #£0; (6.66)
=2t 4 ¢ (6.67)
=157 digl' 1%, = djm; (6.68)
7= [J;i/(djkxjxk)} ; (6.69)
o= [zt — bzt 1 —2b;z7 4 (bpb®) (zmz™)] ,
[ = b)) / [1 = 2o + (0ub) (oma™)] )

x = dpx, xat #0.
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The first of the transformations in (6.66) is called a dilation (or a scale transfor-
mation). The second transformation (6.68) is the generalized Lorentz group
O(p,n,R) (with p+n = N). The next transformation (6.69) is the inversion.
The last transformation (6.70) is called a special conformal transformation.
It can be obtained by the composition (inversion) o (translation) o (inversion).
The compositions of the transformations (6.66) to (6.68) and (6.70) constitute
the (1/2)(N + 1)(N + 2) parameter conformal group C(p,n;R).

Theorem 6.4.3 A conformally flat metric field g;;(z) = exp[2v(x)]d;; for
N >3 goes over to a conformally flat metric g;;(z) = exp[2[(Z)]d;; if and only
if the coordinate transformation belongs to the conformal group C(p,n;R).

Proof. = We shall provide only a partial proof. Assume that the transforma-
tion belongs to the conformal group. It is not difficult to prove that the con-
formally flat metric exp[2v(z)]d;; goes over to another conformally flat metric
under each of the transformations in (6.66), (6.67), and (6.68). Let us consider
the inversion in (6.69). We derive the differential forms by (3.46):

X' (d7%) = (zta) "2dat — 2(atey) "4 et a? dat.
Therefore, the flat metric
oX'(dijdz' @ dz) = (xla:l)_sdij [(mhxh)Qd:ﬁ — 2dnkxix”dask]
® [(aPzp)?dad — 2dy 2’z da']
= (2';)"*d;jdx' @ da? + O.. ().
Thus, we deduce that
Qﬁ’(exp[Qu(x)]dijdaci ®dr?) = (alz)*exp[2v(2)]d;;dT* @ dT7
= (2'3;) " exp[20(Z)]d;;dT* ® d7?
= exp[2(Z)]d;;dz" ® dz7.

Therefore, we conclude that any transformation in C(p,n;R) takes a confor-
mally flat metric into another conformally flat metric. [

Example 6.4.4 Consider a manifold My with signature zero. Moreover, let
us choose a conformally flat chart

g(z) = exp[2u(2)](dz' @ do' — da* ® dx?); x € D C R?.
We now make a coordinate transformation

=2t 422, 72 =2 — 22
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The transformed metric is given by
g..(Z) = (1/2) exp [2(Z)] (alf1 ® dz? +d7* @ d@l) .

(The new chart is called the doubly null coordinate chart.) We make another
coordinate transformation to null coordinates so that the conformal flatness is
preserved. Therefore, we have

1

7= X'@), 7 = X2(3), gg;; ; £0;
0X'(z) 9X' ()

0=3"(@) = exp 2AE) oy s,

0= 57() = exp (@) Tt PXD

The general solutions of the partial differential equations above are provided by

orelse z' =g'(2?%), z%=4%@3"Y).

Here, functions f', f2?, ¢', and ¢ are arbitrary C'. As a proper subset of
these functions, we can allow arbitrary real-analytic functions that involve a
denumerably infinite number of parameters! This conclusion shows why the
case of N = 2 was excluded in theorem 6.4.3. O

Example 6.4.5 Consider the space-time manifold (of signature +2). Let a
metric field be furnished by

g = [A){[1-c@?] " dot @ da!
+(2')? [d2? ® da?* + (sin2?)?da® ® da?] } — dz* @ dat;
e = 0,1
D = {zeR':2'>0, 0<a’<m, —7w<a’<m a*>0}.

The metric above is expressed in a geodesic normal chart or comoving, syn-
chronized coordinate system. (See example 5.4.5.) If the function A is twice
differentiable, the domain D C R* corresponds to a conformally flat one in M.
This metric is the well-known Friedmann-Robertson-Walker (FRW) metric of
cosmology. ]

Now, we shall state and prove the last theorem of this section.
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Theorem 6.4.6 Let the curvature tensor components in a regular domain for
N > 2 satisfy

Rije(z) = k(N =2)" g, Tin + ginTi; — guTij — 9i;Tun
+2(N = 1)7'T(x) (9kgij — gi59:) | (6.71)
T(z) = T'(x).

Here, k is a positive constant and T..(x) is a differentiable tensor field. Then,
(i) Gij(z) = —kT;;(2); (6.72)

(i) Tyj(x) = Tyi(x); VTV = 0; (6.73)

(dii) ViTij — VT + (N = 1) (90T — gi;0kT) = 0; (6.74)
) Clijr(z) =0;  Rijr(z) = 0. (6.75)

(iv

Proof. (i) By (6.71), it follows that
Rij(x) = K [(N = 2)7'T(x)gs; (x) — Ti;(z)]
R(z) =2x(N —2)71T(z),
Rij(x) = (1/2)gij (x) R(z) = -~ T35 ().

(ii) By the symmetry of Einstein’s tensor G;;(z) and the second contracted
Bianchi identity (5.123), the proof follows.

(iii) By the first contracted Bianchi identity (5.121), the proof emerges.

(iv) Substituting Ryi;x(z) from (6.71) and consequently R;;(z) and R(x)
in (6.55) and (6.59), the proof is established. ]

Remark: In the case where N = 4, (6.72) represents Einstein’s gravitational
equation in the presence of matter. Therefore, (6.71) yields the class of con-
formally flat gravitational fields. (See the paper of Das [8] and also Willmore’s
book [39].)

Exercises 6.4

1. Prove that in a regular domain of a three-dimensional manifold, the con-
formal tensor C'... () = O"... (z).

2.  Suppose that a non-null, four-dimensional vector field v(x) = vi(x)%
satisfies v'(2)Cijp(z) = 0 in a domain D C R*. Prove that the domain is
conformally flat (Lovelock and Rund [26].)
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3. Consider the conformal mapping (6.49) in a domain of a four-dimensional
manifold. Let F..(z) = (1/2)F;;jdz’ A dz’ be a differentiable 2-form (electro-
magnetic) field in the same domain. Show the invariance of the electromagnetic
field equations

O:?zF’” =4 ViFijZO,
0=ViFjk+VFei+ViFx = ViFj+V;Fu+ ViFy.



Chapter 7

Hypersurfaces,
Submanifolds, and Extrinsic
Curvature

7.1 Two-Dimensional Surfaces Embedded
in a Three-Dimensional Space

Let us consider the Frenet-Serret formula (5.188) for a parametrized curve in
a three-dimensional Euclidean space. The first curvature x(s) of the curve
appears in both of the equations

(s) = 0,8 () 1L g i T (1)

s € (s1,82) CR.

We shall generalize this concept of curvature to the extrinsic curvature
of a two-dimensional surface ), embedded in a three-dimensional Euclidean
space. (The intrinsic curvature of such a surface is controlled by the Riemann-
Christoffel tensor of »_,.) Consider a non-degenerate, parametrized surface £
of class C3 (with the image Y ,). Let it be given in a Cartesian coordinate

225
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chart by equations

z = {(u) € R,
P = £ =€, 0?), (,0?) € D, C B
) ) i1 5,2
B8 = %,

Rank [9,¢'] = 2;
poe {1,2), i e {1,2,3).

The three-dimensional vectors

0
0T |¢

t (E(w)) = (9.7

are tangential to the coordinate curves on ) ,. (See fig. 7.1.)

uz A

R? TR3

Figure 7.1: A two-dimensional surface ) ., embedded in R?.

(7.4)

These two vectors span a two-dimensional (tangential) vector subspace of
Tewy(R3). Tt is isomorphic to the intrinsic tangent planes Te(,)(>",) and
T.(R2). For any two vectors V(£(u)), W(£(u)), in the two-dimensional vector

subspace, we can express

V() = D00, 50—
£(u)
W(EwW) = [0 ()0, 50

l&(u)
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Now, the inner products for three-dimensional vectors are provided by

o2 2]rw[ L] oo

By the equation above, the previous equations (7.4) and (7.5) yield

L. () () (), o) (€@)) = 5(0,)(0,€) = Gus(w).  (7.7)
L. () (V(E@), W(E(w)) = b5 [v"(0)3,€] [w (w),e’]

= G (W) (u)w"” (u).
From the equations above, we identify
g.. (u) = g (u)du" @ du” (7.9)

as the intrinsic metric for )_,. Moreover, the vectors

Gu) = v ()
w(u) = w”(u)%,

belong to the intrinsic tangent plane T, (RQ). We note that by (3.46) and
(3.49)

(€1 (da'g(n)) = Ou&'dur,
€ T (@) = by (0,69) (0,69) dur © du” (710)
= gu(w)du" @ du” = g.. (u).

(See (5.155).)
We can work out the unique outer normal vector from (5.157) and (5.159).
It turns out to be

vHE(u)) = (1/2)0" e [(01€7)(826%) — (016%)(0287)]
n'(€(w)) = VI(E(w))/ /0, (7.11)
(E() = ni (€)=

— )
0" ¢y

In the simpler language of vector calculus, which uses the cross product, we can
simplify (7.11) into

n(¢(u) = [€<1)(§( ) % t() (€(u ))} / 181y (€(w)) x Eeay ((w))]

= [ﬂn(é( ) X ty(€ }/F (7.12)
g(u) = det [g(u)] > 0.
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It can be proved that ‘ ‘
dign' (§(u))n’ (§(u)) =1, (7.13)

dijn’ (€(u)) 9 (€(u) = 0. (7.14)

Consider now the rate of change of tangent vectors f(u)(ﬁ (u)) along coordinate
curves on y_,. For that purpose, we define vectors

C (€)= (0,006T) 2= =T (E(w): (7.15)

i
0T ¢

Since {f(l) (&(u)), E(g) (&(u)),m(&(u))} is a basis set for T(,)(R?), we can express
the vector field

Eu) (E(u) = iy (W)t (3 (E(w) + Ko (w)H(E(w)). (7.16)

Here, C;}l,(u) and K, (u) are suitable coefficients occurring in the linear com-
bination (7.16). We define the tangential and normal parts as

tangent () ((w))) = O, (w)Eo (€(w)),
normal (€ (€(w))) i= Ky (w)E(E(w)), (7.17)
€() ((u)) = tangent (£(,)(¢(w))) + normal (€, (€(u))).

(See the book by Faber [12].)
By (7.15) and (7.16), we can prove the symmetries

C{,\M(u) = C;‘l, (u), (7.18)

Kopu() = K (u). (7.19)

Let us try to determine the coefficients C*,,(u) in terms of known quantities
of 5. Using (7.7), (7.8), (7.13), (7.14), and (7.16), we get

6i5(02E)(0,0,87) = L. (£(u)) (E(A)7E(uy)) = C?u(u)gpa(u)

B B (7.20)

=: Cpa(u) = Cypun(u).

Differentiating the equation g, (u) = 0;;(9,£")(0\&7), we derive that
DuGun = i3 (0,0, (D1E7) + (9u€1) (0, 02E7)] (7.21)

= Cf’w,\(u) + C’V)\H(u).
Therefore, we deduce by (5.40) and (7.21) that

[/“/7 )‘} = (1/2) [attgu)\ + 8ug>\,u - a)\g,uu} = O,Lw)\(u)a
(7.22)
{ A } )

N
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Thus, the coefficients C*,,,,(u) are components of the intrinsic Christoffel sym-
bols of }",. We can rewrite (7.16) as

Eau ) ={ ), F B (€00 + K i) (7.23

By the equation above, we can express

—

Ko (1) = L. (6)) (B (6()), BE(W))) = 815 (2,0,6) mI (€(w)) . (7.24)

The components K, (u) are generalizations of the first curvature x(s) of a
curve in (7.1).
The symmetric tensor

K.. (u) :== K, (u)du" ® du” (7.25)

is called the extrinsic curvature tensor. The form @1 := K,5(u)du®du” is
called the second fundamental form. Whereas the first fundamental form
O = ds® = G (w)dutdu” determines the intrinsic geometry of the surface,
the second fundamental form ®q; reveals how it curves in the external three-
dimensional space. Besides (7.24), there is an alternate way to express K, (u).
For that purpose, we derive from (7.13) that

Sin’ (€(w) 0, [0 (&(w))] = 0. (7.26)

Therefore, the vectors 9,1 := 0, [n? ({(u))]

surface. Thus, we can express

8 i
BT |ecu) must be tangential to the

auﬁ = Ayu(u)t(u) (€(u)),
Oy [07 (§(u))] = A¥u(w)0, &7,

for some coefficients A”,,(u). Differentiating (7.14) and using (7.27) and (7.24),
we obtain that

8ij [0, + (0,€")(8un)] = 0,
Kyp(u) = =055(8,6) AN () 0r&7] = —gpua (w) ANy (u), (7.28)
K?,(u) := G K, (u) = —AP, (u).

(7.27)

Substituting the above into (7.27), we get
9l = — K", (u)t) (E(u) (7.29)

Oy [0 (£(w)] = =K, (w)d, &, (7.30)
35 (ONE) (8un?) = —Kpua(u). (7.31)



230 7. Hypersurfaces, Submanifolds, and Extrinsic Curvature

Equation (7.29), which was derived by Weingarten, shows that the rate of change
of the surface normal in space is governed by the extrinsic curvature. Equation
(7.31) resembles the equation (7.2) for the principal curvature of a curve.

Now, we shall consider the “invariant eigenvalue” problem posed in the
following equations:

(K () = k(w)gpu (w)] 0¥ (u) = 0, (7.32)
det [Kyy (u) = k()G (w)] =0, (7.33)
(9)k* = (911 K11 + Goa K22 — 2512K12) k + det [K,,,] = 0. (7.34)

Since g..(u) is positive-definite, (7.33) or (7.34) always yields two real roots.
These roots, denoted by k1)(u) and ko) (u), are the principal roots discussed
in (6.22) and (6.23). By (7.34), we can prove that the Gaussian curvature and
the mean curvatures of the surface are furnished by

K(u) = kqy(wk)(v) = det [K . (u)] /g(u), (7.35)

2u(u) = kay(u) + k) (u)

(7.36)
= (911 K22 + go2 K11 — 2912K12) /g(u) = " K .

We shall mention the following classification for a point on }_,.

(i) If k(1) (u) = k(2)(u), the point is called umbilic.

(ii) If K(u) = kq)(u)key(u) > 0, the point is called elliptic.
(iii) If K(u) = k(1)(u)ke2)(u) <0, the point is called hyperbolic.
(iv) If K(u) =0 but p(u) # 0, the point is called parabolic.

(v) Finally, If k¢y(u) = k2)(u) = 0, the point is called planar.
(See fig. 6.2 again.)

Example 7.1.1 We shall investigate a smooth surface of revolution in this
example. Consider a non-degenerate, parametrized curve of class C® given by

r=X(u") = (f(u'),0,h(u")),u" € (a,b) C R; (7.37)
Fhy >0, [f@H]? + [0 @hH]? > 0.
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The image is called the profile curve and is totally contained in the z! —23

plane of R?. In the case where the profile curve is revolved around the z3-axis,
the resulting surface of revolution is furnished by

z=¢(u',u?) = (f(u')cosu?, f(u')sinu®, h(u')), (7.38)
Dy:={ueR*:a<u' <b-m<u’<r}.

(See fig. 7.2.)

uw A

=, "

(u',0) ut
TR? R3
(a,-m) hA

2 X

Figure 7.2: A smooth surface of revolution.

By (7.38), (7.4), and (7.8), we obtain
- 0 0
t(1)(€(u)) [ (cosu 7 +sinu 6) + k' (u )81‘ }g(u)

H(2)(f [ (— sinu? —— —l—cosu )}

g1 (u) = [f'(u') (uh]* >0, (7.39)

Gao(u) = [f<u1>]2 >0,
g12(u) = ga1(u) =0,

glu) = detlgu ()] = [f )2 {[f/@)]* + [/ ()]} > 0.
The unit outer normal, by (7.11) and (7.12), is given by
s(E(w) = (7 + ()] (7.40)

0 3} 0
g 2 o2 11
{ R (u') [cosu 5 +sinu 81:2} + f(u )8033}'5(“).
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Using (7.39) and (7.15), we get

E(ll)(f(u)) = {f”(ul) {cosu2ai + SmuQai} R (u )8?:3 }lf(u) )
- 0 0
t(22)(&(u)) = —f(ub) {cosu 0l +sinu 82} " , (7.41)

— r / 8 a
t(12) (€()) = tan) (§(w) = f'(u) [ Sin gt + 08 uzax} 6w

(It is instructive to note that the vectors €(2), E(QQ) , and €(12) are all “hori-
zontal”.) Now, by (7.41), (7.40), and (7.24), the extrinsic curvature components
are

Kn(u)

Kao(u) = [(f)2 + (W)?] 2 ! (u), (7.42)
Ku(u) = Kgl(u) =0.

I
—
~—~
~»
2
~—
[\

From (7.42), (7.34), (7.35), and (7.36), we deduce that

()2 + (W22 (£ () = £ (' ()]

PN TR @ ()2 + ()22, (7.43)
FEM] TR @ [(F)? + (0] 7 [F (R () — f ()R )]
£(

ul ] [ 2 + (h/)Q] —3/2 [f-(f/h// _ f//h/) + h/((f/)Q + (h/)2)] )

1)U

K(u)

(w) = [(
k) (u) = [
(w) = [
2u(u) = |
None of the geometric entities above depend on the rotational parameter
u?. Moreover, the principal directions of curvature are along the directions of
coordinate curves. In many engineering problems, one deals with metallic or
ceramic surfaces of revolution. As an esoteric application, we cite the example

of spherically symmetric wormholes in general relativity. In that arena, the
surfaces of revolution are pertinent. ]

Exercises 7.1

1. Consider a non-degenerate Monge surface embedded in a three-dimensional
Euclidean space. It is parametrically specified by

x = &(u) = (u,u?, f(u',u?)),u = (u',u?) € Dy C R2

(Assume that f is of class C*.)
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(i) Prove that the extrinsic curvature is furnished by
Ky () = [L+07(0, 1)@, )] (0,00 ).

(ii) Show that the vanishing of Gaussian curvature K(u) in a domain im-
plies the existence of a non-constant differentiable function F' satisfying

F(01f,0of) =0.

2. Suppose that a non-degenerate, twice-differentiable parametrized surface is
given by (7.3). Prove that the extrinsic curvature is provided by

0,0, 0,0,¢% 0,0,8
g(u)KW(u) = det 8151 8152 6163
Do€! NS €3

7.2 (N — 1)-Dimensional Hypersurfaces

Now we shall discuss the embedding of an (N — 1)-dimensional differen-
tiable manifold My _; into a differentiable manifold My . The manifold My_1
is said to be embedded in My provided there exists a one-to-one mapping
F: Mpy_1 — My such that F is of class C" (r € Z*). When the mapping F
is not demanded to be globally one-to-one, it is called an immersion. In the
sequel, we shall require F' to be an embedding of class C",r > 3. The image
F(Mp_1) is called the embedded manifold. Under the restrictions of coor-
dinate charts in both My_; and My, we obtain a parametrized hypersurface
¢ with the image Y5, in D C RV, (See fig. 7.3.)

(See the book by Eisenhart [10].)

We explain various mappings in fig. 7.3 by the following equations:

q=F(p),

X\ "= XjunF(My-_1)

v=x,.(0) =[x, o Foo™"] (w) = £(w),

t =) = (.. UMY, (7.44)

Rank[0,£] =N —1 >0,
£eC"(Dy-1 C ]RN_l;]RN); r > 3.

Here, Roman indices are taken from {1,..., N}, whereas the Greek indices
are taken from {1,..., N — 1}. The summation convention is followed for both
sets of indices.
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N-1 /—\ /
F> S&
U
Ci\”\‘ Dy %/
RV ®

Figure 7.3: The image ), _; of a parametrized hypersurface &.

The metric g.. (z) in 97, (RY) and the induced metric g.. (u) in 7, (RN 1)
are furnished (as in (7.10)) respectively by

g.. (z) = g;j(z) da' @ da? (7.45)
() A @ " = . (u) =, (67)' (B (@) (7.46)
= [9ij (€(w)) (0,6")(0,¢7)] du* @ du”.
An outer normal to ) _; is provided by (5.157) as
) = o € s g

From the assumption about the rank of [9,,£'], it follows that g;(..)v* 17 > 0
for a positive-definite metric g.. (z). However, for a pseudo-Riemannian mani-
fold My, there exist three possibilities. (i) The hypersurface >, _, is called a
spacelike hypersurface if gkjl/kuj < 0. (ii) It is called a timelike hyper-
surface if gkjukuj > 0. (iii) Moreover, )", _; is called a null hypersurface
provided gkjykz/j = 0. In the sequel of this section, we shall exclude all null
hypersurfaces.

Recall the coordinate transformation given in (3.2) for My . We may have
a similar coordinate transformation, called a reparametrization, in My _1.

The mapping symbols occurring in fig. 7.4 are elaborated below:

oute
oub

u? = U% (u),u> = U%=(u), Rank [ } =N-1,U:=[U%]"!, (7.48)
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TRN

(R

=N

TRV

¢ )

Figure 7.4: Coordinate transformation and reparametrization of hypersurface £.

z=¢E(u) =€ (u?) = [0 (UF) ] (u?), (7.49)
T=Xp, @) = [Xog] (W) = &w), (7.50)
7= )?ogo(U#)*l} (u#) =: E(u?). (7.51)

Let us consider transformation properties of 8H§i under each of the trans-
formations (7.49), (7.50), and (7.51). By the chain rules, we have

oc%i(u?) _ oU¥(u¥) O€'(u)

8u#u o 8u#u ou? ’ (752)
96 (u)  OX'(x) AE* (u)
out  Oxk Ig(u)’ Jul (7.53)
o¢' (u* 9 (o
B = g (X lewe)
_ X o) )

Dk ety O |Uwr)  Outte

Therefore, we conclude that (i) under a reparametrization, (9M§i behave like
components of a covariant vector; (ii) under a coordinate transformation, 9,,&’
behave like components of a contravariant vector, and (iii) under a combined
transformation, 5‘u§i behave like components of a mized second-order “hybrid”
tensor! These transformation rules prompt us to define hybrid components
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T ey T g, (u, €(u)) by the following transformation rules (under
the combined transformations):

TH1~~~Hp v1vg et Ji1gs (u#v g(u#)) =

AuFrr  QuFre  QuPr OuPs O™ ozt 9zl dxts
OuM ourr  Qu#n ouFra  Oxk Oxkr Oz Ozis
TR e, M 1, (u, € (). (7.55)

Example 7.2.1 Consider N = 3 and My = Ej3, the Euclidean space. A
smooth, non-degenerate parametrized surface is given by

E(u) = (al(ul) + X (uh), o?(ut) + u? X% (ut), P (u') + u2X3(u1)) ,
(u*,u?) € (a,b) x (c,d) C R%

Such a surface is called a ruled surface. At each point £(up) on >,, a line
segment (or ruling) passes through wholly lying in )", . These rulings are given
by the line segments

Xy (u?) = (ot (ug) + u? X (ug), o (ug) + w2 X% (ug), 0 (ug) +u” X% (ug))
u? € (c,d).

Let us consider a reparametrization

Autu 1 0
#1 1 FHo _ 2 _
ut =u,u _2u’[8u”}_[02 .

Moreover, we introduce a translation of Cartesian axes given by

~1 1 ~2 2 ~3 3 7
r =X +1, r = —|—2, r =X +3, |: j:|_[6]]

In this problem, we have
o (uh) + u2xV (W), X

[0,6] = | 0 (u!) +u2x? (wh), X2(ut)

o3 () + X (ub), X

The rank of the matrix above is assumed to be 2. By the combined transfor-
mations, we have

Eut) = (1+ @l ) + (12X (), 2 + (@) + (12022 ),
3+ a3(u#1) + (1/2)u#2X3(u#1)) )
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The image of 5 is again a ruled surface.

The transformation (7.54) can be obtained in this example by the matrix
multiplication

[agiff)] - axk} Bﬁi] [8u#u]

o () + (1/2)ut2 XM (), (1/2) X (w)
= | o)+ (1/2u2 X% (), (1/2)X2(ut)
Lo (w) + (1/2)u X% (), (1/2)28 (u#)

Now, we shall define a suitable covariant derivative for a hybrid tensor. For
that purpose, we need to introduce the concept of a total partial derivative.
When f is a differentiable mapping from Dy_; x RY into R, the total partial
derivative is given by

o (7.56)

d _ Of(u,x) K [0 (u,x)
_— [f(u,x)|m:§(u)] = T oun e () +0,€ |: Ok ]|r_§(u) .

The first term on the right-hand side is the explicit differentiation, whereas the
second term is due to the implicit differentiation.

The general definition of a covariant derivative of a hybrid tensor is a gen-
eralization of (5.83) together with (7.56). This is furnished by

VATHEEe T g (1, €(0) = WTM P ey T g (1,6 (w)

Z he1PHh41 .

_|_ { } THl ‘Hh—1PHh+1"""Hp Vg 1 T Jiege

_ } : THL by RIS
/\Vw Vi Vyw—1PVw+1""Vq J1Js

w=1

+26A£k{ }T‘“ L (7.57)

o Z@,\f { kjs }Tﬂl oo T g atio g
B=1

_ VATM'””Z’ur--uqil”.i"'jy--js (u, m)+8AfkvaM"'upu1---uqil"'irjl---js (u’ CU)] et ()"

In the last line, the covariant derivative acts only on the Greek indices in the
first term and only on the Roman indices in the second term! Now we shall
provide some simple examples of these differentiations.



238 7. Hypersurfaces, Submanifolds, and Extrinsic Curvature

Example 7.2.2

TS = o f(w€(w)

(7.58)
= ka(u’ ‘T) + a)\gkka(uv ’JJ)] |z=¢(u) ;
TaViu(r) = GV (w); (7.59)
VAT (€(u) = A" VAT ()] ¢ (7.60)
(VAW (u,€(w)] du* @ dxj ) | -
= [6,\Wj(u, x) du® @ da? + YV, W;(u, z) dz* @ dxj]lng(u);
ﬁ)\augz(u) = ﬁx(ﬁufl) + { kZ€ } a)\fk . 8uf£; (7.62)
1€ (u)
VAT j(u, £(u)) = VATH j + OrEF [V, T ey s (7.63)
ﬁ)\guu(u) = v)\g#l/(u) =0; (764)
Vagii (€(w) = [Vigijl ey - 01" = 0; (7.65)

Y,V f(u, £ (w) = V, YV, f+ [V,,Vugk(u)—&- {Z}l d,¢" - &ﬁ] Vi f

+ 8;15[, 61;8@](4‘6,,52. 8uagf—|—aygf, 8M€k [vékah (766)

= V.V, f. -

The connection @“ generates a new hybrid tensor from a given differentiable
hybrid tensor. Under the combined transformation (7.48)—(7.51), the following
transformation rule holds:

VETI ey, g, (€ (u))

_ouwY OQufer  Qufer  Oun ues gz ox'r Q" Oat
T QuFte  Qum Oourr  Jutn Outtra  Oxkr Oxkr Oz ozis

VA R N ORI (7.67)
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Another important property of the hybrid covariant derivative is that the
Leibnitz property (4.25) holds. Therefore, we have

v IGRNC bide o RATAm k1w
Vo [A HZRn s - B pP1Pn el“‘éu}

C TR AL A ki--k
= [VUAIM Hp Vievg Q1 — } BM- prevpn 1 Y ety (7.68)
P11 v A1 A ky-k,
AR e [VUB A wél---év] .

Now we shall derive the commutator [V, Vy — VAV,]0,£ (u). By (7.57) and
(7.58)—(7.66), we obtain that

Y, VA€ (1) = ViV, 0,6 (u)
=V, [9:0,¢] + 0.6+ {Vk (90,6 (w) }
v, [ﬁuaugi} N {Vk Wﬁﬂii(w} }

1

=V, VAV,@"—&—{ 10 } ONEF - 0,88 + 0,8k
l..

i S 9. ¢i
o+{ &) }|..V*a“§ ]
i}, v

—@n - e o o e ae-ae 0o
|€(w)

L H 0 e ag - oe o

i

R AAAS +{ M} &5’“-8”8] N
l..

Using (5.110) and (5.93), we get
Vo Va0t (1) — VAV, 0,& (u)

— , ) A 7.69)
=R ;w)\(“) . 3U§z(u) + lekz(f)\g(u) -8#53 .augk . a)\gz. (

The unit normal vector 1[(£(u)) obtained from (7.47) satisfies by (7.64),
(7.65), and (7.68) the following equations:

9i5 (£()) (9N (€(u)) = 0, (7.70i)

9i5 (E(u))n* (E(w))n? (E(u)) = £1 = ¢(y) (7.70ii)
9i5(-)(Van')ni () =0, (7.70iii)

9i; (V20,7 + 9, (Vand)] = 0. (7.70iv)
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We generalize (7.23) and (7.24) to define the extrinsic curvature as
Ky (0) = ko (€(u) 1= g3 (§(w)n (§ () V ,1(9,€7), (7.71a)
Viu(0587) = euyn? (€() K (), (7.71b)
00,8 = { /L)\y } i { ka }g(u)(aﬂfi)(aufk> +emyn? (€(u) Ky (u),  (7.71c)
KVM(U) = K,uv(u) . (771(21)

y (7.70iv) and (7.71a), we can express

Ku(u) = —gi (@)1 (Vun')(9,€7)
= (V n])\f U)( uf )(aufj)-

By (7.70iii), it is clear that the vectors @uni are tangential to the hypersurface
> n_1- Therefore, these are expressible as linear combinations

(7.72)

Vun' = A7 (u)0s¢" . (7.73)

(Compare the equation above with (7.27).) Substituting (7.73) into (7.72), we
deduce that

K (u) = = A7 (u)gi5(-) (056 ) (00E7) = ~Fo (u) A (u), (7.74a)
K (u) =" (u) Ky (u) = —AL (u) . (7.74D)

Putting (7.74b) into (7.73), we finally derive that

V' = 0,68 [Vin'] w = —K(u),¢" (7.75a)

0, {mn +{ ' }nj] G (W) K (1), (7.75b)
ki) Jiew

The equations above are generalizations of the Weingarten equations (7.30) and
(7.31). Figure7.5 depicts the generalized Weingarten equations (7.75a,b) geo-
metrically.

In fig. 7.5, the dotted vector at £(U(t + At)) is the parallelly transported
normal vector. The difference vector An indicates the change due to the ex-
trinsic curvature.

Equation (7.33),
det [y (u) = k(u)g,, (w)] = 0,

in the present context may not admit real invariant eigenvalues! However,
when g..(u) is positive-definite, there exist N — 1 real, invariant eigenvalues
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Figure 7.5: Change of normal vector due to extrinsic curvature.

ky(u), ..., k(v—1)(u). These are also called principal, normal curvatures of
N—1-

Suppose that we are confronted with the question of the existence of a hyper-
surface ¢ of class C" (r > 3) for some prescribed extrinsic curvature K, (z).
Then, we have to investigate the integrability conditions of the partial differen-
tial equations (7.71b) or (7.71c). These conditions will be summarized in the
following lemma.

Lemma 7.2.3 Suppose that & is an (N — 1)-dimensional parametrized hyper-
surface embedded in RN according to (7.44). Then, the integrability conditions
of the partial differential equations (7.71b) or (7.71c) are furnished by the fol-
lowing hybrid tensor equation:

GMW\ u 5 r;wk + 5(71)(K/WKP KMFZ)]apfi
+Rj€k(§(u)) O 0\ELDLEF + () [V Ky — VoK ]t (E(w))  (7.76)
=0.

Proof.  The integrability conditions of (7.71b) or (7.71c) are
@V@)\(a#fi) — @Aﬁy(aﬂfi) = E(n) [@y(niKW\) — @A(niKW)] . (7.77)

By the Leibnitz rule (7.68) and the Weingarten equations (7.75a,b), we derive
that

Vo (Kuan') = Va(n' Kpu) = (Vo Ky — VaKu)n' + (K K5 — K K,)0,E"
With the equation above, together with (7.69), integrability conditions (7.77)
yield

Ry () - 0p€" + Ripg(E(w)) - 0,6°0,€"0x¢"
= ) (Vo Kyux — VaK,)n!
+ ey (Ku K5 — KuinK,)0,6"
Therefore, (7.76) is established. [
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The lemma above leads to the following generalizations of the Gauss and
Codazzi-Mainardi equations.

Theorem 7.2.4 Let & be a non-degenerate, non-null (N —1) -dimensional para-
metric hypersurface of class C” (r > 3) into RN. Then, the integrability con-
ditions (7.71b) imply that

(Z) E(r,u,u)\(u) = &) (Ku/\Kau - K;LVKJ)\)
+ Rijkf(f(“’))aagi : aufj . 8V§k : 5,\513 3
(i) VoK — VaKuy = Rijre(§(u)0u87 - 0,6 - 028" - n*(§(u)).  (7.78i)

(7.781)

Proof. By (7.76), (7.46), and (7.70i), we deduce that the “tangential com-
ponent” implies

0= (gijao'gj)ezw)\ = gapgp’\/ [E'y/,uz)\ + E(n) (K/U/K)\'y - K;/,)\Ku'y)]
_(gihaafh)R§keau€€ SONEL- 0,68 + 0.

Thus, (7.781) follows.
By (7.76) and (7.70i, ii), we derive that the “normal component” implies

0= (gihnh)o;az/)\ =0- (gihnh)Rj’keaugj . ayé—k ' 8)\52 + [@VK;I)\ - @AK,U,V] .
Therefore, (7.78ii) follows. [

Now, we shall provide some examples.

Example 7.2.5 Consider the three-dimensional Euclidean space, a Cartesian
chart, and an embedded surface ), . In this case, R;jxe()|¢() = 0. The equa-
tions (7.78i, ii) reduce to

Elglg(u) = K11K22 — (K12)2 = det[KW(u)], (7791)
VoK = VK = VK, —V, K, =0. (7.79i1)

(The equations (7.79i, ii) were first discovered by Gauss and Codazzi-Mainardi,
respectively.) Using (7.791) and (7.35), it follows that the Gaussian curvature

K(u) = det[K,,(u)] / g(u) = Ri212(u) /G(u) . (7.80)

(This equation appeared in (6.25).) The left-hand side K(u) is related to the
extrinsic curvature, whereas the right-hand side is given by the intrinsic prop-
erties of the surface. The surprising equality of these two was called by Gauss
“Theorema Egregium.” O
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Example 7.2.6 Consider an N -dimensional manifold with a coordinate chart

such that ) )
g (z) = gi(x)de’ @da?,

g" () # 0.

Let an (N — 1)-dimensional hypersurface be furnished by

(7.81)

at = g (u) = ut,
oV =N (u
u=(x)=(z},..., 2N,

uE” =0, 9,68 =0.

~—

:= ¢ = const.,
(7.82)

The intrinsic metric is provided by

G (W) = G (%) 1= Gpuw (%), - (7.83)

The restricted coordinate transformations in (5.263) reduce to the para-
metric transformations in (7.48). Moreover, the subtensor fields in (5.264) are
intrinsic tensors of the (N — 1)-dimensional hypersurface.

The unit normal to the hypersurface is given by

W)y = [gi%)/ |gNN<x>|} | (7.80)

[N _¢

The equation (7.71a) by (7.82), (7.83), and (7.84) yields

_ _ 1 N
KHV(U) = Klw(x) - lm| {MV }] . (785)

The Weingarten equations (7.75a,b) confirm the equation above. In the case of
a geodesic normal coordinate chart in (5.271),

gNN(x) =EN, gN'u(l‘) EO7

‘:cN:c

_ &N g (@)

K#U(X) - 2 OxN [N _

= —(en/2)g (%) -

The Gauss equations (7.781) reduce to (5.274), and the Codazzi-Mainardi equa-
tions (7.78ii) reduce to (5.275). O

The hypersurface in (7.82) can alternately be characterized by the equation
flz):=zN =c. (7.86)

In the general case of a smooth hypersurface, there exist coordinate charts in
My such that the embedded hypersurface can always be expressed by (7.86).
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Exercises 7.2

1. Consider the metric tensor

g.(z) = gux)dat®dr” + gyn(x)dz™ @ dz™,
x = (2. 2N Y, prell,...,N—-1}.
N

Prove that the geodesics on the hypersurface x"¥ = const. are also geodesics in
the enveloping manifold My. (Remark: Such a hypersurface is called a totally
geodesic hypersurface.)

2. Consider a spherically symmetric metric in the space-time manifold fur-
nished by

g..(z) = exp[2a(zt, zY)]dz' ® do' + [V (2!, )] [d2? @ da? + sin® 22 da® ® da?]
—exp[2y(xt, z4)]dr* @ dz* .

(Compare this with (5.125).) Let a three-dimensional non-null parametrized
(boundary) hypersurface be specified by

2t = €l (u) = B(u?),
2 = €2(u) = ul,
£ = ) =,
t = (u) = ud.
Prove that the non-zero extrinsic curvature components are given by
K (u) = —{Y (@', 2%)[e7* = e 2V[B' ()2 71/2[e Oy +e™ 704y B} (),
Kop(u) = (sin® u) K11 (u),
Ks3(u) = {|€_2a — e 2(B)?|7V2[B" + 2091y + (04(2a — 7)) B’
HOo = 2))(B))? =207 - (0s0) - (BT}

B/ = %B(Ud) .

3. Suppose that My is a space of constant curvature. (See (6.31).) Prove
that the Gauss equation (7.78i) and the Codazzi-Mainardi equation (7.78ii) for
a hypersurface reduce respectively to

Ra‘pu)\ (’U,) = 5(n) (K;L)\KGV - K#VKU)\) + KO (g,u)\gau - guyga)\)

and o o
VoKu» —VaK,, =0.
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4. A stationary space-time manifold M, is locally characterized by the
metric tensor

g.(z) = e’w(x)g/gu(x)dx“ ® dr¥ — e [da* + a,(x)dzH] @ [dot + a, (x)dz?],

x = (a1,2%,27).
A z* = const. spatial hypersurface Mz must be given by the metric
g. (x) =[e Mg, (x) — e®a,(x)a, (x))da" @ dz" .

Using the notation f,,(z) := d,a, — dya,, show that

(1) EW/QQIILVR + R;w - auRu4 - auRuéL + ap,auR44
=G, (%) + (1/2)(0uw - Oyw — (1/2)g}, g Orw - Dpw);

(i) —2e7*“Ryy = g"" V), Vi, w + (1/2)e* f'™ fo,;

(iif) 2a,Ras — 2R,q = V. [e2 ]

(iv) R=e“[R'+(1/2)g"0,w-0pw — g™V, V}, w — (1/4)e*2 g'" g'P° fp fuols
=g g fy,  (Gegenberg [14] & Kloster, Som, and Das [24]).

7.3 D-Dimensional Submanifolds

Let us consider now the more general case of embedding a submanifold Mp
into My, where 1 < D < N. The lowercase Roman indices as usual take
{1,...,N}. The Greek indices now take {1,..., D}. Moreover, the capital Ro-
man indices assume values {1,..., N — D}. The summation convention oper-
ates on three distinct sets of indices. Choosing appropriate coordinate charts
in Mp and My, we have a parametrized submanifold ¢ € C"(Dp C
RP;RN), r > 3. (Compare this with fig. 7.3.) The corresponding image >_
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is in an appropriate domain of RY. We can generalize (7.44) by the following:

r=¢(u) eRY,
ot =& (u) = E(ul, ... ul),
Rank [9,£'] =D > 1, (7.87)
G (W)t @ du” = [g35(§ (1)) 0,0, &7 Jdut @ du .
A normal vector v (£(u)) to >, satisfies
[0, =0. (7.88)

The above is a system of D linear homogeneous equations in N unknown
components v;. Since the coefficient matrix [8ﬂfi] is of rank D, there exist
N — D linearly independent solution covectors w4(&(u)) (A € {1,...,N — D}).
The image ), is a non-null submanifold, provided that there exist D non-
null solution covectors ©4(£(u)). We can normalize these covectors to provide
N — D orthonormal vectors satisfying

913 (E(w))ns (€(w))n (E(w)) = dap, A, Be{l,...,N - D}. (7.89)

Moreover, the normal vectors n(-+) by (7.88) satisfy

i (E(w)(8, )Ny (E(u)) = 0. (7.90)

We define the hybrid covariant derivatives as in (7.57), treating the capital
indices as “invariant labels.” Thus, we obtain from (7.87), (7.89), and (7.90)
the equations

9i5(V29,£)0,6" =0, (7.91i)
9i5(Vaniyng, =0, (7.91ii)
9 (VA0 + 0,8V an] = 0. (7.91iii)

We generalize the definitions (7.71a, b, ¢, d) and the consequences to obtain

K ayor (1) = ko (§(w) 1= g3 (§()ndy (6(w)V,(0,€7) (7.92a)

Vu(0,87) = d*Pndy (6(w) K g (), (7.92b)

0,0,8 = {:V } N {ij} . (8,6(8,F) + d*Pn) Kp,,,  (7.92c)
E(u

K (u) = K (u) . (7.92d)
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By (7.70iv) and (7.92a), we deduce that

Kauw(w) = =gij(Vuna)(0,67) = =(Vina;)(0,6)(,€7). (7.93)

Let us define the hybrid tensor

papy(E(w)) == nai(€(w))(Vinis) . (7.94)

By (7.91ii), we derive that

papy(§(u) = —ppav(§(u)). (7.95)

Now, 8,&" and n%(§(u)) are components of basis vectors for Tg(,)(RY),

which is endowed with the metric g.. (£(u)). For any vector V(£(u)) € Tewy(RY),
we can express as the linear combination

— — —

V(&(u)) = tangent (V(§(u))) + normal (V(£(u))),

‘ 4 4 , A (7.96)
ViE() = (956V70u€" )70’ + (g V7nlp)dPAnly .
Substituting (7.94) and (7.92a) into (7.96), we get
Viunig = ~K g, (w0,€" + d*P pac, (€(u))ni (€ (), (7.973)
OuEF(Vini) .. = =7 Kcpp0, €' + d*P pac,nls . (7.97ii)

These are the generalizations of Weingarten equations (7.75a, b).

Now, we shall obtain another useful equation. By (7.68) and (7.97i, ii), we
deduce that

Vo (nyKpun) = Va(ny Kpy)
= (KBW/ FZA - KB;L/\?ZV)apgi + (ﬁz/KBu)\ - ?AKBuu)nfq (798)
+dPE(upav Kpux — pparKpuw)nt; .
The integrability conditions for the partial differential equations (7.92b) are

given by

VuVa(0u€") = VaVu(0u€') = PV, (0 Kpur) = Va(ny Kpuw)] . (7.99)
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Using (7.69) and (7.98), the integrability conditions yield

Ry ()D€ + Rl (€(1))0,870,6505€"
= d*P|(Kpu Ky — KK ',) 0,8
+(VuKpux — VaKpu)ny (7.100i)

+dPF (upavKpur — MDA)\KBNV)niE} ;

IW)\ rum dAB(KBWKAA KBH/\?,ZU)] apfi
+R]ékap‘£j ° 3)\f€ . 8y£k
+dAB [%K Bux — VaKpu (7.100ii)

+dPE (upprKpuw — MEBVKD;L/\)}nfq(g(u))
=0.

This is the generalization of (7.76). By (7.87), (7.90), and (7.100ii), we derive
that the tangential component satisfies

(gihaofh)e;iu/)\ = 07
EfT/LV)\(u) = dAB(KB/D\KAUV - KB;LVKAU)\) (7101)
+Rijke(€(u) 0o’ - 0l - 0,67 - ONE" .
This is the generalization of equation (7.781) of Gauss. It shows that the intrinsic

curvature of the embedded submanifold is partly due to the extrinsic curvature
and partly due to the curvature of the larger enveloping space itself.

Using (7.87), (7.89), and (7.90), we deduce that the normal component
satisfies )
(gihng)ezy,\ = 07

VKo — VaKcou + dPF (upoaKpu, — tec Kpu) (7.102)
= Ryjie(&(u)0,87 - 0,67 - 0rE8 - ni (E(w)) .

The equation above is the generalization of the Codazzi-Mainardi equation
(7.78ii).
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Now, we shall derive some more useful equations. By (7.57), (7.60), and

(5.110), we have

_ il
0+ 0,& {jk}y. X

o (5] o] e
‘..

dn’y {z } A
+9 . 0,8 n
]k N 2 A

du# th

-0 { [86 {JZk H |..8V€€. O’ + {jlk}“ 8V8M§J} "

. k k
_|_{ ¢ } |:6M€j, dnA + ayé'j. dnA:|
‘..

ik du? dut
T O N Y R W O
gk S Len s A

:{[ag{ i H (5u§e'au§j—5u§£'5u§j)+0}n’2+0
|4.

jk
i {jk }|.» {éh }_,@8 0u8" — 0,87 0,6 )y
= Riy;(€(u) 0,87 0, n’y (€(u)) . (7.103)

Using (7.68), (7.92b), and (7.102), we deduce that

VK, - 0,6") = (n e v)

= (@ufiu) 'QDfi "‘Fiu(dBcnicKBw) —(n =)

=M (ViuKaux — VK 4,0)0,8" + dPC (K, Ky — Ky Kpyp)n
=570, [Rijor0r& - 0,6" - 0,6" - nly + dPF (upapKpry — pipavKpay)]

+dPC (K, Kpup — K Kpup)n - (7.104)
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Now, we use (7.971) to obtain the following expression:

Viu(kapunp) =V (papun) = (Vupapy — Vupapu)ng
(1A K fy — ADoK ) 0,6 (7.105)

+dPC (pADpEBY — BADYIEBL) NG

The integrability conditions of Weingarten equation (7.97i) are furnished by

(@Vvu - @/A@ﬁn% = 6u(?pAu 0p¢" ') — (KAH pfi)
+dPE[V \(ttapvn’y) — Vi (papuniy)] -
Using (7.103), (7.104), and (7.105), the integrability conditions (7.106) yield
Ry (E(u) 080,88 -nly = GP0,E" RyjoxOrE - 08" 0,EF - n'y
+dBC(FZuKBup - FZHKBVP)TLQ

(7.106)

+dP¥ I:(@,MIJ’ADV — VoAD' (7.107)
+dBC(MADuMEBV_MADVMEBu)né'}
or @, (u,é(u) = dPFpapu(&(u))ny
+dBC(Fi\uKB/w - ?imKBup)niC (7.107ii)

(g™ =GN0, - 0rE") Riejr 0,87 - 9,65 -0y
= 07

pasu (1) =V upapy—Vopiapu+d" (parppics, —parvpcs,) , (7.107ii)
PABvu = —PABuv - (7.107iv)

Now, we shall state and prove a theorem due to Voss (for a positive-definite
metric) and Ricci (for an indefinite metric).

Theorem 7.3.1 Let & be a non-degenerate, non-null, D -dimensional parame-
trized submanifold of class C", (r > 3) in RYN. Then, the integrability conditions
(7.107ii) imply that

pAFﬂV(é-(u)) (préhj 'KF,up _FP : KFVp)

(7.108)
+ Rigjr0u&7 - 9,65 -nly -nip = 0.

Proof.  The equations (7.108) follow from (7.107ii, iii) and nplfI)AW = 0.
We shall discuss some examples now. ]
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Example 7.3.2 Consider as the embedding space the three-dimensional Eu-
clidean manifold E 3. We choose a Cartesian coordinate chart so that

g. (v) =L.(2) = 6;;dz’ @ da? .

Let a non-degenerate parametrized curve & of class C® be embedded in R3.
(See (5.170).) In this example, D =1 and the image of the curve ¢ is denoted
by ;. Roman indices take from {1,2,3}, the Greek indices take from {1},
and the capital Roman indices take from {1,2}. The curve is given by

' =& (u) = (), u'e(a,b) CR.

Without loss of generality, we choose u to be the arc length parameter. Thus,
we must have

I (gl(u)’gl(u)) = 04y dfiztf?) dflju(?) =1= ?11(u),
L& (u),€" (u) =6 de'(w) d>€(u) _

Tt (dut)? T

Assuming that € (u) # 6§(u), we define one normal vector as

gl

i) (E(w) == €7 (/1€ (w)l,

) B | | (7.109)
T2 = € iy (6(w) = wuhnfy (€(w).

Recall from (5.188) that k(u) is the principal curvature.
The second normal is defined by

k u
Ny (€(u)) := 5ij€jke%<l)nfl)(§(u)) ,

5¢jnzA)ngB) = JAB .
Now, (7.92b) yields

d*€" (u)

@ = Ui Ko + 8% i Ky - (7.110i)

Comparing with (7.109), we obtain that

k() = K11 (w), Kzi(u) =0. (7.110ii)



252 7. Hypersurfaces, Submanifolds, and Extrinsic Curvature

The second and third of the equations (5.188) and the Weingarten equations
(7.971) imply that

[ONRA & (u) ; B € (u) vy 1
dni2 () _ dfi " ‘
— g = () = —Keon dqjl) + 0" payiny) - (7.111)

By comparison, we infer that

Koy (u) =0,  peyi(u) = —paz(u) =7(u).

In this example, we have established the equivalence of equations (7.92b) and
(7.971) with Frenet-Serret formulas (5.188). a

Example 7.3.3 Every regular subspace allows local parametrization:
x® = &%(u) :=u®,

pP+A — 5D+A(u) = A = const. ,

7.112
9,68 = i, 0,671 =0, ()
guy(u) = Gij (E(u))augz ’ augj = guu(uv c).
We could have represented the image ), by the linear constraints
fiopay(@) = aPt —ct =0,
o (7.113)

= ¢+, D+AD+A(.)

0i f(D+4) 99(-)0; f(p+a) - 0 fD4a =g ).

(In this example, we suspend the summation convention on capital indices.)
The non-null subspace must satisfy

gPTAPFTA(E(u)) #0 for every A€ {1,...,N — D}.

The unit normal vectors are provided by

nai€(u)) = 07/ \/[gPFADFAL
na(€(w) = g"PrAE(u))//IgPTADPTAL

By (7.93) and (7.114), the components of the exterior curvature tensor are given

H jk} 9u' - 0,6" - ”AJ}
¢ [€(u)

_ |:|gD+A,D+A(x)|—1/2{D+A}:| .
g |z=(u,c)

(7.114)

KAW/(U)
(7.115)
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Using (7.94) and (7.114), we can derive that

papy(u,c) = 57T A|gPTAPTAC) T2 0,80 V).
_ {gD+A,D+A(x)|—1/2 %(QD+A,D+B . ‘gD+B,D+B|—1/2) (7.116)

_ D+ A
+gk,D+B(x)|gD+B,D+B| 1/2 { i }:| } ] 0O
[(u,c)

Example 7.3.4 In this example, we have the usual summation conventions
except for two cases. The capital Roman index D is not summed. Moreover,
if two repeated capital Roman indices both occur as superscripts (or else sub-
scripts), the summation is suspended. Let the metric tensor g.. (z) be provided
by

gij(z)da' @ dzd = gfw (x)dzt @ da* + dpce®? (x) ® é¢(x),
eP(x) = daxPtP 4+ Al (x)dat, (7.117)
x = (af,...,2P).

It follows from (7.117) that

[ 95, + 5EcAEA9 Ag(scB
l9;(x)] = ,
SacAY ‘ daB
- g/’“’ ‘ 791;141/145 (7118)
(g9 (x)] = —Aﬁg”“’ §AB | g”\f’Aj\“Af )
det[g;j(x)] = det[g;, (x)].

Some of the Christoffel symbols, as computed from (7.118), are furnished by

{D+E

» }(1/2)[V;AE+V'VA5](1/2)9')“’5A3Af\3(AZ‘Ff;JrAfFfp), (7.1191)

Fh(x) = 0,A0 —9,A = —F} (x). (7.119ii)

v

Comparing (7.119ii) with (5.88) and (3.77), we conclude that A7 and FZ, are
generalizations of electromagnetic potentials and fields.
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For a D-dimensional subspace, we choose the parametrization (7.112) (z* =
ut) again. Therefore, we get for the intrinsic metric

Gy (W) = g, (1) + Opc A) () AT (u) . (7.120)

The unit normal vectors are given by (7.114) and (7.118) as

npi(u,c) = 5iD+B|1+g’)‘pAf\3Af|*1/2,

np(ue) = g PrE(u)[1+ g AR AB|2, (7.121)
nfh(ue) = —g(WAB ()1 + g™ AR AL|TY2,
npt A (ue) = [9AB 4 g ARADI 1+ g AR AB|I2,

The extrinsic curvature components are furnished by (7.115), (7.118), (7.119i),
and (7.121) as

KC;W(U) = (1/2)|1+g/>\pA§JApC|—1/2

(7.122)
x [VI,AS + VL, AS — 05, AS(ANFE, + ALFB)).

Using (7.116), (7.118), and (7.121), we obtain

oT — 0 @ —
uABy(u)={|1+g’ AL AL [W<(5A3+g/ PALAR) 149> AT AB|712)

(7.123)

D+ A
—g/'wyA,?‘l +g/>\pA§A§|_l/2{ + }

132

—(1/2)g"° A} Feys(69% + g P AS AR|1 + g”\PAfA/’ﬂ—l/?] }

|z=u

The equation (7.101) of Gauss yields

Ropn(X,€)jxeu = R (u) + dAB{(l + g MAJAN (1 + g P AB AL 2

D+B D+A D+B D+ A
x [P AL P N (7.124)
5% oA LA ov x=u
This example is relevant in the unification of gravitation with an Abelian
gauge field. O

There exists another approach to extrinsic curvature of a non-null subspace
based solely on tensors in the enveloping space Mpy. In this approach, the
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projection tensor h'. is defined by the components

hi(E(w)) = 88 —d*Pnl(E(uw)np;(E(u)),

neih = 0,
uEhy = 9,8, (7.125)
hihi = hi,
6 = hi+ d4Bning,; .

(The equations above can be proved by using (7.89) and (7.90).) The equation
(7.96) can be expressed as

V(&(u)) = tangent (V(&(u))) + normal (V(§(u))),
Vi) = (hV7)+ (d*Pnp;V7)n) .

(7.126)

The components hé V7 yield vectors tangential to the subspace > p - In asimilar
fashion, we can decompose a general tensor into unique tangential and normal
components. Especially, the tangential components are provided by

tangential 7721 (&(u))] == hjl -+ hjr hSE - RS TP (E(u)) . (7.127)

The set of all tangential tensors of order r + s spans a D" T¥-dimensional sub-
space of ’S"Tf(u)(RN ). This subspace is isomorphic to the intrinsic tensor space
"T..(RP). We shall show this correspondence in the following simple cases:

Wa(u) = (0,8)[hWe(E(u))],
VEu)0uE" = hVE(E(u),

' ) , , (7.128)
OuE' - 0 [hERSgrel = Ou€’ 00 gi(E(w)) = Gy (u),
Ty (o, = & [hITy(Ew))].
The tangential covariant derivative is defined by
T = VT g - b - by (7.129)

Now, we shall provide some simple examples.

Example 7.3.5
hijik = [Ve(Gmn — d*Pnamnp,) WA
= —dAB[(VmAm)an+nAszan]h;"h;?h£ = 0.
;= (Vend)hihy,

augjniﬁlj = (0uE"M)(Vin)hy = Vunly —dPninpiV,nly = Vunl . =
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The extrinsic curvature in this approach is defined by the components

XAij(g(u)) = 7h§h§vknz‘w\g(u>

(7.130)
= —(1/2)h,’§h§(van + VznAk)|§(u) .
By (7.93) and (7.130), we deduce that
KA,LW(“) = 78#516 : avgkanAZK(u)
(7.131)

OuE’ - 0,67 x i (€(u)) .

Exercises 7.3

1. Consider a four-dimensional Fuclidean space and a Cartesian coordinate
chart. Let a two-dimensional submanifold of real-analytic class C“ be given by

ot=ut, =% 2*=V(u), 2*=W(u), ueD,.
Moreover, let the functions V' and W satisfy the Cauchy-Riemann equations
OV =0,W, 0V =-0W.
Prove that 042K 4,,g""nl; = 0.

(Remark: Such a submanifold is called a minimal submanifold.)

2. Consider a non-null submanifold of class C” (r > 3) and the normal vector
_ N-D
subspace spanned by {nfé‘ %‘ E(u)} . Let the orthonormal basis vectors
1

n4(¢(u)) undergo a generalized (variable) Lorentz transformation
A (8(w) = LE(E(w)nip (£ (u))
LBdpcLS = dag .
Assume the induced transformations
IA(AW =LEKp,.,
fiapy = LG LEpom, + dop LGV, (LE) .

Prove that under such transformations, (7.101), (7.102), and (7.108) remain
covariantly intact.

3. Consider the hybrid tensor components papg,.(§(v)) in (7.107iii). Assuming
differentiability, prove the Bianchi-type differential identities

ﬁ/\pABpu/ + ﬁ;LpABuA + ﬁl/pAB)\;,a =0.



Appendix 1
Fiber Bundles

Let E and B be two sets endowed with topologies. (These are also called
topological spaces.) Let E be “larger” than B in some sense. Moreover, let
there exist a continuous projection mapping I : E — B. The triple (E, B,1I)
is called a bundle. The topological space B is called the base space.

(See the reference [5].)

Example (A1.1). Let M and M# be two CY-manifolds. The Cartesian
product manifold M x M# can be defined. The bundle (M x M#, M,1I) is a
product bundle or trivial bundle with the projection mapping

(p,p*) :==p
for all p in M and all p# in M#*. (See fig. Al.1). O
KVM
1 boehe M
M#
Y1
p :

Figure A1.1: A product or trivial bundle.

Example (A1.2). A circular cylinder can be constructed by glueing the
opposite edges of a rectangular sheet of paper. Topologically speaking, the

257
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cylinder is the product manifold S' x Z, where S! is the closed circle and 7
is an open linear segment. The product bundle (S x Z,S',II) is obtained
by defining the projection mapping II(p,q) := p for p € S* and ¢ € Z. The
usual chart on the circle is furnished by 6 =z = x(p), 0 € [—m,7]. The points
0 = —7 and 0 = 7 must be identified. (See fig. A1.2) (Distinguish between the
projection IT and the angle 7!)

Identify
) - )
G>S'xI
(p.q)
° Topologically A (,9) ¢ )\
>
b b
Ty dentity Y T1
IS — C.\

X
-T6—e—OT -n T
@ u
Identify Identify

Figure A1.2: The product bundle (S* x Z, S, 1I).

Consider the special bundles such that the subset F, := II7!(p) (for some
p € B) can be mapped in a continuous and one-to-one manner into a typical set
F. (Such a mapping is called a homeomorphism.) In that case, F), is called
the fiber over p, and F is the typical fiber. It may happen that there exists a
group G of homeomorphisms taking F' into itself. Moreover, let the base space
allow a covering of countable open subset U;’s. (See fig. A1.3).

A fiber bundle (E, B,II,G) is a bundle (F,B,1I) with a typical fiber
F and the group of homeomorphisms G of F' into itself and a countable open
covering of B by U;’s. Moreover, the following assumptions must hold.

I. Locally, the bundle is a product manifold.
II. There exist homeomorphisms H; and h; such that

H;: II"YU;) — U; x Ffor every j.

hy: Y U;) — F for every j.
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F
e hy,p
N & /(/—)\ )
"< ) hypehy™p
\\\>/
h,p
IT
\
7—0—0—0—0—0—
B \—*‘_L‘J
U, 0,

Figure A1.3: A fiber bundle (FE, B,1I,G).

Thus, H;(§) = (II(§), h; (&) = (p,h;(§)) € U; x F. (Note that the re-
striction hj, = hj|p(p) is a homeomorphism from the fiber F), into F.)

II. Let p € U; NUy. The mapping h;, o [hy ;]! is a homeomorphism of F
into itself. Thus, h;, o [hxp] ™' constitutes an element of the structure
group G.

Remark: 1In the case of a trivial or product bundle, the group G contains only
the identity element.

Example (A1.3). A circular cylinder can be constructed by glueing (or
identifying) the opposite edges of a rectangular sheet of paper. (See example
A1.2.) Mathematically speaking, the circular cylinder is the product manifold
S! x I, where S' is a closed circle and Z is an open linear segment. The
product bundle (S! x Z,S* TI) is obtained by defining the projection mapping
(&) = I(p,y) := p for p € St and y € Z. Let us choose the circle S of
unit radius and the interval Z := (—1,1) C R. A possible coordinate chart for
the unit circle St is furnished by the usual angle § = = = x(p), z € [-m, 7).
(Caution: Distinguish between the number 7w and the projection II from the
context!) An atlas for S is provided by the union U UU, where D = y(U) :=
{z:-m<z<7/2} and D =x(U):={Z:0 <7 < 37/2}. In the intersection
untv , the corresponding coordinate transformation is furnished by z = x. (See
fig. Al.4.)

The intersection UNU is the intersection of subsets corresponding to DND =
Vi:={z:0 <z < 7w/2}. Moreover,

W ={z:—r<zx<-n/2} CD and W::{E:w<f<37r/2}cﬁ.
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Identify
Identify
Co
&;D\ &“
&
S
b d
IT d IT b I1
j: I ' i - P"
U |
x U \VAC
-1 =/ ? X=X T‘f/z 4 ‘ 31/y
D |

&o———>—~ h(&)

°
(&)

N 3 AII
(@h(EN @hQN

Figure A1.4: Fiber bundle (S x Z, S, 11, G) and various mappings.

(Note that subsets W and W are topologically identified.) The areas corre-
sponding to x (V) x Z are shaded. Moreover, the areas corresponding to

X Y(W) xZ and Q‘l(W) x T, respectively, are dotted. (See fig. A1.4.) By the
definition of various mappings, we obtain that

H(E) = (I(6),h() = (p.h(),
H(E) = (1(€),h() = (ph(9),

for all p € U and all p € U. Similarly, we get

HC) = (I(C),hC) = (a,h(0),
H¢) = {1Q.h(Q¢) = (a.h(C)),
forall ge UNU.

Since two coordinate charts coincide in U N U, the “vertical coordinates”

o~

satisfy h(¢) = h(¢). For the other part, (W) x Z and x~*(W) x T inside
U xZ and U x I are identified. Therefore, the “vertical coordinates” again
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Identify
Identify

c»/ b d

G
I T &o\—‘
b <\
4 SR
() HUmeHH UHM \\
P, ~
h £ (p.h()
(ah(c) @henll , e

i HNE '
UxI OxI

Figure A1.5: The Moebius strip as a fiber bundle.

satisfy h(§) = ﬁ(é“) Thus, in the union U U U', we always have
ho(h)™' =hoh ' =e=: identity.

Therefore, the structural group is given by the singleton set G = {e}. O

Example (A1.4). Now we shall discuss the Moebius strip as a fiber bun-
dle. It is obtained by twisting and glueing edges of a strip of paper. It cannot
be described globally as a product manifold. However, locally it is a product of
U x I, where U C S' and 7 is a line segment. We need some mechanism for
twisting to occur. Let us choose the line interval Z := (—1,1) C R and S as

the unit circle. We choose exactly the same chart as in the preceding example.
(See figs A1.3, Al.4, and A1.5.)

The intersection UNU is the intersection of subsets corresponding to DN D =:
V={x:0<z<7/2}. Moreover, W := {z : -7 < © < —7/2} C D and
W= {#:7 <7< 3n/2} C D (as in the preceding example).

From the definition of various mappings, we conclude that

H(¢) = (¢, h(<))

for all ( € I~tox 1(V) =171 o x~}(V). Since two charts match exactly in
V', we must have identical “vertical” coordinates. Therefore,

h(¢)=h(¢) and hoh ' =hoh™' =e = identity
for all ¢ € 17! o x~1(V). However, in the other parts, x " *(W) xZ in U x T

and X1 (W) x T in U x T have opposite orientations incorporating the twist.
Therefore, the “vertical” coordinates satisfy

h(€) = —h(€)
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for all £ € II7! o x~1(W). Thus, in such cases

Therefore, the structural group is furnished by G = {e,g}. (This group is
isomorphic to the permutation or symmetric group Ss.) O

A bundle (E,M,II,G) is said to be a C*-differentiable fiber bundle
provided E and M are C*-differentiable manifolds, G is a Lie group, and a
covering of M by a C*-differentiable atlas exists.

Let us define the tangent bundle (7 (M) over the base manifold M. It
is the space of ordered pairs (p,v,) for all p in M and all tangent vectors
Vp € T,(M). It constitutes the fiber bundle (37 (M), M,II,G) in the following
manner. The fiber at p is T,,(M) and is isomorphic to the typical fiber F =V,
the N-dimensional (real) vector space. Projection II is defined by II(p, V,) = p.
Covering of M is by a typical atlas. The Lie group G = G¢(N,R) is the group
of invertible mappings of IN-dimensional real vector space V into itself.

A cross section of a general bundle (F, B,II) is a mapping ¢ : B — F
such that ITo o = identity. A tangent (or contravariant) vector field \Y4
on M is a cross section of the tangent bundle {7 (M). A tangent vector field
V maps each point p in M into a tangent vector V(p) € T,(M) by the rule
Vip— (. V() = (x '), V(x'(2)). (See fig. AL6.)

In a similar manner, we can construct a tensor bundle (77 (M), M, 1I)

S

and a tensor field 7T : p — (p, “T(p)) = (x ' (x)), "T(x (z)).

Remark: A tensor bundle always admits the zero cross section 70 =: p —
(p, 50(p))-

N Ve
v ToM) | —

(JTM),M, ) r/\v\c v

Figure A1.6: A tangent vector field V.
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Lie Derivatives

Let us consider a continuous vector field \7(96) in D c RY and a system of
ordinary differential equations:

dX (1)

—o = Vix ()], (A2.1a)
dXC;(t) — VI (), ... AN ()] (A2.1D)

t € [-a,a] CR.

In the case where the Lipschitz condition ||V (z) — V(zo)|| < K| — | is
satisfied, the system of equations (A2.1a, b) admits unique solution of the initial

value problem

(See the book by Coddington and Levinson [6].) The solution is called the
integral curve of (A2.la, b) passing through z,. We consider the family of
integral curves passing through various initial points by putting

x = &(t,xo), (A22)
g = &(0,20). '
Changing the notation of (A2.2), we write

ro= gt

r = £(0,x2),

oo (A23)
xj = £J (tvx )

o= &(0,2)
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The original differential equations go over into

0¢(t, )

=5 = Vo),
j (A2.4)
W = Vit a),.... &N ().

The functions £(t,£(s,z)) and &(t + s, x) satisfy the same differential equa-
tion as in (A2.4). The initial values of both of these functions £(0,&(s,x)) =
&(s,x). By the uniqueness of the solution of the inital-value problem, we can
infer that

§(t,4(s,2)) =&t +s,2). (A2.5)
Now, we introduce the mapping
& = &t )iaxr— T,
(A2.6)
& = £(0,-) = identity.

This mapping takes the point x into Z along the integral curve of (A2.4).
Moreover, the mapping &; takes the neighborhood Nj(x) into the neighborhood
N3(Z) along integral curves. By (A2.5) and (A2.6), we can write

§iols(x) = &(&(s,2) =&(t,&(s,2)) =&t +5,2) = §iys(T),
§e0&s = &Cits-

Therefore, & 0 &y = & = identity and £_; = (&)~ !. These facts show us that
the set of all mappings (diffeomorphisms) & with ¢ € [—a,a] forms a local

(A2.7)

pseudo-group. The mapping & induces a derivative mapping E ; from the
tangent space Ty (RY) into the tangent space T5(RY) = Ty, () (RY). (See (3.41)
and (3.43).) We define the Lie derivative of a vector field U(z), restricted to
an integral curve of the equation (A2.4), by the following rule:

5o [ (607 0@)] ~ U(a)
Ly[U(x)] = }E% { ; . (A2.8)
(See fig. A2.1.)
Example (A2.1).  Let us work out the Lie derivative of the coordinate basis

field 52;. By (3.43), (A2.3), and (A2.4), we obtain

w0\ 08 (—t,F) D

oz’ Oxi
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U®)

V)
(E)'[U®]

Ex)

].R—aot a

Figure A2.1: A vector field ﬁ(a:) along an integral curve (-, x).

Therefore, from (A2.8),

o[ —,%:na{[g”_l(%”i"’}
[ } } 6?33
laaﬂ i) 39((% A)>|t_0+0(t2)_5g’”£

oVi(z) &

= - - . O
Jxt  O0xd
Using the example above and the definition
Lglf(x)) := V(2)[f], (A2.9)
we can prove that
~ _[oui(x) Vi (x) 0
Ly[U(x)] = 5 Vi(x) — 5 U’ (x) ph (A2.10)
A consequence of the equation above is that
Ly[U(2)] = V(2)U(z) — U(z)V(z) = [V, T]. (A2.11)
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(See (4.50) and (4.51).)

We generalize the definition of Lie derivatives in (A2.8) for a differentiable
1-form W (z) by (3.44) as

Lo[W(2)] := lim { (£ W(@)] -~ W(a) } . (A2.12)

Example (A2.2). Let us consider the Lie derivative of the basis 1-form
dz'. By (A2.12), (3.46), and (A2.4), we have

LV[dﬂfi] — lim { [é;]fl(d?) _dt }

: — afl (ta I) ) ]

_ 1 _ st J

o }E% {t [ oxI 6’} } du

_ (o )] Vi), 5
Ozl Ot |, oxI ’

By the example above and the definition (A2.9), we obtain for a differentiable
1-form W(z) = W;(x)dz?,

Vi ()

Lg[W(@)] = |55V (@) + W) =

X OWi(z) i
[ D dz* . (A2.13)

We are now in a position to define the Lie derivative of an arbitrary differ-
entiable tensor field 7T(x). With the help of equations (A2.8), (A2.12), and
(3.47), we define

Ly[ 1T ()] == lim { (&) [ZT(f)] — rT(a) } |

t—0

{0 T} (W), E(W (@), (T (@), &(T,(2)
= ["T(2)] (vvl (@), ..., Wy(2), 01 (2), ... ,ﬁs(m)) (A2.14)
for all Uy, ..., U, in T,(RY) and all Wy,..., W, in T,(R"N).

We can work out the coordinate components of L[ T(x)] by (A2.14).
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These are furnished by

r Gty r i1 ir 9 9
{LV[sT(m)]}Jljs T {L\‘}[ST(Z‘)]}<CLT P adx 7amj1a-~-aasz>
= @TRViE) - X [T @) v (a215)
a=1

z i k
+Z|: Jll Jp—1kjgt1- Js( )} ajﬁv :

(The proof of the equation above is left to the reader.)

Example (A2.3).  Consider a (0+2)th-order differentiable tensor field T.. ().
The components {L[T..(x)]}i; are provided from (A2.15) as

{Lg[T..(2)]}i; = (O6Tij)VF (@) + Tioj (2)0;VF + Ty (2)0;VE. (A2.16)
For a differentiable mixed tensor field,
{Lg[T. ()]} = (OuT))V*(x) = T (2)0e V' + TLO; V. (A2.17)
From the equation above, we have the contraction
{Lg[T. (@)]}i = (OT])V(2) = Ly[T} ()] o

The main theorem regarding the Lie derivatives of tensor fields is stated
below.

Theorem (A2.4). The differentiable tensor fields and the differentiable vec-
tor field V(w) i D obey the following rules in regard to the Lie derivatives:

)] € [T(RY).

(it) LgA(ET(@) + u(20(@)] = MLg[:T(@)]} + 1{Lg[1T(@))}.

[§T(z) @ U()] = {Ly[{T(2)]} © §U(z) + {T(z) @ {Lg[§U()]} .
(iv) Ly[Cj(5T(2))] = CH{ Ly [{T(x)]}.

[

d(,W(2))] = d{Lg[,W(z)]}.

The proof is left to the reader.

Note that the Lie derivative of a tensor field is defined on a general differ-
entiable manifold without recourse to the existence of a connection. Moreover,
Lie derivatives produce new tensor fields out of old ones.
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In a Riemannian or pseudo-Riemannian manifold My, the symmetric met-
ric tensor g.. (z) must exist. The symmetries or isometries of the manifold are
investigated by obtaining the existence of Killing vectors K(z) satisfying

Lglg. ()] =0.. (z). (A2.18)

The equation above is called the Killing equation. Equation (A2.18), by the
equation (A2.16), yields the component version

{Lglg. (2)]}ij = (00gij) K () + g0j (2)0: K + gio(2)0; K = 0. (A2.19)

Introducing covariant derivatives involving Christoffel symbols, (A2.19) can

be expressed neatly as
Vi;K; +V;K; =0. (A2.20)

Example (A2.5). Let us investigate the Killing equations (A2.19) in the
simple case of the Euclidean plane E,. Using a global Cartesian chart, we
obtain that

9ij(@) = 0ij,  0ugij = 0.
Equations (A2.19) yield three independent equations

K| =0,Kq = 0, Ko+ 0K, =0. (A221)

These are three linear, coupled, first-order partial differential equations for two
unknown functions K; and K, in two independent variables (z!,z?) € R2.

Solving the first two equations in (A2.21), we get
Ki(z) = F(z2?),

() (2) o
Ky(z) = H(ab).

Here, F' and H are two arbitrary (differentiable) functions of integration. Sub-
stituting (A2.22) into the third equation in (A2.21), we derive that

F'(z*)+ H'(2') =0,
F'(2?) = —H'(z') = 0y = const..
Solving the above ordinary differential equations, we finally get
Ki(z) = 0gx® + 1,

(A2.23)
KQ(.%) = 7901’1 -+ tQ,

0 0
2 0 1.0
ozt " 83:2} '

- 0 0
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Here, t1,t5 and 6, are three arbitrary constants of integration. The parameters
t; and ty generate translation of coordinate axes, whereas the parameter 6y
generates rotation of the axes. Therefore, the Killing vector field K(m) generates
the group of isometry in the Euclidean plane E». O

Example (A2.6). Consider the surface S? of the unit sphere. (See exam-
ples 4.3.12 and 5.1.8.) The metric tensor is furnished by

g.. (z) = da' ® do' + (sinz')?dz? @ da?.
The corresponding Killing equations (A2.20) yield
HK'=0,
02 K? + (cot 2 ) K1(2) = 0, (A2.24)
0o K + (sinz!)?20,K? = 0.

Solving the first equation, we obtain that

K'(z) = K* (2!, 2?) = f'(2?).
Here, f is some twice-differentiable function. Now, the integration the second
Killing equation implies that

K2(x) + (cota!) f(a?) = g(a').

Here, g is some differentiable function. With these results, we deduce from the

third equation that
f"(@?) + f(@?) + (sina!)?g'(a1) = 0,
(A2.25)
f'(@?) + f(a?) = C = —(sina')’g'(z").

Here, C' is a constant of separation. Integrating the equations above, we derive
that

f(z?) = —C+ Acosz? + Bsina?,
g(z') = Ccotax'+D.
Here, A, B, D are arbitrary constants of integration. Therefore, we obtain that
K'(x) = —Asin 2%+ Bcosa?,
K%(x) = D —cota!(Acosz?+ Bsinz?),
- 0 0
Kz) = -4 (Sin z? pysy + cot 2! cos 12812)
0 0 0
+B (cos w2@ — cot z! sin m263:2> + D@ .
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There exist three linearly independent Killing vectors

K(1)(x) = sinx % +cota! cosz? — 527

K : 0 2 9 A2.26
K)(z) = —cosx ﬁ—i—cotw sin z e (A2.26)
= 0

(Multiplying the above by the imaginary number ¢, we arrive at orbital angular
momentum operators of quantum mechanics!) O



Answers and Hints
to Selected Exercises

Exercises 1.1

2(i). Hint: For a non-zero element, the inverse is

(m+nv2) " = (m> - <”> V2.

m?2 — 2n2 m?2 — 2n2

Exercises 1.2

1. Hint: Investigate the linear homogeneous equations a'\ + 8'pu = 0, o\ +
(3% =0 for the unknown numbers A and pu.

Exercises 1.3

3. Hint: Isomorphism is defined by

Z(a'&;) := (al,...,a™).

Exercises 1.4

2. wy = Wi, wp = Wa,
ws = (cosh @)Ws + (sinh a) Wy,

wy = (sinh a)Ws3 + (cosh a)wy.

Exercises 2.1

2. Hint: T.. =3 (T.+T%) 4§ (T.. - TT).

1
2

271
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Exercises 2.2

1. Components of the vectors &, b, € are given by (al,a?) = (-1,1), (8, 3?) =
(1,2) and (y',~4%) = (2,1), respectively. The components of a®@ b ® € are pro-
vided by o'3i~*; i,4,k € {1,2}.

Exercises 2.3

3(ii). Hint: Use (2.93).

Exercises 2.4
1. The metric is not positive-definite.

2(i). In the case where g..(& &) > 0, consider g..(A& + b, A\d + b) > 0 with
A:=—g..(dDb)/g..(q,4).

Exercises 3.1

2. 5
Wf($17$2)|(0,0) =1,

28 1 2
mf(x ;%) 10,0y = —1.

Exercises 3.2

4.
XO(t) =t, a € {1,2,3},

X4(t) =V/3t.

Exercises 3.3

4(i). Left-hand side

. D
= (656" ) da? @ — = . dad ® —
(656%,) da’ @ 57 = 0117 ® =

= right-hand side.
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4(ii). Left-hand side

= N¢&",6% 5w, V!

= right-hand side.

Exercises 3.4

Exercises 4.1

1. Hint: V;V* = 6% + N (¥ /a7).

Exercises 4.3

4. Hint:

~

Ry =R+ 65 [Vath — Viy]
+ 69 [Vatpy — 5 -] — 6% [V — by - ).

Exercises 5.1

1. Hint: See problem 1 in exercises 2.4.

4. Hint:
det [ Ay (2) = N(w) Byo ()]

= {det [\ (2)]} {det [Am (z) X(x)Brs(x)} } {det [x%,(2)]} .

Exercises 5.2

L Jl_ l gt jl
1. Hint: Use {jkz } = Oklny/|g| and {jk }Sl = [jk, 1] S7".
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3. Hint: Consider the thrice-differentiable coordinate transformation such that

i _am 0X'(zx) 0X'(x)  OX%(x) OX%(x)

ij _
dri Oad orow |9 @ =0
and 0X'(x) 9X%(x)
~12 17 —_
g oz’ dzi Y () =0.

Assuming the local existence of two solution functions X i(x) for two equations,
prove the identities in the hatted coordinates.

8. Hint: Use the Ricci identities:

N
(VuVy =V V) Rpgrs = — Z Rq1q571wfm+1ngﬁuv'
B=1

Exercises 5.3

2. Hint: The function x3(7) is implicitly given by

x3
[, 1w dy == TP ().
Zo
Here, k' and k? are arbitrary constants (with |k| + |k?| > 0).

8(ii). exp[T'(s) — T'(s0)] = sec?(s — s¢),
X(8) — x%(s0) = k~2k% tan(s — sq) .

Here, arbitrary constants satisfy k% := d,,k"k” > 0.

Exercises 5.4
6. By (5.282),

0 = det [Gij — )\gij]

[T=c
.. . 1 p
= {det |G, + (244 + 42 - 2) g1t |} {A—2 [QR# - 3A2] + A} .
Since Gﬁu = GV#M and g?fy is positive-definite, the roots A(y),...,Ay—1 of the
equations above are real. The last root, Ay = A~2 [3/12 — %R#] , is obviously
real.
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Exercises 6.1

1(i). Hint: Use example 6.1.1.

2. Hint: Use (5.17).

Exercises 6.2

2(i). Hint: Use (6.31).

Exercises 6.3
1. Hint: Assume that

R
R}Ejk + (S};Rik — 6" Rij + gikR};' — gi; R + 2 (5};29@' - 5}}91‘1@) =0.

Exercises 6.4

1. Hint: Use orthogonal coordinates. Since the tensor equation C...(z) =
O'..(z) can be proved in the orthogonal coordinates, it must be valid for any
other chart. (Compare this with the hint for problem 1 in exercises 6.3.)

Exercises 7.1

1(ii). The Gaussian curvature is furnished by K(u) = [14 0" 0, f o, f17?
det [0,03f]. The condition K(u) =0 implies that the determinant is

8%f7 8182f
010of , %3 f

Thus, the functions 0 f and 05 f are functionally related. Therefore, there ex-
ists a non-constant differentiable function F' such that F'(d1f, d2f) = 0.

‘—0.

Exercises 7.2

4. Hint:
gaﬁ — ewglaﬁ,
ga4 — ewg/ozﬂaﬂ7
g44 —_ W 4 ewg/aﬁaaaﬁ,

det [g;;] = — e~ det [g;ﬁ} .
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Denoting the symbols a’* := ¢’*a.,, the following equations can be established:

A A1 »
{ af } - { af } = 5 [%0aw + 8205w = (gop + " aaag) ¢ 0yu]
1
26211; (aaf + aﬁf,)\ )

1
{ a4ﬂ } = 5 [Vs0a + V'aap + 205000 + 20205

1
2 [(glaﬁ + e2waaaﬁ) a“/w + e (aafﬁv + aﬁfa'y)] a’,

1
- 56%9/75 (fap + aadpw),

52

1
762wg/768ﬁw,

1
= 5 [aaw —e2wg'h (fap + aaagw)] ,

Q
S~

W
,J;Q
—— e — —— —(—
|
[\

e

1
= —§e2wa/°‘8aw.

o
=

—_—N — " A —
S

Exercises 7.3

1.
0a€' =0, 0aE2 = 0%, 0aE® = 04V, 0ut* = 04V;
570,05V = 6*P0,05W =
gﬂl) (’LL = 6pw + 6uvayv + GMW&,VV,

—1 -1

" (y —W[H(a1 )+(61W)2] :5W[1+(aQV)2+(aQW>2 ,

A
1%

0.

)
9" (u)
{A} 7 [0,0,V -0,V + 8,0,W - 0,W],
L)

)
Ik S e

Using (7.92c), we obtain that §45 K 4,,g""n'y = 0.

g"
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List of Symbols

AUB

ANB

vi; va

union of two sets
intersection of two sets
Cartesian product of two sets

A is a subset of B

inner product between two vectors
norm or length of a vector

Lie bracket or commutator

bundle

set of all r-differentiable functions
from D c RY into R

set of all complex numbers
components of Weyl’s conformal tensor

coordinate chart for a differentiable
manifold

local coordinates of a point p in
a manifold

domain in RY (open and connected)
(N — 1)-dimensional boundary of D

covariant derivatives

280



List of Symbols

MNivio...in

281

covariant derivative along a curve

Laplacian in a manifold with a metric,
also a finite difference

Laplacian in a Euclidean space
components of a Kronecker delta (or
identity matrix)

flat metric components

d’Alembertian operator; (also) comple-
tion of an example

Q.ED.

Jacobian of a coordinate transformation

N -dimensional Euclidean space
basis set for a vector space
belongs to

fiber bundle

totally antisymmetric permutation
symbol (Levi-Civita)

totally antisymmetric pseudo (or
oriented) tensor (Levi-Civita)

electromagnetic tensor field
field (in abstract algebra)
group

metric tensor and corresponding com-
ponents

Einstein tensor components
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RN =RxRx---xR
————

R.(x), RP,  (v)

List of Symbols

parametrized curve into a manifold
parametrized curve into R

affine connection coefficients

Ricci rotation coefficients
connection 1-form

Christoffel symbol of the 1st kind
Christoffel symbol of the 2nd kind

Gaussian curvature

Killing vector and corresponding
components

extrinsic curvature components of a
hypersurface

extrinsic curvature components of a
submanifold

linear mapping and corresponding
matrix

transposed matrix

Lagrangian function

Lie derivative

differentiable manifold

generalized Lorentz group
generalized Poincaré group

the set of real numbers

Cartesian product of N copies of R

curvature tensor and corresponding
general components



List of Symbols

R;‘k:é(x)v Rgcd(z)

;k(x)

Rij(x), Rap()

283

components of a Riemann-Christoffel
tensor

components of a Schouten-Cotton tensor
components of a Ricci tensor
curvature scalar (or invariant)

components of a symmetrized curva-
ture tensor

Hodge star operation
two-dimensional spherical surface
separation of a vector

tensor field of order (r+s) and its gen-
eral components

coordinate components of the (same)
tensor field

orthonormal components of the (same)
tensor field

torsion tensor and the corresponding
general components

tensor (or outer product) of two tensor
fields

components of an oriented, relative
tensor field of weight w

open subset of a manifold
vector space in field F
dual vector space

tensor space of order (r + s)

p-form and its antisymmetric compo-
nents



List of Symbols
wedge product between a p-form and
a g-form
components of Weyl’s projective tensor
parametrized curve in RY
parametrized submanifold

components of the geodesic deviation
vector

totally antisymmetric pseudo (or ori-
ented) tensor field (Levi-Civita)

complex variable and its conjugate
the set of integers

the set of positive integers



Index

C"-Atlas, 54

p-form, 81

“Theorema Egregium”, 207, 242
“generalized acceleration”, 158
“invariant eigenvalue”, 230
“metric equation”, 130
“orthogonal vectors”, 46
“orthogonal”, 122
“orthonormal”, 46, 122

“unit” vector, 45

“unit” vector field, 122
1-form, 63

Abelian gauge field, 254
active transformation, 10
addition, 1
affine connection, 93
affine geodesic, 102
affine parameter, 103
alternating, 31
alternating operation, 32
angle, 44
angular momentum
operators, 108
Anti-De Sitter space, 180
antisymmetric, 20
arc length parametrization, 159
arc separation, 159

base space, 257
basis set, 6
Bernoulli’s integral, 205

Bianchi’s differential identities, 114

bilinear form, 16
bivector space, 48
boost, 125
bundle, 257

Cartan’s approach, 113

Cartan’s structural equations, 113

Cartesian charts, 123

Cartesian coordinate chart, 201

Cartesian coordinate systems, 55

Cauchy sequence, 176

chart (x,U) or a local coordinate sys-
tem, 52

Christoffel symbols of the first and the
second kind, 128

circular helix, 160

class C", 53

commutator or Lie bracket, 107

comoving, synchronous coordinate
system, 194

complete, 176

completeness, 176

components, 6

components of T.., 19

conformal curvature tensor, 156

conformal group, 221

conformal mapping, 216

conformal tensor, 218

conformally flat, 219

conjugate points, 176

connected, 52

connection 1-forms, 94

connection coefficients, 93

conservative, 204

continuity equation, 203

contraction, 28

contravariant (or conjugate) metric ten-
sor, 46

contravariant order, 24

contravariant tensor, 21

coordinate or natural basis set, 108

285



286

cotangent (or covariant vector)
space, 63

cotangent (or covariant) vector
field, 63

covariant derivative, 93

covariant or dual vector space, 12

covariant order, 24

covariant tensor, 31

covariant vector, 11

covector, 11

critical-valued, 170

cross-section, 262

curvature 2-forms, 113

curvature invariant, 142

curvature operator, 110

curvature scalar, 142

curvature tensor, 110

curved, 112, 149

D’Alembertian, 156
diffeomorphism, 58

differentiable fiber bundle, 262
differentiable function, 63
dilation, 221

dimension, 6

direct sum, 30

directional covariant derivative, 96
distance function, 176

double Hodge-dual, 156
doubly-null coordinate chart, 222
down-star (.) duality mapping, 40
dual, 11

dummy indices, 7

dyads, 14

Einstein space, 214
Einstein summation convention, 7
Einstein tensor, 142
elastic deformation, 202
elasticity tensor, 203
elliptic, 230

embedded, 207
embedded manifold, 233
embedding, 233
equation of state, 204
Euclidean manifold, 123

Index

Euclidean metric, 43
Euler-Lagrange equations, 169
Euler-Poincaré characteristic, 154
exponential mapping, 182
exterior derivative, 82

exterior or Grassmann algebra, 31
exterior product, 33

extrinsic curvature, 225, 229

fibre, 258

fibre bundle, 258

field, 1

first contracted Bianchi’s identities, 143
first fundamental form, 170, 207
first integral, 166

first normal, 161

first or principal curvature, 161
flat, 112, 149

four-potential field, 86
Frenet-Serret formulas, 161
Frenet-Serret tetrad, 164

gauge transformation, 86

Gauss’ and Codazzi-Mainardi equations,
242

Gauss-Bonnet theorem, 154, 155

Gaussian curvature, 206

Gaussian normal, 192

generalized directional derivative, 61,
92

generalized Gauss’ theorem, 152

generalized gradient, 93

generalized Hooke’s law, 203

generalized Kronecker delta, 35

generalized Lorentz group, 221

generalized Lorentz transformation, 124

generalized Poincaré group, 201, 212

generalized Stoke’s theorem, 88

generators of a Lie Algebra, 108

geodesic completeness, 176, 177

geodesic deviation, 171

geodesic deviation equations, 174

geodesic equations, 166, 182-184

geodesic normal, 192

geodesic surface, 207

geodesically parallel, 193



Index

global chart, 54

grad f, 61

Green’s theorem, 153
group of isometry, 269

harmonic equation, 137
Hausdorff, 52

Hodge star operation, 49
holomorphic function, 137
holonomic basis, 108
homeomorphism, 52, 58, 258
homogeneity, 208

hybrid tensor, 235

hybrid tensors, 25
hyperbolic, 230
hyperplanes, 110
hypersurface, 188, 233
hypersurface orthogonal, 198

identity mixed tensors, 22
identity operator, 10
identity tensor, 100
immersion, 233

induced metric, 150
inner product, 43
integrable, 118

integral identity, 157
inversion, 221
irrotational motion, 204
isomorphic, 10
isotropic, 208

Jacobi field, 176

Jacobian, 54

Jacobian mapping (or derivative map-
ping), 73

Jacobian matrix, 74

Jordan curve, 117

Killing equation, 268
Killing vectors, 268
Kretschmann invariant, 213
Kretschmann scalar, 145
Kronecker delta, 7

Lagrangian, 169
Lame’s constant, 203

287

Laplacian, 137

Lie bracket, 107

Lie derivative, 90, 264

Lie group, 262

line element, 170

linear combination, 5

linear form, 11

linear functional, 11

linear mapping (or transformation), 9
linear operator, 10

linear Riemannian connection, 126
linearly dependent, 5

linearly independent, 5

Lipschitz condition, 182, 263

local pseudo-group, 264

Lorentz metric, 43, 149

Lorentz transformation, 125

maximum, 170

mean curvature, 206

metric form, 170

metric tensor, 43

minimal submanifold, 256

minimum, 170

Minkowskian chart, 123

Minkowskian or pseudo-Cartesian
coordinate system, 164

mixed second order tensor, 22

Moebius strip, 261

momentum operators, 108

multi-linearity, 24

multiplication, 1

negatively oriented, 41

non-degeneracy (or regularity), 64

non-degeneracy axiom, 43

non-flat or curved, 149

non-holonomic basis, 99, 108

non-Lorentz metrics, 149

non-null submanifold, 246

norm or length, 42, 122

normal or hypersurface orthogonal co-
ordinate, 189

null hypersurface, 234

null vector, 45

numerical tensors, 30



288 Index

orientable, 54 Riemann normal coordinate chart, 185
oriented (or pseudo) relative (r+s)-th Riemann-Christoffel curvature
order tensor field, 73 tensor, 138, 186
oriented (or pseudo) relative tensor, 41 Riemannian sectional curvature, 207
oriented volume, 49 rigidity, 203
orthogonal, coordinate chart, 194 rotation group, 108
outer product, 17, 26 ruled surface, 174, 236
parabolic, 230 scalar density, 40
paracompact, 52 scalar product, 43
parallelly propagated, 101 Schouten-Cotton tensor, 218
parametrized curve, 64 Schroedinger equation, 138
parametrized submanifold, 245 second contracted Bianchi’s identities,
passive transformation, 8 143
permutation (or numerical) symbol of second curvature (or torsion), 161
Levi-Civita, 37 second fundamental form, 229
planar, 230 second normal (or binormal), 161
Poincaré’s lemma, 85 second order covariant tensor, 16
positive-definite, 122 separation, 44, 122, 169
positive-definite inner product, 44 signature of a metric, 44
positively oriented, 41 singularity theorems, 177
potential equation, 137 skew, 31
principal roots, 230 space of constant curvature, 209
principal, normal curvatures, 241 spacelike, 166
product bundle, 257 spacelike hypersurface, 234
profile curve, 231 spacelike vector, 44
projection, 257 special conformal transformation, 221
projection tensor, 255 spherical polar coordinate
projective curvature tensor, 120 system, 55
projective transformation, 120 spinor, 14
pseudo-Cartesian, 201 spinor dyads, 9
Pythagoras theorem, 171 spinor space in an arbitrary
field, 38
raising and lowering indices, 46 standard basis, 6
raising and lowering tensor component stationary, 170
indices, 126 stationary space-time, 245
real-analytic, 53 straight lines, 171
relative tensor O, of weight, 39 strain-tensor, 203
relative tensor field, 72 stress-tensor, 203
reparametrization, 67, 234 strict components, 37
reparametrized curve, 67 structure coefficients, 108
representation matrix, 10 structure group, 259
Ricci identities, 120, 140 submanifold, 245
Ricci rotation coefficients, 129 subtensor, 191
Ricci tensor, 141 symmetric, 20

Ricci-flat spaces, 215 Symmetric group, 32
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symmetric space, 213 totally geodesic hypersurface, 244
symmetrization operation, 32 trace operation, 28
symmetrized Riemann tensor, 156 transposition, 20, 31
triads, 15

tangent (or contravariant) vector trivial bundle, 257

field, 262 typical fibre, 258
tangent bundle, 262
tangent vector, 60 umbilic, 230
tangent vector space, 61 unit matrix, 7
tensor algebra, 30 up-star (*) duality mapping, 40
tensor bundle, 69, 262
tensor density, 39 variational method, 169
tensor density field, 72 vector subspace, 5
tensor field, 69 velocity potential, 204
tensor product, 17, 26 vorticity tensor, 204
tetrad, 15, 125
tetrads, 9 wave operator, 156
timelike, 166 wave-function, 138

wave-mechanics, 138
wedge product, 33
winding number, 68
world-function, 177

timelike hypersurface, 234
timelike vector, 45
topological invariants, 154
topological manifold, 54
topology, 52

torsion 2-forms, 113

total partial derivative, 237
totally antisymmetric, 31
totally differentiable, 63

Yano’s integral formula, 157

zero mixed tensors, 22
zero or null mapping, 10
zero tensor, 16
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