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Preface

Tensor algebra and tensor analysis were developed by Riemann, Christoffel,
Ricci, Levi-Civita and others in the nineteenth century. The special theory
of relativity, as propounded by Einstein in 1905, was elegantly expressed by
Minkowski in terms of tensor fields in a flat space-time.

In 1915, Einstein formulated the general theory of relativity, in which the
space-time manifold is curved. The theory is aesthetically and intellectually
satisfying. The general theory of relativity involves tensor analysis in a pseudo-
Riemannian manifold from the outset. Later, it was realized that even the
pre-relativistic particle mechanics and continuum mechanics can be elegantly
formulated in terms of tensor analysis in the three-dimensional Euclidean space.
In recent decades, relativistic quantum field theories, gauge field theories, and
various unified field theories have all used tensor algebra analysis exhaustively.

This book develops from abstract tensor algebra to tensor analysis in vari-
ous differentiable manifolds in a mathematically rigorous and logically coherent
manner. The material is intended mainly for students at the fourth-year and
fifth-year university levels and is appropriate for students majoring in either
mathematical physics or applied mathematics.

The first chapter deals with tensor algebra, or algebra of multilinear map-
pings in a general field F . (The background vector space need not possess an
inner product or dot product.). The second chapter restricts the algebraic field
to the set of real numbers R . Moreover, it is assumed that the underlying real
vector space is endowed with an inner product (or dot product). Chapter 3
defines and investigates a differentiable manifold without imposing any other
structure. Chapter 4 discusses tensor analysis in a general differentiable man-
ifold. Differential forms are introduced and investigated. Next, a connection
form indicating parallel transport is brought forward. As a logical consequence,
the fourth-order curvature tensor is generated. Chapter 5 deals with Rieman-
nian and pseudo-Riemannian manifolds. Tensor analysis, in terms of coordinate
components as well as orthonormal components, is exhaustively investigated. In
Chapter 6, special Riemannian and pseudo-Riemannian manifolds are studied.
Flat manifolds, spaces of constant curvature, Einstein spaces, and conformally
flat spaces are explored. Hypersurfaces and submanifolds embedded in higher-
dimensional manifolds are discussed in chapter 7. Extrinsic curvature tensors
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viii Preface

are defined in all cases. Moreover, Gauss and Codazzi-Mainardi equations are
derived.

We would like to elaborate on the notation used in this book. The let-
ters i , j , k , l , m , n , etc., are used for the subscripts and superscripts of
a tensor field in the coordinate basis. However, we use the letters a , b , c ,
d , e , f , etc., for subscripts and superscripts of the same tensor field rela-
tive to an orthonormal basis. The numerical enumeration of coordinate com-
ponents vi of a vector field is given by v1, v2, . . . , vN . However, numerical
elaboration of orthonormal components of the same vector field is furnished by
v(1), v(2), . . . , v(N) (to avoid confusion). Similar distinctions are made for tensor
field components. The flat metric components are denoted either by dij or dab .
(The usual symbol η.. is reserved only for the totally antisymmetric pseudo-
tensor of Levi-Civita.) The generalized Laplacian in the N -dimension is denoted
by Δ.

I would like to acknowledge my gratitude to several people for various rea-
sons. During my stay at the Dublin Institute for Advanced Studies from 1958
to 1961, I learned a lot of classical tensor analysis from the late Professor
J. L. Synge, F. R. S.. Professor W. Noll, a colleague of mine at Carnegie-
Mellon University from 1963 to 1966, introduced me to the abstract tensor
algebra, or the algebra of multilinear mappings. My research projects and
teachings on general relativity for many years have consolidated the under-
standing of tensors. Dr. Andrew DeBenedictis has kindly read the proof, edited
and helped with computer work. Mrs. Judy Borwein typed from chapter 1
to chapter 5 and edited the text diligently and flawlessly. Mrs. Sabine Leb-
hart typed the difficult chapter 7 and appendices. She also helped in the
final editing. Mr. Robert Birtch drew thirty-four figures of the book. Last
but not least, my wife, Mrs. Purabi Das, was a constant source of encourage-
ment.
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Chapter 1

Finite-Dimensional Vector
Spaces and Linear
Mappings

1.1 Fields

We shall discuss briefly objects called numbers or scalars. The set of certain
numbers is called a field. (This is distinct from a physical field in the universe.)
A field F is endowed with two operations, namely addition and multiplica-
tion. The axioms for these operations are listed below.

A1. α + β is in F for all α, β in F .

A2. β + α = α + β for all α, β in F .

A3. (α + β) + γ = α + (β + γ) for all α, β, γ in F .

A4. There exists a unique number 0 (called zero) such that α + 0 = α for all
α in F .

A5. To every α in F there corresponds a number −α such that

α − α := α + (−α) = 0. (1.1)

M1. αβ is in F for all α, β in F .

M2. βα = αβ for all α, β in F .

1



2 1. Finite-Dimensional Vector Spaces and Linear Mappings

M3. (αβ)γ = α(βγ) for all α, β, γ in F .

M4. There exists a unique number 1 such that α1 = α for all α in F .

M5. To every non-zero number α there corresponds a number α−1 such that
αα−1 = 1.

D1. α(β + γ) = (αβ) + (αγ) for all α, β, γ in F .

Three common examples of a field are (i) R , the set of all real numbers;
(ii) C , the set of all complex numbers; and (iii) Q , the set of all (real) rational
numbers.

The set of all real numbers R is endowed with ordering as well as complete-
ness. The set of all complex numbers C does not have ordering. However, it is
complete. It is also algebraically closed. (That is, every nth-degree polynomial
equation has n solutions, counting multiplicities.) The field of all (real) rational
numbers has ordering, but it is incomplete. The minimum number of elements
a field can have is two. The fields R and C are mostly used in mathematical
physics.

Example 1.1.1 Suppose that αβ = 0 for two numbers α and β in a field
F . Prove that α = 0, β = 0, or both.

Proof. Let us prove the statement above by a contradiction. Assume that
α �= 0 and β �= 0. Then, by axioms M5, M3, A5, and D1, we have

β = 1β = (α−1α)β = α−1(αβ) = α−1(0) = α−1[α + (−α)]
= (α−1α) + [α−1(−α)] = 1 − 1 = 0.

Thus we have reached a contradiction. Therefore, we have proved that αβ = 0
implies α = 0, β = 0, or both.

Exercises 1.1

1. Let R
2 be the set of all ordered pairs of real numbers (α, β) with addition

and multiplication rules:

(α, β) + (γ, δ) := (α + γ, β + δ),
(α, β)(γ, δ) := (αγ − βδ, αδ + βγ).

Prove that R
2 with the rules above constitutes a field.

(Remark: The field above is isomorphic to the complex field C .)
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2. Determine whether or not the following sets constitute a field.

(i) The set of all real numbers of the form m + n
√

2, where m and n are
integers.

(ii) The set of all real numbers of the form a + b 3
√

5 + c 3
√

25, where a, b, c are
real rational numbers.

(iii) The set of all complex numbers of the form a + bi , where a, b are (real)
rational numbers.

1.2 Finite-Dimensional Vector Spaces

We are now in a position to define a vector space. A vector space presupposes
a particular field F . The numbers or scalars used in the definition are the
elements of F . A vector space V over the field F is a set of elements called
vectors. The set V is endowed with two compositions, namely addition and
scalar multiplication. The axioms for vector addition and scalar multiplication
of vectors are furnished below.

A1. �a + �b belongs to V for all �a , �b in V .

A2. �b + �a = �a + �b for all �a, �b in V.

A3. (�a + �b) + �c = �a + (�b + �c) for all �a, �b,�c in V .

A4. There exists a unique vector �0 (the zero vector) such that �a + �0 = �a for
all �a in V .

A5. To every vector �a , there corresponds a unique (negative) vector −�a such
that �a − �a := �a + (−�a) = �0 . (1.2)

M1. α�a belongs to V for all α in F and all �a in V .

M2. α(β�a) = (αβ)�a for all α, β in F and all �a in V .

M3. 1�a = �a for all �a in V .

M4. α(�a + �b) = (α�a) + (α�b) for all α in F and all �a, �b in V .

M5. (α + β)�a = (α�a) + (β�a) for all α, β in F and all �a in V .

(See the book by Halmos [17].)
If F = R , we call V a real vector space. If F = C , the vector space V is

said to be complex. In mathematical physics, we usually encounter both real
and complex vector spaces.
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Example 1.2.1 Let us consider the set of complex numbers C . We interpret
complex numbers as vectors in the field F = C by the following rules:

�a := α, α ∈ C ,

�a + �b := α + β,
�0 := 0,

−�a := −α,

λ�a := λα.

By these rules, C is a complex vector space. �

Example 1.2.2 Consider R
N , the set of all ordered N -tuples of real num-

bers. (N ∈ Z
+ , the set of all positive integers.) We define the vector addition

and scalar multiplication in the field F := R by the following rules:

�a := (α1, α2, . . . , αN ),

�a + �b := (α1 + β1, α2 + β2, . . . , αN + βN ),
�0 := (0, 0, . . . , 0), (1.3)

−�a := (−α1,−α2, . . . ,−αN ),

λ�a := (λα1, λα2, . . . , λαN ).

All the ten rules (1.2) of vector space can be verified. Thus, R
N with (1.3)

is a real vector space. �

Example 1.2.3 Consider C0[(a, b) ⊂ R; R] , the set of all continuous, real-
valued functions over the interval (a, b) ⊂ R . We can define the vector addition
and scalar multiplication in the real field by the following rules:

�f := f(x), x ∈ (a, b),
�f + �g := f(x) + g(x),

λ�f := λf(x),
�0 := 0,

−�f := −f(x).

By the rules above, C0[(a, b) ⊂ R; R] is a real vector space. (This is an example
of an infinite-dimensional vector space.) �

Consider, in Newtonian physics, the motion of a massive particle in space. The
instantaneous velocity, acceleration, and momentum of the particle are three
examples of vectors in physics.
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Now we shall define a vector subspace W of V . The subset W ⊂ V is a
vector subspace provided λ�a + μ�b belongs to W for all λ, μ in F and all �a, �b
in W .

Example 1.2.4 Consider V = R
N . Let W be a proper subset of R

N such
that it consists of the vectors of the form �a := (0, α2, α3, . . . , αN ). By (1.3), for
two vectors �a, �b in W , We have the linear combination

λ�a + μ�b = (0, λα2 + μβ2, λα3 + μβ3, . . . , λαN + μβN ).

The vector above is obviously in W . Thus, W is a vector subspace. �

Example 1.2.5 Consider again V = R
N . Let W# be a proper subset of R

N

such that it consists of the vectors of the form

�a := (α1, α2, . . . , αN ) with
N
∑

k=1

(αk)2 = 1.

The zero vector �0 = (0, 0, . . . , 0) does not belong to W# . Thus, W# is not a
vector subspace. �

Now, we define a linear combination of vectors. The vector �a :=
N
∑

k=1

αk�ak ,

where α1, . . . , αk are in F , is a linear combination of vectors �a, . . . , �aN .
(Here, in αk , k is a superscript, not a power or exponent.)

A subset W of V such that it consists of vectors of the form �a :=
k
∑

j=1

αj�aj

is said to be spanned (or generated) by vectors �a1, . . . , �ak . Such a subset can
be proved to be a vector subspace.

Consider now k non-zero vectors �a1, . . . , �ak and the vector equation

k
∑

j=1

μj�aj = �0. (1.4)

If the equation above implies that μ1 = μ2 = · · · = μk = 0, the vectors
�a1, �a2, . . . , �ak are called linearly independent. Otherwise, they are linearly
dependent. (The concept of linear independence is the abstraction of vectors
pointing to different directions, ignoring reflections.)

Example 1.2.6 Consider N vectors in V = R
N given by

�e1 := (1, 0, . . . , 0), �e2 := (0, 1, . . . , 0), . . . ,�eN := (0, 0, . . . , 1). (1.5)
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The vector equation
N
∑

j=1

μj�ej = �0 yields (μ1, μ2, . . . , μN ) = (0, 0, . . . , 0). There-

fore, μ1 = μ2 = · · · = μN = 0. Thus, these vectors are linearly independent. �

Example 1.2.7 The vectors of N -tuples

�a1 := (1, 0, 0, . . . , 0), �a2 := (1, 1, 0, . . . , 0), . . . , �aN := (1, 1, 1, . . . , 1)

are linearly independent. �

Example 1.2.8 Two vectors of N -tuples

�a1 := (1,−1, 0, . . . , 0) and �a2 := (−
√

2,
√

2, 0, . . . , 0)

are linearly dependent (and scalar multiples of each other). �

A basis set of vectors {�e1,�e2, . . . ,�eN} for V is a spanning as well as a
linearly independent set.

Example 1.2.9 Let N vectors in R
N be defined by �e1 := (1, 0, . . . , 0),�e2 :=

(0, 1, . . . , 0), . . . ,�eN := (0, 0, . . . , 1). The set {�e1,�e2, . . . ,�eN} is a basis set for
R

N . Furthermore, this special set of vectors is called the standard basis. �

Example 1.2.10 Let ̂�e1 := (1, 0, 0, . . . , 0), ̂�e2 := (1, 1
2 , 0, . . . , 0), . . . ,̂�eN :=

(1, 1
2 , 1

3 , . . . , 1
N ). The set {̂�e1,̂�e2, . . . ,̂�eN} is a basis set for R

N . �

In the usual vector calculus, the basis {�i,�j, �k} is the standard basis.The
number of vectors in a basis set is called the dimension of V and is denoted
by dim(V ).

Example 1.2.11 dim(RN ) = N , N ∈ Z
+ . �

Example 1.2.12 The smallest number of vectors in a vector space is one.
Such a vector space is the singleton set {�0} . The dimension of this vector space
is defined to be dim{�0} := 0. (In the sequel, we avoid such a vector space.) �

Every vector �a in V can be expressed as a linear combination of basis
vectors (since a basis set must be a spanning set). Therefore, relative to a basis
set {�e1,�e2, . . . ,�eN} , a vector �a admits the linear combination

�a = α1�e1 + α2�e2 + · · · + αN�eN . (1.6)

The scalars α1, α2, . . . , αN are called the components of the vector �a relative
to the basis set {�e1,�e2, . . . ,�eN} .
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Theorem 1.2.13 Let the components be α1, . . . , αN of a vector �a relative to
the basis set {�e1, . . . ,�eN} . Then the N -tuple (α1, . . . , αN ) is unique.

Proof. Let us assume to the contrary that there exist other scalars β1, . . . , βN

such that

�a =
N
∑

k=1

αk�ek =
N
∑

k=1

βk�ek, αk − βk �≡ 0.

From the vector equation above, we obtain that

N
∑

k=1

(αk − βk)�ek = �0.

By the linear independence of the basis vector, we must have

αk − βk ≡ 0.

Thus a contradiction is reached and the theorem is proved.

Now we shall explain the Einstein summation convention. In a mathe-
matical expression, wherever two repeated Roman (or Greek, or other) indices
are present, the sum over the repeated index is implied. For example, we write

ukvk :=
N
∑

k=1

ukvk =
N
∑

j=1

ujvj =: ujvj .

The summation indices are called dummy indices since they can be replaced
by other indices over the same range. Dummy indices that repeat more than
twice are not allowed in the summation convention. This restriction is necessary
to avoid wrong answers; for example, in case we write

ukvkukvk =
N
∑

k=1

ukvkukvk �=
N
∑

k=1

N
∑

j=1

ukvkujvj = ukvkujvj = (ukvk)2.

Thus we can have inconsistencies. We shall use the summation convention in
the sequel.

Now we shall define the Kronecker delta. It is defined by the scalars

δi
j :=

{

1 for i = j,
0 for i �= j.

(1.7)

The N × N matrix (in the field F ) with entries δi
j is the unit matrix. In

other words, [δi
j ] = [I] .
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Example 1.2.14 Using the summation convention,

δ1
j αj = δ1

1α1 + δ1
2α2 + · · · + δ1

NαN = α1,

δi
jα

j = αi,

δi
jδ

j
k = δi

k,

δi
jδ

j
kδk

i = N = dim(V). �

Let us consider a change of basis sets without altering the vectors. This is
a passive transformation. Let {�e1, . . . ,�eN} and {̂�e1, . . . ,̂�eN} be two basis
sets for V . By the spanning properties, there must exist scalars λk

i and μj
k such

that
̂�ei = λk

i �ek, �ek = μj
k
̂�ej . (1.8)

Theorem 1.2.15 Let {�e1, . . . ,�eN} and {̂�e1, . . . ,̂�eN} be two basis sets and �a =
αi�ei = α̂ĵ�ej be an arbitrary vector in V . Then

(i) λk
i μj

k = μk
i λj

k = δj
i ; (1.9)

(ii) α̂i = μi
k αk, αi = λi

k α̂k. (1.10)

Proof. (i) From (1.8), it follows that

̂�ei = λk
i �ek = λk

i

(

μj
k
̂�ej

)

,

or
(

δj
i − λk

i μj
k

)

̂�ej = �0.

By the linear independence of basis vector ̂�ej ’s, we have the coefficients

δj
i − λk

i μj
k ≡ 0.

Thus, one of equations (1.9) is proved. The other equation in (1.10) can be
proved similarly.

(ii) By the equation

α̂i
̂�ei = αk�ek = αk

(

μi
k
̂�ei

)

and the uniqueness of the components of theorem 1.2.13, the first of the equa-
tions (1.10) follows. The second equation in (1.10) can be proved similarly.
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Example 1.2.16 Consider two basis sets in R
4 given by

�e1 := (1, 0, 0, 0), �e2 := (0, 1, 0, 0), �e3 := (0, 0, 1, 0), �e4 := (0, 0, 0, 1);

̂�e1 := (1, 0, 0, 0), ̂�e2 := (1, 1, 0, 0), ̂�e3 := (1, 1, 1, 0), ̂�e4 := (1, 1, 1, 1).

The 4 × 4 transformation matrices are

[

λk
i

]

=

⎡

⎢

⎢

⎣

1 1 1 1
0 1 1 1
0 0 1 1
0 0 0 1

⎤

⎥

⎥

⎦

,
[

μj
k

]

=

⎡

⎢

⎢

⎣

1 −1 0 0
0 1 −1 0
0 0 1 −1
0 0 0 1

⎤

⎥

⎥

⎦

,

det
[

λk
i

]

= det
[

μj
k

]

= 1.

(Such basis sets are called tetrads in relativistic physics.) �

Example 1.2.17 Let us consider the two-dimensional complex vector space
C

2 and the transformation of basis vectors furnished by

̂�e1 = (λ cosh φ)�e1 + (μ sinh φ)�e2,

̂�e2 = (μ−1 sinhφ)�e1 + (λ−1 cosh φ)�e2,

λμ �= 0,

det
[

λk
i

]

= det
[

μj
k

]

= 1.

(Such basis sets are called spinor dyads in relativistic physics.) �

Exercises 1.2

1. Prove that complex vectors (α1, α2) and (β1, β2) are linearly dependent if
and only if α1β2 − α2β1 = 0.

2. In R
4 , a subspace U is spanned by (−1, 1,−2, 3) and (−1,−1,−2, 0).

Another subspace W is spanned by (0, 2, 0, 3), (1, 0, 1, 0), and (1,−1
3 , 2,−2).

Obtain the dimension of the vector subspace U ∩W .

1.3 Linear Mappings of a Vector Space

Let V and ̂V be two vector spaces in the same field F . A linear mapping (or
transformation) L from V into ̂V is defined to be such that

L(λ�a + μ�b) = [λL (�a)] + [μL(�b)] (1.11)
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for all λ, μ in F and all �a, �b in V . If ̂V = V , the mapping L is called a linear
operator.

Example 1.3.1 (i) Consider a linear mapping L from V into ̂V given by

L (�a) = �0

for all �a in V . This mapping is called the zero or null mapping and is denoted
by L = O . �

Example 1.3.2 The linear operator I with the property

I (�a) = �a

for all �a in V is called the identity operator. �

Remark: The transition from classical mechanics to quantum mechanics is
achieved by replacing scalar dynamical variables by the corresponding linear
operators on the Hilbert (vector) space.

Consider a linear operator L acting on V . In the case where it is not the
identity operator, L transforms most of the vectors into different vectors. (That
is why it is called an active transformation.) Especially, a set of basis vectors
{�e1, . . . ,�eN} undergoes the following transformation:

L (�ej) = ̂�ej = λk
j �ek. (1.12)

The N × N matrix [L] :=
[

λk
j

]

is called the representation matrix of the
operator L.

Two vector spaces V and ̂V in F are isomorphic provided there exists a
one-to-one and onto mapping I such that

I(α�a + β�b) = [αI(�a)] + [βI(�b)] (1.13)

for all α, β in F and all �a, �b in V . (I is of course a linear mapping.)

Exercises 1.3

1. Let A and B be two linear operators acting on V . The addition, scalar
multiplication, etc., are defined by

(A + B) (�a) := A (�a) + B (�a) for all �a in V,

O (�a) := �o for all �a in V,

(−A) (�a) := − [(A) (�a)] for all �a in V,

[λA] (�a) := λ [A (�a)] for all �a in V, and all λ in F .
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Prove that, under these rules, the set of all linear operators on V constitutes a
vector space.

2. Let A and B be two linear operators on V with N ×N matrix representa-
tions

[

αi
j

]

and
[

βj
k

]

. Prove that the composite linear mapping A ◦ B has the

matrix representation
[

αi
j βj

k

]

=
[

αi
j

]

[

βj
k

]

.

(Here, the summation convention is used.)

3. Prove that every N -dimensional vector space over the field F is isomorphic
to FN .

1.4 Dual or Covariant Vector Spaces

A function ũ from V into F such that

ũ(α�a + β�b) = [αũ(�a)] + [βũ(�b)] (1.14)

for all α, β in F and all �a, �b in V is called a covariant vector. (Other
names for a covariant vector are dual vector, covector, linear form, or linear
functional.)

Example 1.4.1 The zero covariant vector õ is defined by the mapping

õ (�a) := 0 for all �a in V.

It can be proved that õ is a unique mapping. �

Example 1.4.2 Let V = R
N . Moreover, let a mapping ũ be defined by

ũ(�a) ≡ ũ(α1, α2, . . . , αN ) := α1,

ũ(μ�a + ν�b) = (μα1) + (νβ1) = [μũ(�a)] + [νũ(�b)].

Therefore, ũ is a covariant vector. �

Remark: In Newtonian physics, the gradient of the gravitational potential at
a spatial point is a covariant vector.

The addition, scalar multiplication, etc., for covariant vectors are defined as

[ũ + ṽ](�a) := ũ(�a) + ṽ(�a),
õ(�a) := 0,
[−ũ] (�a) := −[ũ (�a)],
[λũ] (�a) := λ[ũ(�a)],

(1.15)
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for all �a in V . The set Ṽ of all covariant vectors under the rules (1.15) con-
stitutes a vector space. The set Ṽ is called the covariant or dual vector
space.

Lemma 1.4.3 Let {�e1, · · · ,�eN} be a basis set for V and (α1, . . . , αN ) be a
prescribed N -tuple. Then there exists a unique covariant vector ã such that
ã (�ei) = αi for i ∈ {1, · · · , N} .

Proof. Let �b = βj �ej be an arbitrarily chosen vector. (We are using the
summation convention!) Let us define a covariant vector ã by the equation

ã(�b) ≡ ã(βj�ej) := αjβ
j .

Then
ã(�ei) = ã(δj

i�ej) = αjδ
j
i = αi.

The equation above shows the existence of ã .
To prove the uniqueness of our choice, we assume to the contrary the exis-

tence of another covariant vector ã′ such that

ã′(�b) = αjβ
j

and ã′ �= ã . Therefore,

[ã′ − ã] (�b) = ã′(�b) − ã(�b)
= αjβ

j − αjβ
j ≡ 0

for all �b in V . By the uniqueness of the zero covariant vector õ , we must have
ã′ − ã = õ . This is the contradiction. Thus the lemma is proved.

Theorem 1.4.4 Let {�e1, . . . ,�eN} be a basis set for V . Then there exists a
unique covariant basis set {ẽ1, . . . , ẽN} for Ṽ such that

ẽj (�ei) = δj
i (1.16)

for all i, j in {1, . . . , N} .

Proof. By the preceding lemma, there exists a unique set of covariant vectors
such that

ẽj (�ei) = δj
i .

To prove the linear independence, consider the covariant vector equation

μj ẽj = õ.
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By (1.14), we have
[

μj ẽj
]

(�ei) = μj

[

ẽj (�ei)
]

= μjδ
j
i = μi = 0

for every i in {1, · · ·, N} . Therefore, the ẽj ’s are linearly independent by (1.4).
To prove the spanning property, choose an arbitrary covariant vector ã . Let

ã (�ei) = αi . Therefore, by (1.14),

ã
(

�b
)

≡ ã
(

βi�ei

)

= βiαi (1.17)

for an arbitrary vector �b . By (1.14), (1.15), and (1.16), we have
[

αiẽi
]

(

�b
)

= αi

[

ẽi
(

βj�ej

)]

= αiβ
jδi

j = αiβ
i. (1.18)

Comparing (1.17) and (1.18), and recalling the uniqueness of õ , we conclude
that

ã = αi ẽi.

The equation above proves the spanning property. Thus {ẽ1, . . . , ẽN} is the
basis set.

Corollary 1.4.5
dim

(

Ṽ
)

= dim (V) . (1.19)

The proof is obvious.

Now we shall deal with the transformation of covariant components under a
change of basis vectors (passive transformation in (1.8)).

Theorem 1.4.6 Let {�e2, . . .�eN} and {̂�e1, . . .̂�eN} be the two basis sets for V
such that

̂�ei = λk
i �ek, �ek = μj

k
̂�ej .

Then the corresponding covariant basis sets {ẽ1, . . . , ẽN} and {̂ẽ1, . . . ,̂ẽN}
transform as

̂ẽa = μa
b ẽ

b, ẽa = λa
b
̂ẽb. (1.20)

Proof. By spanning properties of the covariant basis vectors, there exist
scalars αi

j and βi
j such that

̂ẽi = αi
j ẽ

j , ẽi = βi
j
̂ẽj .

By (1.16), (1.15), and (1.14), we have

δi
k = ẽi (�ek) =

[

βi
j
̂ẽj
] (

μa
k
̂�ea

)

= βi
jμ

a
k

[

̂ẽj
(

̂�ea

)]

= βi
jμ

a
kδj

a = βi
jμ

j
k.

But from (1.10) we know that λi
jμ

j
k = δi

k . By the uniqueness of an inverse
matrix, we must have βi

j =λi
j . Similarly, we can prove that αi

j =μi
j .
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Corollary 1.4.7 Under the change of basis sets given by (1.8) and (1.20), the
components of a covariant vector w̃ = wiẽi = ŵj

̂�ej transform as the following:

ŵj = λi
j wi, wi = μj

i ŵj . (1.21)

Proof. By (1.20) and (1.15), we have

wiẽi = ŵj
̂ẽj = ŵj [μ

j
i ẽi] = (μj

i ŵj)ẽi.

By the uniqueness of components, we obtain wi = μj
i ŵj . Similarly, we can

prove that ŵj = λi
jwi .

(Compare and contrast the transformation rules in (1.10) and (1.21).)

Example 1.4.8 Consider the (spinor) vector space C
2 and two basis sets

(dyads):
�e1 = (1, 0), �e2 = (0, 1);
̂�e1 = (i, 0), ̂�e2 = (i, i).

The transformation matrices are given by
[

λj
i

]

=
[

i i
0 i

]

,
[

μj
i

]

=
[

−i i
0 −i

]

.

The covariant basis set {ẽ1, ẽ2} is furnished by the rules

ẽi (�ej) = δi
j , ẽi

(

α1, α2
)

= α1δi
1 + α2δi

2,

ẽ1
(

α1, α2
)

= α1, ẽ2
(

α1, α2
)

= α2,

for all
(

α1, α2
)

in C
2 . In the transformed covariant basis

{

̂ẽ1,̂ẽ2
}

,

̂ẽ1
(

α1, α2
)

=
[

μ1
1ẽ

1 + μ1
2ẽ

2
] (

α1, α2
)

= μ1
1α

1 + μ1
2α

2 = i
(

−α1 + α2
)

,

̂ẽ2
(

α1, α2
)

=
[

μ2
1ẽ

1 + μ2
2ẽ

2
] (

α1, α2
)

= μ2
1α

1 + μ2
2α

2 = −iα2.

Let a particular covariant vector w̃ be given by

w̃
(

α1, α2
)

:= i
(

α1 + α2
)

for all
(

α1, α2
)

in C
2 . This covariant vector can be expressed as

w̃ = iẽ1 + iẽ2 = −̂�e1 − 2̂�e2,

w1 = w2 = i, ŵ1 = −1, ŵ2 = −2.

Thus, the equations (1.21) are validated. �
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Exercises 1.4

1. Consider the following two basis sets (or triads) in R
3 :

{�e1,�e2,�e3} := {(1, 0, 0), (0, 1, 0), (0, 0, 1)},
{̂�e1,̂�e2,̂�e3} := {(1, 0, 0), (1, 1, 0), (1, 1, 1)}.

Let a covariant vector ũ be defined by ũ(αi�ei) := α3 − α2 . Obtain explic-
itly the components of ũ relative to the corresponding bases {ẽ1, ẽ2, ẽ3} and
{

̂ẽ1,̂ẽ2,̂ẽ3
}

.

2. Consider the standard basis set (or tetrad) in R
4 . Another tetrad is given

by
̂�e1 = �e1, ̂�e2 = �e2, ̂�e3 = (cosh α)�e3 − (sinh α)�e4,

̂�e4 = −(sinh α)�e3 + (cosh α)�e4; α ∈ R.

Let a particular covariant vector be characterized by w̃ := ŵ1
̂ẽ1+ŵ4

̂ẽ4 . Obtain
the four components wi explicitly.

(Remark: This exercise is relevant in the special theory of relativity.)

3. (i) Prove that if a function ũ
(

ζ1, ζ2, ζ3
)

:= ζ1 + ζ2 + ζ3 for all complex
vectors

(

ζ1, ζ2, ζ3
)

in C
3 , then ũ is a covariant vector.

(ii) Using the covariant vector ũ above, find a basis set for the null space given
by

N :=
{(

ζ1, ζ2, ζ3
)

∈ C
3 : ũ

(

ζ1, ζ2, ζ3
)

= 0
}

.



Chapter 2

Tensor Algebra

2.1 Second-Order Tensors

Suppose that V is a vector space in the field F . An ordered pair of vectors
(

�a, �b
)

belong to the set V × V (the Cartesian product of V with itself).
A second-order covariant tensor is a function T.. from V × V into F

such that

(i) T..
(

λ�a + μ�b,�c
)

= [λT.. (�a,�c)] +
[

μT..
(

�b,�c
)]

, (2.1)

(ii) T..
(

�a, λ�b + μ�c
)

=
[

λT..
(

�a, �b
)]

+ [μT.. (�a,�c)] , (2.2)

for all λ, μ in F and all �a, �b,�c in V . (Note that T.. is a linear function in both
slots. That is why it is also called a bilinear form.)

Example 2.1.1 Let us define Õ.. (�a, �b) := 0 for all (�a, �b) in V × V . This is
the (unique) second-order covariant zero tensor. �

Example 2.1.2 T.. (�a, �b) = T..
(

αi �ei, βj �ej

)

:= α1β1 . �

Remark: The moment of inertia in the dynamics of a rigid body is a second-order
covariant tensor.

We can define the addition and scalar multiplication of the second-order
tensors by the following equations:

[T.. + G..]
(

�a, �b
)

:=
[

T..
(

�a, �b
)]

+
[

G..
(

�a, �b
)]

,

16
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[λT..]
(

�a, �b
)

:= λ
[

T..
(

�a, �b
)]

, (2.3)

[−T..]
(

�a, �b
)

:= −
[

T..
(

�a, �b
)]

,

for all �a, �b in V and all λ in F .

Theorem 2.1.3 Under the rules (2.3) of addition and scalar multiplication and
the definition of the second-order covariant zero tensor, the set Ṽ ⊗ Ṽ of all
second-order covariant tensors constitutes a vector space.

The proof is left to the reader.

Now, the tensor product (or outer product) between two covariant vec-
tors ũ and ṽ will be defined. It is the function ũ⊗ ṽ from V ×V into F such
that

[ũ ⊗ ṽ]
(

�a, �b
)

:= [ũ (�a)]
[

ṽ
(

�b
)]

(2.4)

for all �a, �b in V . Note that ũ ⊗ ṽ is an example of a second-order covariant
tensor.

Theorem 2.1.4 The tensor product of covariant vectors satisfies the following
equations:

(i) ã ⊗
(

b̃ + c̃
)

=
[

ã ⊗ b̃
]

+ [ã ⊗ c̃] , (2.5)

(ii)
(

ã + b̃
)

⊗ c̃ = [ã ⊗ c̃] +
[

b̃ ⊗ c̃
]

, (2.6)

(iii) λ
(

ã ⊗ b̃
)

= (λã) ⊗ b̃ = ã ⊗
(

λb̃
)

, (2.7)

(iv) ã ⊗ õ = õ ⊗ ã = Õ.., (2.8)

for all λ in F and all ã, b̃, c̃ in Ṽ .

Proof of part (i). The domains of the bilinear functions on both sides of
(2.5) are identical, namely V × V . Moreover, for two arbitrary vectors �u, �v in
V , we have (by (2.4) and (1.15))

[

ã ⊗
(

b̃ + c̃
)]

(�u, �v) = [ã (�u)]
[(

b̃ + c̃
)

(�v)
]

= [ã (�u)]
[

b̃ (�v) + c̃ (�v)
]

= [ã (�u)]
[

b̃ (�v)
]

+ [ã (�u)] [c̃ (�v)]

=
[(

ã ⊗ b̃
)

(�u, �v)
]

+ [ã ⊗ c̃] (�u, �v)

=
[(

ã ⊗ b̃
)

+ (ã ⊗ c̃)
]

(�u, �v) .
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Thus, part (i) is proved.

(Similarly, other parts can be proved.)

Example 2.1.5 Let two covariant vectors ũ and ṽ be defined by

ũ (�a) = ũ
(

αi �ei

)

:= α1, ṽ
(

�b
)

= ṽ
(

βj �ej

)

:= βN .

By (2.4),
[ũ ⊗ ṽ]

(

�a, �b
)

= [ũ (�a)]
[

ṽ
(

�b
)]

= α1βN ,

[ũ ⊗ ṽ]
(

�b, �b
)

= β1βN . �

Let us consider the tensor products of basis covariant vectors ẽa ⊗ ẽb , where
a, b take values from 1 to N .

Theorem 2.1.6 The set of tensor products of basis covariant vectors {ẽa⊗ẽb} ,
where a, b ∈ {1. . . . , N} , constitutes a basis set for Ṽ ⊗ Ṽ .

Proof. To prove the linear independence, consider the tensor equation

μab

[

ẽa ⊗ ẽb
]

= Õ.. .

The equation above, by (2.3), (2.4), and (1.16), implies that
[

μab

(

ẽa ⊗ ẽb
)]

(�ec,�ed) = μab [ẽa (�ec)]
[

ẽb (�ed)
]

= μabδ
a
c δb

d = μcd = 0

for all c, d . Thus, the linear independence is proved.
To prove the spanning property, consider an arbitrary tensor T.. yielding

scalars
τcd := T.. (�ec,�ed) . (2.9)

By (2.1), (2.2), and (2.9),

T..
(

�a, �b
)

= T..
(

αc �ec, β
d �ed

)

= αcβdT.. (�ec,�ed)

= τcdα
cβd.

(2.10)

Consider now the second-order covariant tensor τcd(ẽc⊗ẽd). By (2.3) and (2.4),

[τcd (�ec ⊗ �ed)]
(

ã, b̃
)

= τcd [ẽc (�a)]
[

ẽd
(

�b
)]

= τcdα
cβd.

(2.11)

Subtracting (2.11) from (2.10), we obtain
[

T.. − τcd

(

ẽc ⊗ ẽd
)]

(

�a, �b
)

= 0 = Õ..
(

�a, �b
)
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for every ordered pair (�a, �b) in V × V . By the uniqueness of the zero tensor
Õ.. , we must have

T.. = τcd

(

ẽc ⊗ ẽd
)

.

Thus, the spanning property is proved. Consequently, {ẽa⊗ ẽb} is a basis set.

Corollary 2.1.7
dim(Ṽ ⊗ Ṽ) = N2. (2.12)

The proof is omitted.

The (unique) scalars τcd appearing in (2.9) are defined to be the compo-
nents of T.. relative to the second-order covariant tensor basis {ẽc ⊗ ẽd} .

Now, we shall discuss the transformation rules for the components of a
second-order covariant tensor under a change of basis in V . (See (1.8).)

Theorem 2.1.8 Let {�e1, . . . ,�eN} and {̂�e1, . . . ,̂�eN} be two basis sets with
transformation equations ̂�ea = λb

a �eb , �ea = μb
a
̂�eb . Then, the components τcd

of a second-order covariant tensor T.. undergo the following transformation
equations:

τ̂ab = λc
a λd

b τcd,

τab = μc
a μd

b τ̂cd.
(2.13)

Proof. Recall (1.20), yielding

̂ẽa = μa
b ẽ

b, ẽa = λa
b
̂ẽb.

The second-order tensor T.. has the representations

T.. = τcdẽc ⊗ ẽd = τ̂ab
̂ẽa ⊗ ̂ẽb.

By (1.20) and (2.3), we obtain

τcdẽc ⊗ ẽd = τ̂ab

[

(μa
c ẽ

c) ⊗
(

μb
dẽ

d
)]

=
[

μa
cμb

dτ̂ab

] [

ẽc ⊗ ẽd
]

.

By the uniqueness of the components of T.. , we get

τcd = μa
cμb

dτ̂ab .

Similarly, we can prove the other equation in (2.13).
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Example 2.1.9 Let V be a two-dimensional vector space in the field F . A
transformation between two basis sets is characterized by

̂�e1 = �e2, ̂�e2 = −�e1.

Then the components of T.. will transform as

τ̂11 = λc
1λ

d
1τcd = λ2

1λ
2
1τ22 = τ22,

τ̂12 = −τ21, τ̂21 = −τ12, τ̂22 = τ11,

det [τ̂ab] = det [τab] . �

The transposition B..T of a second-order covariant tensor B.. is defined
by the equation

B..T
(

�a, �b
)

:= B..
(

�b, �a
)

(2.14)

for every ordered pair of vectors (�a, �b) in V × V .
A symmetric second-order covariant tensor S.. is defined by the condition

S..T = S.. . (2.15)

The components of such a tensor satisfy

σji := S.. (�ej ,�ei) = S..T (�ei,�ej) = S.. (�ei,�ej) = σij . (2.16)

The N×N matrix [σij ] is a symmetric matrix. It has N+(N−1)
(

N
2

)

= N(N+1)
2

linearly independent entries or components.

Example 2.1.10 The second-order covariant tensor

S.. :=
1
2
[(ũ ⊗ ṽ) + (ṽ ⊗ ũ)] (2.17)

is a symmetric tensor. �

Remark: The stress tensor at a point of a three-dimensional deformable body
is a symmetric second-order tensor with six independent components.

An antisymmetric second-order covariant tensor A.. is defined by the
condition

A..T = −A.. . (2.18)

The components of such a tensor satisfy

αji = −αij . (2.19)

The number of linearly independent components of a second-order antisymmet-
ric tensor is N(N−1)

2 .
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Example 2.1.11 The second-order covariant tensor

A.. := (ũ ⊗ ṽ) − (ṽ ⊗ ũ) (2.20)

is antisymmetric. �

Remark: The vorticity tensor at a point of a fluid flow in space is an antisym-
metric tensor with three independent components.

A second-order contravariant tensor T
..

is a function from Ṽ × Ṽ into F
such that

(i) T
..
(λũ + μṽ, w̃) = [λT

..
(ũ, w̃)] + [μT

..
(ṽ, w̃)], (2.21)

(ii) T
..
(ũ, λṽ + μw̃) = [λT

..
(ũ, ṽ)] + [μT

..
(ũ, w̃)], (2.22)

for all λ, μ in F and all ũ, ṽ, w̃ in Ṽ . Note that the function T
..

is bilinear.

Example 2.1.12 The (unique) second-order contravariant zero tensor is de-
fined by

O
..
(ũ, ṽ) := 0 for all ũ, ṽ in Ṽ. �

Example 2.1.13

T
..
(ã, b̃) = T

..
(αiẽi, βj ẽj) := αNβ1. �

Logically, we should denote the set of all second-order contravariant tensors
as ˜̃V ⊗ ˜̃V . But for a finite-dimensional vector space V , the doubly dual space
˜̃V is isomorphic (see (1.13)) to V . Hence, we denote the set ˜̃V ⊗ ˜̃V by V ⊗V in
the sequel.

The addition, scalar multiplication, etc., of the second-order contravariant
tensors are exactly analogous to (2.3). Under such rules, the set V ⊗V becomes
a vector space of dimension N2 .

The tensor product between two vectors (or contravariant vectors) is defined
as the function �a ⊗ �b such that

[

�a ⊗ �b
]

(ũ, ṽ) := [ũ(�a)]
[

ṽ
(

�b
)]

(2.23)

for all ã, b̃ in Ṽ . The tensor product �a ⊗ �b is a second-order contravariant
tensor. The set of N2 tensor products {�ea ⊗ �eb} forms a basis set for V ⊗ V .
The N2 scalars τab that appear in the linear combination

T
..

= τab(�ea ⊗ �eb) (2.24)
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are (unique) components of T
..

relative to the basis set {�ea ⊗ �eb} .
If the basis vectors transform according to

̂�ea = λb
a �eb, �ea = μb

a
̂�eb,

the components of a second-order contravariant tensor T
..

transform as

τ̂ab = μa
c μb

d τ cd, τab = λa
c λb

d τ̂ cd . (2.25)

(Compare and contrast the equation above with (2.13).)
The symmetric and antisymmetric second-order contravariant tensors can

be defined analogously to (2.15) and (2.18), respectively. The number of inde-
pendent components are exactly the same.

Remark: The angular momentum of a point particle (relative to a fixed point
in space) is an antisymmetric second-order contravariant tensor in Newtonian
physics.

Next we will define a mixed second-order tensor. Each of the bilinear
functions

T
.
. : Ṽ × V −→ F ,

T.
.

: V × Ṽ −→ F ,

is called a second-order mixed tensor.

Example 2.1.14
O

.
. (ũ, �b) := 0 (2.26)

for all ũ and all �b . Moreover,

O.
.
(�a, ṽ) := 0 (2.27)

for all �a and all ṽ . These are called zero mixed tensors. �

Example 2.1.15 The identity mixed tensors I
.
. and I.

.
are defined by

I
.
. (ẽa,�eb) := δa

b , (2.28)

I.
.
(�ea, ẽb) := δb

a. (2.29)

Thus, we have

I
.
. (αa ẽa, βb �eb) = αa βa = I.

.
(βa�ea, αb ẽb). �



2.1. Second-Order Tensors 23

We define the tensor products by

[�a ⊗ ṽ](ũ, �b) := [ũ(�a)] [ṽ(�b)], (2.30)

[ũ ⊗ �b](�a, ṽ) := [ũ(�a)] [ṽ(�b)], (2.31)

for all �a, �b and all ũ, ṽ .
The sets {�ea ⊗ ẽb} and {ẽa ⊗ �eb} are basis sets for V ⊗ Ṽ and Ṽ ⊗ V,

respectively. The N2 -dimensional vector spaces V⊗Ṽ and Ṽ⊗V are isomorphic.
Suppose that transformation between two basis sets are furnished by the

familiar equations
̂�ea = λb

a �eb, �ea = μb
a
̂�eb.

Then, the components of the mixed tensors T
.
. and T.

.
transform as

τ̂a
b = μa

c λd
b τ c

d, τa
b = λa

c μd
b τ̂ c

d, (2.32)

τ̂ b
a = λc

a μb
d τd

c, τ b
a = λc

a μb
d τ̂d

c. (2.33)

Example 2.1.16 Let V := R
2 , ũ(α1, α2) := α2 , and ṽ(β1, β2) := β1 .

Consider the class of mixed second-order tensors (α1, 2) ⊗ ṽ in V ⊗ Ṽ . We
want to determine the (real) values of the function (α1, 2)⊗ ṽ for the elements
(ũ, (−2−1, β2)) of Ṽ × V . By (2.30), we have

[(α1, 2) ⊗ ṽ] (ũ, (−2−1, β2)) = [ũ(α1, 2)] [ṽ(−2−1, β2)] ≡ (2)(−2−1) = −1.
�

Exercises 2.1

1. Let V be a four-dimensional real vector space and let the matrix

[λa
b ] :=

⎡

⎢

⎢

⎣

cosh β 0 0 − sinh β
0 1 0 0
0 0 1 0

− sinh β 0 0 cosh β

⎤

⎥

⎥

⎦

represents the transformation of basis sets. If F.. = φabẽa⊗ẽb is antisymmetric,
obtain the transformed components ̂φab explicitly.

(Remark: This problem provides the transformation of the electromagnetic
field components at an event under a Lorentz transformation.)
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2. Prove that every second-order covariant tensor T.. can be decomposed
uniquely as T.. = S.. + A.. , where S.. is symmetric and A.. is antisymmetric.

3. Let a second-order mixed tensor L
.
. belong to V ⊗ Ṽ . Prove that the

function L defined by ũ[L(·)] := L
.
. (ũ, ·), where ũ is any covariant vector, is

a linear operator on V .

2.2 Higher-Order Tensors

Let r and s be two non-negative integers. An (r + s)th-order (or rank) mixed

tensor r
sT is a function from the set

Ṽ × · · · × Ṽ
︸ ︷︷ ︸

r
× V × · · · × V
︸ ︷︷ ︸

s
into the field

F . Moreover, it has to satisfy the multilinearity conditions

(i) r
sT(ũ1, . . . , λũk + μṽk, . . . , ũr; �a1, . . . , �as)

= λ
[

r
sT(ũ1, . . . , ũk, . . . , ũr; �a1, . . . , �as)

]

+ μ
[

r
sT(ũ1, . . . , ṽk, . . . , ũr; �a1, . . . , �as)

]

, (2.34)

(ii) r
sT(ũ1, . . . , ũr; �a1, . . . , λ�aj + μ�bj , . . . , �as)

= λ[rsT(ũ1, . . . , ũr; �a1, . . . , �aj , . . . , �as)]

+ μ[rsT(ũ1, . . . , ũr; �a1, . . . , �bj , . . . , �as)], (2.35)

for all λ, μ in F , all ũ1, . . . , ũr in Ṽ , all �a1, . . . , �as in V , all k in {1, . . . , r} ,
and all j in {1, . . . , s} . Here, the integer r stands for the contravariant order
and the integer s stands for the covariant order. Moreover, the function r

sT
is linear in each of the r + s slots.

Example 2.2.1 The (unique) (r + s)th-order zero tensor is defined by
r
sO(ũ1, . . . , ũr; �a1, . . . , �as) := 0 (2.36)

for all ũ1, . . . , ũr in Ṽ and all �a1, . . . , �as in V . �

Example 2.2.2 Let b̃k := βk
1 ẽ1 + · · · + βk

N ẽN =: βk
ik

ẽik and �aj = α1
j �e1 +

· · · + αN
j �eN =: α

�j

j �e�j
. Let us define a function by

r
sT(b̃1, . . . , b̃r; �a1, . . . , �as) :=

(

r
∏

k=1

βk
k

)

⎛

⎝

s
∏

j=1

αj
j

⎞

⎠ .
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(The summation convention is suspended on k and j .) This function is an
(r + s)th-order tensor. �

Remark: In the generalized Hooke’s law connecting stress and strain at a point
of an elastic body, an elastic tensor of order (0 + 4) is involved.

There exist different but isomorphic (r+s)th-order mixed tensors for which
the domain set r + s copies of V and Ṽ are juxtaposed differently. We shall
usually use the order of r + s copies of V and Ṽ as in the definition in (2.34)
and (2.35). Lower-order tensors are denoted with dots (as we have done for the
second-order tensors in the preceding section). For example, we write

T.. ≡ 0
2T, T

.. ≡ 2
0T, T

.

. ≡ 1
1T,

R
.
... ≡ 1

3R .

There exists a more general definition of a higher-order tensor. The domain
set for such a tensor is Ṽ1 × · · · × Ṽr × Vr+1 × · · · × Vr+s , where vector spaces
V1, . . . ,Vr+s may have different dimensions (but the same field F ). We shall
mostly avoid such hybrid tensors except in section 7.3.

We shall now define the addition and scalar multiplication of (r+s)th-order
tensors in (2.34) and (2.35). These are furnished by

[rsT + r
sW] (ũ1, . . . , ũr; �a1, . . . , �as)

:=
[

r
sT(ũ1, . . . , ũr; �a1, . . . , �as)

]

+
[

r
sW(ũ1, . . . , ũr; �a1, . . . , �as)

]

,

r
sO(ũ1, . . . , ũr; �a1, . . . , �as) := 0,

[− r
sT] (ũ1, . . . , ũr; �a1, . . . , �as) := −

[

r
sT(ũ1, . . . , ũr; �a1, . . . , �as)

]

,

[λ r
sT] (ũ1, . . . , ũr; �a1, . . . , �as) := λ

[

r
sT(ũ1, . . . , ũr; �a1, . . . , �as)

]

,

(2.37)

for all λ in F , all �a1, . . . , �as in V , and all ũ1, . . . , ũr in Ṽ . (Note that addition
between two tensors of different orders is not permitted.)

The set of all (r+s)th-order tensors is denoted by
V ⊗ · · · ⊗ V
︸ ︷︷ ︸

r
⊗Ṽ ⊗ · · · ⊗ Ṽ
︸ ︷︷ ︸

s
.

Since this is long and inconvenient notation, we shall follow instead the simpler
expression

r
sT (V) :=

V ⊗ · · · ⊗ V
︸ ︷︷ ︸

r
⊗

Ṽ ⊗ · · · ⊗ Ṽ
︸ ︷︷ ︸

s
. (2.38)
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Example 2.2.3 According to (2.38) and consistency requirements, we have

0
0T (V) := F , 1

0T (V) ≡ V,

0
1T (V) = Ṽ, 0

2T (V) = Ṽ ⊗ Ṽ,

1
1T (V) = V ⊗ Ṽ. �

Theorem 2.2.4 Under the rules of addition and scalar multiplication in (2.37),
the set r

sT (V) of all (r + s) th-order tensors forms a vector space.

The proof is left to the reader.

The tensor product (or outer product) between two tensors r
sT and

p
qW is defined by the mapping r

sT ⊗ p
qW from

Ṽ × · · · × Ṽ
︸ ︷︷ ︸

r+p
× V × · · · × V
︸ ︷︷ ︸

s+q

into F such that

[ r
sT ⊗ p

qW] (ũ1, . . . , ũr; ṽ1, . . . , ṽp; �a1, . . . , �as; �b1, . . . , �bq)

:=
[

r
sT(ũ1, . . . , ũr; �a1, . . . , �as)

]

[

p
qW(ṽ1, . . . , ṽp; �b1, . . . , �bq)

] (2.39)

for all �a1, . . . , �as ; �b1, . . . , �bq in V and all ũ1, . . . , ũr ; ṽ1, . . . , ṽp in Ṽ . The
important properties of the tensor products are listed below.

Theorem 2.2.5 The tensor product ⊗ satisfies the following equations:

(i) r
sT ⊗ p

qW belongs to r+p
s+qT (V);

(ii) (r
sT + r

sU) ⊗ p
qW = (r

sT ⊗ p
qW) + (r

sU ⊗ p
qW) ; (2.40)

(iii) r
sT ⊗ (p

qU + p
qW) = (r

sT ⊗ p
qU) + (r

sT ⊗ p
qW) ; (2.41)

(iv) (λ r
sT) ⊗ (p

qW) = r
sT ⊗ (λ p

qW) = λ (r
sT ⊗ p

qW) ; (2.42)

(v) r
sO ⊗ p

qW = r
sT ⊗ p

qO = r+p
s+qO; (2.43)

(vi) (r
sA ⊗ p

qB) ⊗ j
kC = r

sA ⊗
(

p
qB ⊗ j

kC
)

; (2.44)

(vii) r
sT ⊗ p

qW �≡ p
qW ⊗ r

sT. (2.45)
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Proof of part (vi). Let vectors �a1, . . . , �as ; �b1, . . . , �bq ; �c1, . . . ,�ck ; ũ1, . . . ,

ũr ; ṽ1, . . . , ṽp ; w̃1, . . . , w̃j be chosen arbitrarily from V and Ṽ . Using (2.39)
several times, we obtain

[

(r
sA ⊗ p

qB) ⊗ j
kC
]

(ũ1, . . . , ũr; ṽ1, . . . , ṽp; w̃1, . . . , w̃j ; �a1, . . . , �as; �b1, . . . , �bq; �c1, . . . ,�ck)

=
{

[

r
sA
(

ũ1, . . . , ũr; �a1, . . . , �as

)] [

p
qB(ṽ1, . . . , ṽp; �b1, . . . , �bq)

]

}

[

j
kC(w̃1, . . . , w̃j ; �c1, . . . ,�ck)

]

=
[

r
sA(ũ1, . . . , ũr; �a1, . . . , �as)

]

{

[

p
qB(ṽ1, . . . , ṽp; �b1, . . . , �bq)

] [

j
kC(w̃1, . . . , w̃j ; �c1, . . . ,�ck)

]

}

=
[

r
sA ⊗ (p

qB ⊗ j
kC)
]

(ũ1, . . . , ũr; ṽ1, . . . , ṽp; w̃1, . . . , w̃j ; �a1, . . . , �as; �b1, . . . , �bq; �c1, . . . ,�ck).

Since the domains of the functions (r
sA⊗ p

qB)⊗ j
kC and r

sA⊗(p
qB⊗ j

kC) are
identical, the equation (2.44) (which is the associativity of the tensor product)
is proved.

Because of the associativity, the expression �ei1 ⊗ · · · ⊗ �eir
⊗ �ej1 ⊗ . . .�ejs is

meaningful. It is in fact a mixed tensor of (r + s)th order.

Theorem 2.2.6 The set of Nr+s mixed tensors {�ei1 ⊗ · · · ⊗�eir
⊗ ẽj1 ⊗ ẽjs}N

1

is a basis set for r
sT (V) .

The proof is left to the reader.

Corollary 2.2.7 dim [rsT (V)] = Nr+s.

The proof is skipped.

If we define the Nr+s components of r
sT by

τ i1...ir
j1...js

:= r
sT(ẽi1 , . . . , ẽir ; �ej1 , . . . ,�ejs

), (2.46)

then it can be proved that

r
sT = τ i1...ir

j1...js
�ei1 ⊗ · · · ⊗ �eir

⊗ ẽj1 ⊗ · · · ⊗ ẽjs . (2.47)
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(Note that there are Nr+s terms suppressed in the summation of the right-hand
side of (2.47)!)

Now, we shall discuss the transformation of the components under the usual
change of basis set

̂�ea = λb
a �eb, �ea = μb

a
̂�eb.

The transformation of the Nr+s components τ i1...ir
j1...js

of the (r+s)th-order tensor
r
sT can be proved to be

τ̂a1···ar
b1···bs

= μa1
c1 . . . μar

cr
λd1

b1 . . . λds
bs

τ c1...cr
d1...ds

, (2.48)

τa1...ar
b1...bs

= λa1
c1 . . . λar

cr
μd1

b1 . . . μds
bs

τ̂ c1...cr
d1...ds

. (2.49)

Exercise 2.2.8. Suppose that V = C
2 and ṽ(β1, β2) := β1 + β2 . We want

to evaluate the class of trilinear functions (α1, α2) ⊗ ṽ ⊗ (β1, β2) at the subset
of points (ũ, (−i, i), w̃) in the domain set Ṽ ×V×Ṽ . Using (2.39) several times,
we get

[(α1, α2) ⊗ ṽ ⊗ (β1, β2)] (ũ, (−i, i), w̃) = [ũ(α1, α2)] [ṽ(−i, i)] [w̃(β1, β2)] ≡ 0.

�

Let r
sT be a tensor such that 1 ≤ r , 1 ≤ s . For 1 ≤ i ≤ r and 1 ≤ j ≤ s ,

the contraction or trace operation is defined by a function i
jC from r

sT (V)
into r−1

s−1T (V) such that

[(i
jC)(r

sT)](w̃1, . . . , w̃i−1, w̃i+1, . . . , w̃r; �a1, . . . , �aj−1, �aj+1, . . . �as)
(2.50)

:=
N
∑

c=1

r
sT(w̃1, . . . , w̃i−1, ẽc, w̃i+1, . . . , w̃r; �a1, . . . , �aj−1,�ec, �aj+1, . . . �as)

for all �a1, . . . , �as in V and all w̃1, . . . , w̃r in V .

Example 2.2.9

[(11C)T
..
.. ] (ẽa; ẽb)

=
N
∑

c=1

T
..
.. (ẽc, ẽa; �ec,�eb)

=
N
∑

c=1

τ ca
cb ≡ τ ca

cb. �

Example 2.2.10

[(11C)T
.
. ] = τ c

c ∈ F . �
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Example 2.2.11

[(i
jC)(r

sT)] =

τa1...ai−1cai+1...ar
b1...bj−1cbj+1...bs

�ea1 ⊗
. . .�eai−1 ⊗ �eai+1 ⊗ . . .�ear

⊗ ẽb1 ⊗ · · · ⊗ ẽbj−1 ⊗ ẽbj+1 ⊗ · · · ⊗ ẽbs .

(2.51)

�

The relevant properties of the contraction are listed below.

Theorem 2.2.12 The contraction of (r + s) th-order tensors must satisfy the
following properties:

(i) (i
jC)(λ r

sA + μ r
sB) = λ[(i

jC)(r
sA)] + μ[ i

jC(r
sB)], (2.52)

(ii) (i
jC)(r

sT) is independent of the choice of the basis set in V and Ṽ .

Proof of part (ii). Using (2.48), (2.49), (2.34), (2.35), and (1.9), we obtain

N
∑

c=1

r
sT(w̃1, . . . , w̃i−1,̂ẽc, w̃i+1, . . . , w̃r ; �q1, . . . , �aj−1,̂�ec, �aj+1, . . . , �aa)

=
N
∑

c=1

N
∑

g=1

N
∑

h=1

(μc
g λh

c )

r
sT (w̃1, . . . , w̃i−1, ẽg, w̃i+1, . . . , w̃r; �a1, . . . , �aj−1,�eh, �aj+1, . . . , �as)

=
N
∑

k=1

r
sT (w̃1, . . . , w̃i−1, ẽk, w̃i+1, . . . , w̃r; �a1, . . . , �aj−1,�ek, �aj+1, . . . , �as).

One has to exercise caution in calculating the multiple contractions of a
tensor.

Example 2.2.13

(11C)[(11C)(T
..
.. )] = (11C)[τ ca

cb�ea ⊗ ẽb]

= τ ck
ck,

(11C)[(21C)(T
..
.. )] = τkc

ck �≡ τ ck
ck. �
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Consider the infinite-dimensional vector space T (V) obtained by the (weak)

direct sum
∞
∑

r=0

∞
∑

s=0

r
sT (V). The vector space T (V), together with the tensor

product rule ⊗ , constitutes the tensor algebra.
There exist some special tensors for which the values of the components

remain unchanged under a change of basis sets. These are called numerical
tensors. We shall list some numerical tensors below.

(i) The (r + s)th-order zero tensor r
sO , which has for its components

Oa1...ar
b1...bs

≡ 0, is numerical. (These values obviously remain intact
under the transformation rules (2.48).)

(ii) The identity tensors I
.
. and I.

.
in (2.28) and (2.29) are also numerical.

To prove this claim, consider the transformation rules (2.32) for the com-
ponents of δa

b of I
.
. . We have

̂δa
b = μa

c λd
b δc

d = μa
c λc

b = δa
b .

(iii) Various tensor products I
.
. ⊗ · · · ⊗ I.

.
are also numerical tensors.

In the next section, we shall discuss other generalizations of the numerical
tensors.

Exercises 2.2

1. Let {�e1,�e2} be the standard basis set for V = R
2 . Let �a := (−1, 1),

�b := (1, 2), and �c := (2, 1). Obtain the components of the (3 + 0)th-order
tensor �a ⊗ �b ⊗ �c relative to the basis set {�ei ⊗ �ej ⊗ �ek} .

2. Let S.. and G.. be two non-zero symmetric covariant tensors in a four-
dimensional vector space. Furthermore, let S.. and G.. satisfy the identity

[G.. ⊗ S..] (�a, �b,�c, �d) − [G.. ⊗ S..](�a, �d, �b,�c) + [G.. ⊗ S..](�b,�c, �a, �d)

−[G.. ⊗ S..](�c, �d, �a, �b) ≡ 0

for all �a, �b,�c, �d in V . Prove that there must exist a scalar λ �= 0 such that

G.. = λS.. .
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3. Consider the identity tensor I
.
. . Prove that

[

1
1C
(

1
2C . . . 1

2C
︸ ︷︷ ︸

N − 1

)] (

I
.
. ⊗ · · · ⊗ I

.
.

︸ ︷︷ ︸

N

)

= dim(V).

2.3 Exterior or Grassmann Algebra

Let an integer p satisfy 2 ≤ p ≤ dim(V). Consider a (0 + p)th-order covariant
tensor pW := 0

pW such that

pW(�a1, . . . , �ai, . . . , �aj , . . . , �ap) = −pW(�a1, . . . , �aj , . . . , �ai, . . . , �ap) (2.53)

for all �a1, . . . , �ai, . . . , �aj , . . . , �ap in V and all i, j in {1, . . . , p}. Such a tensor is
called a totally antisymmetric (or skew, or alternating) covariant tensor.

The components satisfy

Wa1...ai...aj ...ap
:= pW(�ea1 , . . . ,�eai

, . . . ,�eaj
, . . . ,�eap

)

= −Wa1...aj ...ai...ap

for all indices a1, . . . , ai, . . . , aj , . . . , ap .
Note that, by (2.53),

pW(�a1, . . . , �b, . . . , �b, . . . , �ap) ≡ 0. (2.54)

The subset of all totally antisymmetric covariant tensors of order (0 + p) is
denoted by Λp (Ṽ). It turns out to be a vector subspace of 0

pT (V).
Now, let us discuss the permutations of the positive integers (1, 2, . . . , p).

The identity permutation takes (1, 2, . . . , p) into itself. A single (special) trans-
position (or switch, or interchange) takes (1, 2, 3, . . . , p) into (2, 1, 3, . . . , p). A
typical permutation, σ takes (1, 2, . . . , p) into (σ(1), σ(2), . . . , σ(p)). The sign
of the permutation σ is denoted by sgn(σ). For an odd permutation (which in-
volves odd numbers of transpositions), sgn(σ) := −1. For an even permutation,
sgn(σ) := +1.

Example 2.3.1 Consider the integers (1, 2, 3). If σ(1, 2, 3) ≡ (σ(1),
σ(2), σ(3)) := (1, 3, 2), sgn(σ) = −1. If σ(1, 2, 3) ≡ (σ(1), σ(2), σ(3)) :=
(3, 1, 2), sgn(σ) = 1. This is because it involves two transpositions
(1, 2, 3) σ1−→ (1, 3, 2) σ2−→ (3, 1, 2). �

Theorem 2.3.2 If pW is a totally antisymmetric covariant tensor and σ is a
permutation of (1, 2, . . . , p) , then

pW(�aσ(1), . . . , �aσ(p)) ≡ [ sgn (σ)] pW(�a1, . . . , �ap). (2.55)
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The proof follows from the fact that every permutation σ is obtainable by com-
positions of transpositions (or switches).

The set of all p! permutations of (1, 2, . . . , p) is denoted by Sp and consti-
tutes a finite group (called the symmetric group).

Now we shall generate a new antisymmetric tensor out of an ordinary tensor.
The process is called alternating operation and is defined by

[Alt (pT)] (�a1, . . . ,ap) := (1/p!)
∑

σ∈Sp

[sgn(σ)] pT (�aσ(1), . . . , �aσ(p)) (2.56)

for all �a1, . . . , �ap in V .
Similarly, we can define the symmetrization operation

[Symm (pT)] (�a1, . . . ,ap) := (1/p!)
∑

σ∈Sp

pT(�aσ(1), . . . , �aσ(p)). (2.57)

Example 2.3.3 Consider permutations of (1, 2). There are just two elements
in S2 . One is the identity (which is considered to be an even permutation). The
other one is the single transposition σ(1, 2) := (2, 1). Therefore, by (2.56),

[Alt (ũ ⊗ ṽ)] (�a1,a2) = (1/2!)
∑

σ∈S2

[sgn(σ)] [ũ ⊗ ṽ](�aσ(1), �aσ(2))

= (1/2){[ũ ⊗ ṽ](�a1, �a2) − [ũ ⊗ ṽ](�a2, �a1)}

= (1/2){[ũ(�a1)] [ṽ(�a2)] − [ũ(�a2)] [ṽ(�a1)]}

= (1/2){[ũ ⊗ ṽ] − [ṽ ⊗ ũ]}(�a1, �a2)

for all �a1, �a2 in V . Since the domains of the functions Alt (ũ⊗ṽ) and (1/2){[ũ⊗
ṽ] − [ṽ ⊗ ũ]} are identical, we conclude that

Alt (ũ ⊗ ṽ) = (1/2){[ũ ⊗ ṽ] − [ṽ ⊗ ũ]}. (2.58)

(Compare the equation above with (2.20).) We can work out the symmetrization
operation (2.57) to obtain

Symm (ũ ⊗ ṽ) = (1/2){[ũ ⊗ ṽ] + [ṽ ⊗ ũ]}. (2.59)

We can generalize the examples above to the third-order tensor ũ ⊗ ṽ ⊗ w̃ ,
etc. �

Theorem 2.3.4 (i) If pT belongs to 0
pT (V) , then Alt (pT) belongs to Λp(Ṽ).

(ii) If pW belongs to Λp(Ṽ) , then

Alt (pW) = pW. (2.60)

(iii) Alt (λ pW + μ pU) = λ[Alt pW] + μ [Alt pU]. (2.61)
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The proof is left to the reader.
Now we are ready to define a new product called the exterior or wedge

product. Let pW belong to Λp(Ṽ) and qU belong to Λq(Ṽ). Then the wedge
product is defined by

pW ∧ qU := [(p + q)! /(p!)(q!)] Alt (pW ⊗ qU), (2.62)

[pW ∧ qU](�a1, . . . , �ap; �ap+1, . . . , �ap+q)

= [1 /(p!)(q!)]
∑

σ∈Sp+q

[sgn(σ)] [pW ⊗ qU] (2.63)

(�aσ(1), . . . , �aσ(p);�aσ(p+1), . . . , �aσ(p+q))

for all �a1, . . . , �ap+q in V .

Example 2.3.5

W̃ ∧ Ũ = (2!)Alt (W̃ ⊗ Ũ)

= [W̃ ⊗ Ũ] − [Ũ ⊗ W̃]. �

Example 2.3.6 There are six distinct permutations of the integers (1, 2, 3).
These can be listed as follows: I(1, 2, 3) := (1, 2, 3), σ2(1, 2, 3) := (2, 1, 3),
σ3(1, 2, 3) := (1, 3, 2), σ4(1, 2, 3) := (3, 2, 1), σ5(1, 2, 3) := (2, 3, 1), σ6(1, 2, 3)
:= (3, 1, 2). The permutations σ2, σ3, σ4 are odd and permutations I, σ5, σ6 are
even. Let us consider the wedge product between w.. and ũ . By (2.63), it is
given by

[w.. ∧ ũ] (�a1, �a2;�a3)

= (1/2) [w.. (�a1, �a2) ũ(�a3) − w..(�a2, �a1)ũ(�a3) − w.. (�a1, �a3)ũ(�a2)

−w.. (�a3, �a2)ũ(�a1) + w..(�a2, �a3)ũ(�a1) + w..(�a3, �a1)ũ(�a2)]

= [ũ ∧ w..](�a1, �a2;�a3) = (−1)(2·1)[ũ ∧ w..] (�a1, �a2;�a3)

for all �a1, �a2;�a3 in V . �

Now we shall discuss the relevant properties of the wedge product.

Theorem 2.3.7 The wedge product satisfies the following rules:

(i) (pA + pB) ∧ qC = (pA ∧ qC) + (pB ∧ qC), (2.64)

(ii) pA ∧ (qB + qC) = (pA ∧ qB) + (pA ∧ qC), (2.65)
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(iii) (λ pU) ∧ (μ qW) = (λμ)(pU ∧ qW), (2.66)

(iv) (pA ∧ qB) ∧ rC = pA ∧ (qB ∧ rC) =: pA ∧ qB ∧ rC, (2.67)

(v)
qU ∧ pW = (−1)pq(pW ∧ qU). (2.68)

Proof of part (v). By (2.63) and (2.39),

[qU ∧ pW](�a1, . . . , �aq; �aq+1, . . . , �aq+p)

= (1/q!p!)
∑

σ∈Sq+p

[sgn(σ)] [qU ⊗ pW] (�aσ(1), . . . , �aσ(q+p))

= (1/q!p!)
∑

σ∈Sq+p

[sgn(σ)] [qU(�aσ(1), . . . , �aσ(q))] [pW(�aσ(q+1), . . . , �aσ(q+p))]

= (1/p!q!)
∑

σ∈Sp+q

[sgn(σ)] [pW(�aσ(q+1), . . . , �aσ(q+p))] [qU(�aσ(1), . . . , �aσ(q))]

= [pW ∧ qU] (�aq+1, . . . , �aq+p; �a1, . . . , �aq).

Now, to permute q+p vectors (�aq+1, . . . , �aq+p;�a1, . . . , �aq) into (�a1, . . . , �aq; �aq+1,
. . . , �aq+p), we need qp transposition of vector arguments. But each of the trans-
positions introduces a factor of (−1) by (2.53). Thus (2.68) is established.

Example 2.3.8

ã ∧ b̃ = (αc ẽc) ∧ (βd ẽd)

= αc βd (ẽc ∧ ẽd)

= (1/2!) (αc βd − βc αd) (ẽc ∧ ẽd). �

Example 2.3.9

ωa1...ap
(ẽa1 ∧ · · · ∧ ẽap) = (p!)

∑

1≤a1<···<ap≤N

ωa1...ap
(ẽa1 ∧ · · · ∧ ẽap). (2.69)

(On the right-hand side of (2.69), the summation is carried out with the restric-
tion 1 ≤ a1 < · · · < ap ≤ N .) �
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Next we shall introduce a (p+p)th-order (2 ≤ p ≤ N) totally antisymmetric
tensor. It is called the generalized Kronecker delta p

p δ . Its components
are furnished by the determinant of a p × p matrix as

δa1...ap
b1...bp

:=

∣

∣

∣

∣

∣

∣

∣

δa1
b1 δa1

b2 . . . δa1
bp

...
...

...
...

δap
b1 δap

b2 . . . δap
bp

∣

∣

∣

∣

∣

∣

∣

. (2.70)

Example 2.3.10 δ
.
. = I

.
. , the identity tensor in (2.28). �

Example 2.3.11 δa1a2
b1b2 = δa1

b1δ
a2

b2 − δa1
b2δ

a2
b1 are the components of

δ
..
... �

The important properties of the components of p
p δ are listed below.

Theorem 2.3.12 The components of p
p δ satisfy the following rules:

(i) δa1...ap
b1...bp

=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

1 if (b1, . . . , bp) is an even permutation of
(a1, . . . , ap),

−1 if (b1, . . . , bp) is an odd permutation of
(a1, . . . , ap),

0 otherwise ;

(2.71)

(ii) δa1...ap
b1...bp

≡ 0 for p > N ; (2.72)

(iii) δa1...ap
a1...ap

= (N !/(N − p)!); (2.73)

(iv) δa1...aq aq+1...ap
b1...bq aq+1...ap

= [(N − q)!/(N − p)!] δa1...aq
b1...bq

for 1 ≤ q < p ≤ N ;
(2.74)

(v) det[λa
b] = (1/N !)δa1...aN

b1...bN
λb1

a1 . . . λbN
aN

; (2.75)

(vi) [ẽa1 ∧ · · · ∧ ẽap ](�eb1 , . . . ,�ebp
) = δa1...ap

b1...bp
. (2.76)

Proof of part (v). Recall the following properties of a determinant:

det[λa
b] :=

∑

σ∈SN

sgn(σ)λ1
σ(1) . . . λN

σ(N), (2.77)

∣

∣

∣

∣

∣

∣

∣

λa1
b1 . . . λa1

bp

...
...

λap
b1 . . . λap

bp

∣

∣

∣

∣

∣

∣

∣

=
∑

σ∈Sp

sgn(σ)λa1
bσ(1) . . . λap

bσ(p) . (2.78)
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By (2.71), (2.69), and (2.78) we obtain

(1/N !)δa1...aN
b1...bN

λb1
a1 . . . λbN

aN
=

N
∑

1≤b1<···<bN

δa1...aN
b1...bN

λb1
a1 . . . λbN

aN

= δa1...aN
1...Nλ1

a1
. . . λN

aN
=
∑

σ∈SN

sgn(σ)δa1
σ(1) . . . δaN

σ(N)λ
1
a1

. . . λN
aN

=
∑

σ∈SN

sgn(σ)λ1
σ(1) . . . λN

σ(N) = det[λa
b].

Example 2.3.13 Let V be a real four-dimensional vector space. By (2.73)
and (2.74), we obtain

δa1...a4
a1...a4 = 4! , (2.79)

δa1a2a3a4
b1a2a3a4 = (3!) δa1

b1 , (2.80)

δabcd
efcd = 2 δab

ef , (2.81)

δabcd
efgd = δabc

efg. (2.82)

These equations are applicable in the theory of relativity. �

Now we shall construct a basis set for Λ
p

(Ṽ). Consider a totally antisym-
metric covariant tensor ẽa1 ∧ ẽa2 ∧· · ·∧ ẽap (2 ≤ p ≤ N). If any two superscripts
of a1, . . . , ap coincide, the tensor is zero by (2.54). The number of choices for p

distinct integers out of N is
(

N
p

)

= [N !/p! (N − p)!] .

Theorem 2.3.14 The set of all totally antisymmetric covariant tensors {(ẽa1∧
· · · ∧ ẽap) : 1 ≤ a1 < a2 < · · · < ap ≤ N} is a basis set for Λp(Ṽ) .

The proof is left to the reader.

Corollary 2.3.15

dim[Λ
p

(Ṽ)] = [N !/p!(N − p)!]. (2.83)

Example 2.3.16 dim[Λ
N

(Ṽ)] = 1. Therefore, every non-zero totally anti-
symmetric covariant tensor NW is a basis tensor for ΛN (Ṽ). �

Example 2.3.17 Consider a real four-dimensional vector space V and a basis
set {�e1,�e2,�e3,�e4} . The corresponding basis sets for Λ2(Ṽ), Λ3(Ṽ), and Λ4(Ṽ)
are respectively: {ẽ1 ∧ ẽ2, ẽ1 ∧ ẽ3, ẽ1 ∧ ẽ4, ẽ2 ∧ ẽ3, ẽ2 ∧ ẽ4, ẽ3 ∧ ẽ4} , {ẽ1 ∧ ẽ2 ∧
ẽ3, ẽ1 ∧ ẽ2 ∧ ẽ4, ẽ1 ∧ ẽ3 ∧ ẽ4, ẽ2 ∧ ẽ3 ∧ ẽ4} , and {ẽ1 ∧ ẽ2 ∧ ẽ3 ∧ ẽ4} . These basis
sets are relevant in the theory of relativity. �
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The components wa1...ap
for 1 ≤ a1 < a2 < · · · < ap ≤ N of a totally anti-

symmetric tensor pW are called the strict components. These are denoted
by wa1<···<ap

. Maintaining the summation convention, we can express

pW = wa1...ap
(ẽa1 ⊗ · · · ⊗ ẽap)

= (1/p!)wa1...ap
(ẽa1 ∧ · · · ∧ ẽap)

= wa1<···<ap
(ẽa1 ∧ · · · ∧ ẽap).

(2.84)

Example 2.3.18 Choose N = 3 and p = 2. An antisymmetric tensor of
order (0 + 2) is provided by

w.. = wabẽa ⊗ ẽb = (1/2)wabẽa ∧ ẽb

= w12ẽ1 ∧ ẽ2 + w13ẽ1 ∧ ẽ3 + w23ẽ2 ∧ ẽ3

= wa<bẽa ∧ ẽb. �

Theorem 2.3.19 Prove that under the change of basis set in (1.8), the strict
components wa1<···<ap

of a totally antisymmetric tensor pW undergo the fol-
lowing transformation rules:

ŵa1<···<ap
=

∣

∣

∣

∣

∣

∣

∣

λb1
a1 . . . λbp

a1

...
...

λb1
ap

. . . λbp
ap

∣

∣

∣

∣

∣

∣

∣

wb1<···<bp
, (2.85)

wa1<···<ap
=

∣

∣

∣

∣

∣

∣

∣

μb1
a1 . . . μbp

a1

...
...

μb1
ap

. . . μbp
ap

∣

∣

∣

∣

∣

∣

∣

ŵb1<···<bp
. (2.86)

The proof is left as an exercise. (Note that the summation convention is main-
tained in (2.85) and (2.86).)

Now we shall introduce another totally antisymmetric permutation (or
numerical) symbol of Levi-Civita. It is denoted by NE , and its contravari-
ant analogue is indicated by NE . The corresponding components are defined
respectively by

εa1...aN
:= δ1...N

a1...aN
, (2.87)

εb1...bN := δb1...bN
1...N . (2.88)

These NN components are mostly zero. Only N ! among the components
are ±1.

Example 2.3.20

ε123...N = −ε213...N = δ12...N
12...N = 1. �
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The main properties of the permutation symbols are summarized below.

Theorem 2.3.21 The components of permutation symbols satisfy the following:

(i) εa1...aN
= εa1...aN =

⎧

⎪

⎨

⎪

⎩

1 if (a1, . . . , aN ) is an even permutation of (1, . . . , N),
−1 if (a1, . . . , aN ) is an odd permutation of (1, . . . , N),

0 otherwise;
(2.89)

(ii) εa1...aN εb1...bN
= δa1...aN

b1...bN
; (2.90)

(iii) εa1...ap ap+1...aN εb1...bp ap+1...aN
= (N − p)!δa1...ap

b1...bp
; (2.91)

(iv) λb1
a1 . . . λbN

aN
εb1...bN

= {det[λc
d]}εa1...aN

; (2.92)

(v) μa1
b1 . . . μaN

bN
εb1...bN = {det[μc

d]}εa1...aN . (2.93)

The proof will be left as an exercise.

Example 2.3.22 Consider the two-dimensional vector space V , the spinor
space in an arbitrary field F . In this case, the permutation symbols satisfy

ε11 = ε11 = ε22 = ε22 = 0, ε12 = ε12 = −ε21 = −ε21 = 1;

εabεcd = δab
cd, εabεab = 2;

εabψ
aχb = det

[

ψ1 ψ2

χ1 χ2

]

.

This example is relevant in the theory of spin-1/2 particles in nature. �

Example 2.3.23 Consider a three-dimensional vector space. In such a case,

εabc εabc = 6, (2.94)

εabc εdbc = 2δa
d, (2.95)

εabc εedc = δa
e δb

d − δa
d δb

e. (2.96)

This example is pertinent in the non-relativistic mechanics of particles and de-
formable bodies. �
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Example 2.3.24 In the case of a four-dimensional real vector space, we have

εabcd εabcd = 4! , (2.97)

εabcd εebcd = 6δa
e, (2.98)

εabcd εefcd = 2(δa
e δb

f − δa
f δb

e), (2.99)

εabcd εefgd = δa
e(δb

f δc
g − δb

g δc
f ) + δa

f (δb
g δc

e − δb
e δc

g)

+δa
g(δb

e δc
f − δb

f δc
e).

(2.100)

This example is useful in the theory of relativity. �

Now we shall discuss the transformation properties of the components
εa1...aN

and εa1...aN under the change of basis set in (1.8). It is natural to
demand that the permutation symbols be numerical symbols; that is,

ε̂a1...aN
= εa1...aN

, ε̂a1...aN = εa1...aN .

To accomplish the equalities above, we must adopt the following transformation
rules:

ε̂a1...aN
= {det[λc

d]}−1λb1
a1

. . . λbN
aN

εb1...bN
, (2.101)

ε̂a1...aN = {det[λc
d]}μa1

b1
. . . μaN

bN
εb1...bN . (2.102)

(By (2.92) and (2.93), it is evident that transformation rules (2.101) and (2.102)
render permutation symbols to behave as numerical objects.) Comparing (2.101)
and (2.102) with the tensor transformation rules in (2.48), we conclude that the
permutation symbols are generalizations of tensors. This fact prompts us to
invent the concept of a relative tensor r

sΘω of weight ω (an integer) with
transformation rules for its components as

̂θa1...ar
b1...bs

= {det[λe
f ]}ωμa1

c1 . . . μar
cr

λd1
b1 . . . λds

bs
θc1...cr

d1...ds
. (2.103)

For a positive weight ω > 0, the relative tensor r
sΘw belongs to the set

ΛN (Ṽ) ⊗ · · · ⊗ ΛN (Ṽ)
︸ ︷︷ ︸

ω
⊗ r

sT (V), whereas for a negative weight it belongs to

the set
ΛN (V) ⊗ · · · ⊗ ΛN (V)
︸ ︷︷ ︸

ω
⊗ r

sT (V).
A relative tensor weight ω = 1 is called a tensor density.

Example 2.3.25 Consider an antisymmetric tensor NA belonging to ΛN (Ṽ).
Let its strict components be denoted by

α := αa1<···<aN
= α1...N ,

αa1...aN
= αεa1...aN

.
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By the rules
NA = (1/N !)αa1...aN

ẽa1 ∧ · · · ∧ ẽaN

= (α1...N )(ẽ1 ∧ · · · ∧ eN ),
α̂1...N = {det [λc

d]}α1...N ,

we have
α̂ = {det [λc

d]}α.

Thus NA is a scalar density. �

Example 2.3.26 The permutation symbol NE is a contravariant N th-order
tensor density according to the transformation rules (2.102) and (2.103). �

We denote the set of all pth-order, antisymmetric, relative covariant tensors
of weight ω by Λp

ω(Ṽ) and for similar contravariant tensors by Λp
ω(V). We

observe that the dimension of Λp
ω(Ṽ) or Λp

ω(V) for p ≤ N is
(

N
p

)

. This is

precisely the dimension of ΛN−p
ω(Ṽ) or ΛN−p

ω(V). Therefore, it is possible to
set up a linear and one-to-one mapping from Λp

ω(Ṽ) into ΛN−p
ω+1(V). This is

called the up-star (∗) duality mapping and is defined by the following rules
on the components:

∗ωb1...bN−p := (1/p!) εa1...ap b1...bN−p ωa1...ap
. (2.104)

The corresponding inverse transformation is furnished by

ωa1...ap
= [1/(N − p)!] εa1...ap b1...bN−p

∗ωb1...bN−p . (2.105)

We define the down-star (∗) duality mapping from Λp
w+1(V) into

ΛN−p
w(Ṽ) by the equations

∗ζa1...aN−p
:= (1/p!) εa1...aN−p b1...bp

ζb1...bp . (2.106)

ζb1...bp = [1/(N − p)!] εa1...aN−p b1...bp∗ζa1...aN−p
. (2.107)

Example 2.3.27 Consider the spinor space. It is a two-dimensional complex
vector space. Moreover, we restrict the change of basis sets so that

det[λc
d] = 1.

(Remark: The set of such unimodular transformations constitutes the group
SGL(2, C).)
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For such transformations, there are no distinctions between tensors (or spinors)
and relative tensors (or relative spinors). The star dual mappings in (2.104) and
(2.106) are

∗ωb = εab ωa, ωa = εab
∗ωb,

∗ζa = εab ζb, ζb = εab
∗ζb,

∗ωb ωb = ∗ζaζa ≡ 0.

Here, εab and εcd serve the purposes of raising and lowering indices. (Never-
theless, these should not be called metric tensor components!) �

We consider now composite mappings ∗◦∗ and ∗◦∗. Using
(2.106), (2.104), and (2.91), we obtain

∗(∗ωa1...aN−p
) = (1/p!)εa1...aN−pb1...bp

∗ωb1...bp

= (1/p!)εa1...aN−pb1...bp
{[1/(N−p)!]εc1...cN−pb1...bpωc1...cN−p

}
= (1/p!)δc1...cN−p

a1...aN−p
ωc1...cN−p

= ωa1...aN−p
.

Thus, the mappings ∗◦∗ , and ∗◦∗ are identity mappings.
The basis set {�e1, . . . ,�eN} for V can have one of two possible orientations.

In the case NE(�e1, . . . ,�eN ) > 0, the basis set is said to be positively oriented.
Otherwise, it is negatively oriented. For a change of basis sets given by
̂�ea = λa

b�eb , we have [ẽ1 ∧ · · · ∧ ẽN ](̂�e1, . . . ,̂�eN ) = det[λa
b] �= 0. Therefore,

the sign of the det[λa
b] divides the transformations into two distinct classes. In

the case det[λa
b] > 0, the basis {̂�e1, . . . ,̂�eN} is positively oriented relative to

{�e1, . . . ,�eN} . For det[λa
b] < 0, the basis is negatively oriented with respect

to {�e1, . . . ,�eN} . We can introduce a generalization of relative tensors as given
in (2.103). The components of an oriented (or pseudo) relative tensor
transform as

̂θa1...ar
b1...bs (2.108)

= {sgn[det[λe
f ]]} · {det[λi

j ]}w · μa1
c1 . . . μar

cr
λd1

b1 . . . λds
bs

θc1...cr
d1...ds

.

Example 2.3.28 The transformation of the components of a second-order
covariant tensor is given by (see (2.13))

τ̂ab = λc
a λd

b τcd = λc
a τcd λd

b.

Taking the determinant of both sides, we have

det[τ̂ab] = {det[λa
c]T } {det[τcd]} {det[λd

b]}.

Now, taking positive square roots of the absolute values of both sides, we obtain
that

√

|det[τ̂ab]| = {sgn[det[λe
f ]]}{det[λi

j ]}
√

|det[τcd]|. (2.109)

Therefore,
√

|det[τab]| transforms as an oriented (or pseudo) scalar density. �
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Exercises 2.3

1. Let ũ1, . . . , ũp be p covariant vectors. Prove that if ũ1, . . . , ũp are linearly
dependent, then ũ1 ∧ · · · ∧ ũp = pO .

2. Prove that

[ũ1 ∧ · · · ∧ ũp](�a1, . . . , ãp) = det[ũa(�ab)].

3. Prove the following equations.

(i) εj1...jrjr+1...jN δhr+1...hN
jr+1...jN

≡ (N − r)!εj1...jrhr+1...hN .

(ii) det[aij ] = εj1...jN a1j1 . . . aNjN
.

(iii) The characteristic determinant

det[αh
j − λδh

j ] =

(−λ)N +
N
∑

k=1

(1/k!)(−λ)N−kδj1...jk
h1...hk

αh1
j1 . . . αhk

jk
.

4. Prove theorems 2.3.19 and 2.3.21.

2.4 Inner Product Vector Spaces
and the Metric Tensor

In the preceding sections, we have assumed a general field F . In the sequel, we
shall use mostly the real field R (and occasionally C). The vector spaces can
be made more interesting by allowing additional structures. For example, we
may introduce the notion of the norm or length of a real vector. The norm or
length, denoted by || · || , maps a vector into a non-negative real number. The
axioms regarding a norm are listed below.

N1. ||�a|| ≥ 0; ||�a|| = 0 if and only if �a = �o. (2.110)

N2. ||λ�a|| = |λ| ||�a||. (2.111)

N3. ||�a + �b|| ≤ ||�a|| + ||�b|| (the triangle inequality). (2.112)
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Example 2.4.1 The familiar notion of the Euclidean norm or length of a
vector �a = αb�eb is given by

||�a|| := +
√

δbcαbαc =
√

(α1)2 + · · · + (αN )2. �

A vector space can have a more elaborate structure, known as the inner
products (or scalar product). Inner products can exist independently of the
norm. The inner product is a function g.. with the following axioms:

I1. g.. (�a, �b) ∈ R.

I2. g.. (�b, �a) ≡ g..(�a, �b). (2.113)

I3. g.. (λ�a + μ�b,�c) ≡ [λg.. (�a,�c)] + [μg.. (�b,�c)]. (2.114)

I4. g.. (�a, �x) = 0 for all �x in V if and only if �a = �o.

It is clear that g.. is a symmetric second order covariant tensor. It is also called
the metric tensor. The axiom I4 is known as the non-degeneracy axiom.
(An alternate notation for an inner product is (�a, �b)g ≡ g.. (�a, �b).)

Example 2.4.2 The Euclidean metric is defined by

g.. (�a, �b) ≡ I..(�a, �b) = I.. (αa�ea, βb�eb)

:= δabα
aαb = (α1β1) + · · · + (αNβN );

(2.115)
g.. ≡ I.. = δab(ẽa ⊗ ẽb);

‖�a‖2 := I.. (�a, �a). �

Example 2.4.3 We can define a Lorentz metric by

g.. (�a, �b) ≡ d..(�a, �b) = dabα
aβa

:= (α1β1) + · · · + (αN−1βN−1) − (αNβN ).
(2.116)

g.. = dab(ẽa ⊗ ẽb) = (ẽ1 ⊗ ẽ1) + · · · + (ẽN−1 ⊗ ẽN−1) − (ẽN ⊗ ẽN ). �

The metric tensor components gij := g.. (�ei,�ej) = gji . Therefore, the eigen-
values λ1, . . . , λN of the symmetric matrix [gij ] are all real. Moreover, by the
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non-degeneracy axiom I4, none of the eigenvalues can be zero. Therefore, we
can introduce the notion of the signature of a metric by

sgn(g..) :=
N
∑

k=1

sgn(λk) = p − n;

N = p + n.

(2.117)

Here, p is the number of positive eigenvalues and n is the number of negative
eigenvalues. For the Lorentz metric in (2.116), sgn(d..) = N − 2. In the theory
of relativity, N = 4 and sgn(d..) = 2. (Caution: Some relativists denote the
metric by ̂d.. := −d.. , sgn(̂d..) = −2!)

There is a stronger concept of inner product. It is called a positive-definite
inner product. In this case, one of the axioms I4 in (2.113) and (2.114) is
replaced by a stronger axiom,

I4+. g.. (�a, �a) ≥ 0; g.. (�a, �a) = 0 iff �a = �o.

In the case of a positive-definite inner product, we can define in a natural way
the norm or length of a vector �a as

‖�a‖ := +
√

g.. (�a, �a). (2.118)

We can define the “angle” θ between two non-zero vectors �a and �b by

cos θ :=
[

g.. (�a, �b)/
√

g.. (�a, �a) · g..(�b, �b)
]

. (2.119)

By the Cauchy-Schwartz inequality, | cos θ| ≤ 1.
If the inner product is not positive-definite, there is a problem of defining

the norm. The best we can do is to define the separation σ of a vector by

σ(�a) := +
√

|g..(�a, �a)|. (2.120)

(The pair of vertical lines indicate the absolute value!) The separation defined
in (2.120) satisfies the following two conditions:

σ(�a) ≥ 0,

σ(λ�a) = |λ|σ(�a).
(2.121)

The rules above definitely differ from the rules of a norm in (2.110)–(2.112). For
a Lorentz metric in (2.116) and a vector �a �= �o with components α1 = αN = 1,
α2 = α3 = · · · = αN−1 = 0, the separation σ(�a) = 0. This clearly violates the
axiom (2.110) for a norm or length.

For a vector space with a Lorentz metric g.. , we define the following subsets
of vectors.

(i) A spacelike vector �s must satisfy

g.. (�s,�s) > 0. (2.122)
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(ii) A timelike vector �t must satisfy

g.. (�t,�t) < 0. (2.123)

(iii) A null vector �n must satisfy

g.. (�n, �n) = 0. (2.124)

Example 2.4.4 Consider the four-dimensional real vector space with the
Lorentz metric

d.. = (ẽ1 ⊗ ẽ1) + (ẽ2 ⊗ ẽ2) + (ẽ3 ⊗ ẽ3) − (ẽ4 ⊗ ẽ4). (2.125)

Here, the basis {�e1, . . . ,�e4} is the standard one. For the vector �s := �e1+�e2+�e3 ,
σ(�s) = d.. (�s,�s) = 3. Therefore, �s is spacelike. For the vector �t := �e1−�e2+�e3−
2�e4 , d.. (�t,�t) = −1. Thus, �t is timelike. For the vector �n := �e1+�e2−�e3+

√
3�e4 ,

d.. (�n, �n) = 0. Therefore, �n is a (non-zero) null vector. �

Now let us discuss the “angle” between two vectors in the Lorentz metric.
The natural generalization of (2.119) for two non-null vectors is provided by

cos θ :=

[

d.. (�a, �b)
/

√

∣

∣

∣d.. (�a, �a)d..(�b, �b)
∣

∣

∣

]

.

If we choose the standard vectors �e1 and �eN and define the sequence of vectors
�bm := �e1 + (m− 1/m)�eN , m ∈ {1, 2, · · · } , then d..(�e1,�e1) = 1, d.. (�eN ,�eN ) =
−1, d.. (�bm, �bm) = 1 − (m − 1/m)2 , d.. (�e1, �bm) ≡ 1. Therefore, the sequence
of “angles” between �e1 and �bm are given by

cos(θm) =

[

d.. (�e1, �bm)/
√

∣

∣

∣d.. (�e1,�e1)d..(�bm, �bm)
∣

∣

∣

]

= (m/
√

2m − 1).

Thus 1 ≤ cos θm and lim
m→∞

cos θm −→ ∞ . This displays the violation of the
Cauchy-Schwartz inequality and shows that the use of a trigonometric function,
“cosine,” is meaningless for a non–positive-definite metric.

From these discussions, we conclude that there is neither a length nor an
angle in a vector space with a Lorentz metric.

A “unit” vector �u is defined in general by the condition

σ(�u) = 1. (2.126)
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Two “orthogonal vectors” �a and �b must satisfy the condition

g.. (�a, �b) = 0. (2.127)

In the case where {�e1, . . . ,�eN} is an “orthonormal basis” set, the vectors
must satisfy

g.. (�ek,�ej) =

{

±1 for k = j,

0 for k �= j.
(2.128)

(Subsequently, we shall drop “ ” from the orthonormality.)
The non-degeneracy axiom I4 implies that the N × N matrix [gab] is non-

singular. Therefore, the matrix [gab] possesses a unique and symmetric inverse
matrix. Denoting the entries of the inverse matrix by gab , we obtain

gba = gab, gabgbc = gcbg
ba = δa

c. (2.129)

The contravariant (or conjugate) metric tensor is defined by

g.. := gab(�ea ⊗ �eb). (2.130)

The contravariant metric tensor induces an inner product in Ṽ by the rules

g.. (ẽa, ẽb) = gab, (2.131)

g.. (x̃, ỹ) = g.. (ξaẽa, ηbẽb) = gabξaηb. (2.132)

The metric tensor g.. induces an isomorphism between V and Ṽ . The
following theorem establishes the isomorphism.

Theorem 2.4.5 Let V be a finite-dimensional real vector space with a metric
g.. . Then, to every covariant vector ũ in Ṽ there corresponds a unique vector
�u in V such that ũ(�a) = g.. (�a, �u) for all �a in V . Moreover, the function Ig

from Ṽ into V , defined by �u := Ig(ũ) , is a vector space isomorphism.

The proof is left as an exercise. By the preceding theorem, the metric g.. makes
V and Ṽ exactly similar. In terms of the components, the isomorphism can be
expressed as

ξa := gabξb,

ξc = gcaξa.
(2.133)

The procedures above are called raising and lowering indices, respectively.
The isomorphism due to the metric can be extended to tensor spaces with

fixed (r + s) order. Thus, the spaces (r+s)
0 T (V), r

sT (V), 0
(r+s)T (V), etc., are
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exactly similar due to the metric. In terms of the components, the isomorphism
can be obtained by the following (and similar) rules for raising and lowering
indices:

τa1...ar
b1...bs

:= gb1d1 . . . gbsds
τa1...ard1...ds

= ga1c1 . . . garcrτc1...crb1...bs

= garkτa1...ar−1
kb1...bs

.

(2.134)

Example 2.4.6 For a Euclidean metric gab ≡ δab , (2.134) implies that

τa1...ar
b1...bs

= τa1...arb1...bs = τa1...arb1...bs
. �

Example 2.4.7 Let us work out the raising and lowering of second-order
tensor components from (2.134):

τab = gbcτa
c = gacgbdτcd = gacτc

b,

τab = gacτ
c
b = gacgbdτ

cd = gbdτa
d,

(2.135)
τa

b = gacτcb = gbdτ
ad = gacgbdτc

d,

τa
b = gacτ

cb = gbdτad = gacg
bdτ c

d.
�

Example 2.4.8 For the metric tensor components, we obtain from (2.129)
and (2.134)

ga
b = gacgcb = δa

b,
(2.136)

ga
b = gacg

cb = δa
b.

�

The metric g.. in V induces a generalized metric 2s
2rg for the Nr+s -dimen-

sional vector space r
sT (V). Therefore, the function 2s

2rg should map a pair
of ordered tensors r

sA=αa1...ar
b1...bs

�ea1 ⊗ · · · ⊗ ẽbs
and r

sB=βc1...cr
d1...ds

�ec1

⊗ · · · ⊗ ẽds
into a real number. We define this function by the following rule:

2s
2r

g(r
sA, r

sB) :=

gb1d1 . . . gbsdsga1c1 . . . garcr
αa1...ar

b1...bs
βc1...cr

d1...ds
.

(2.137)
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Theorem 2.4.9 The induced metric 2s
2rg in (2.137) satisfies the rules of inner

product I1 – I4 in (2.113) and (2.114) for the Nr+s -dimensional vector space
r
sT (V) .

The proof is left as an exercise.

We can define the separation function σ̃ for the tensor space r
sT (V). It is

given by
σ̃(r

sT) := +
√

|2s
2rg(r

sT, r
sT)|. (2.138)

Example 2.4.10 Let us consider the induced metric ∧g.... for the space
Λ2(V). (It is also called the bivector space.) Choose two contravariant anti-
symmetric tensors w.. and A

..
. By (2.84), we can express

w.. = ωab�ea ⊗ �eb =: 1
2ωab�ea ∧ �eb,

A
..

= αcd�ec ⊗ �ed =: 1
2αcd�ec ∧ �ed.

By the definition in (2.137), we have

∧g.... (w..,A
..
) = gacgbdω

abαcd.

The components of �ee ∧ �ef relative to their own basis set are furnished by

�ee ∧ �ef =
1
2
δab

ef�ea ∧ �eb.

Therefore, we obtain for the components

∧ gefgh = ∧g.... (�ee ∧ �ef ,�eg ∧ �eh)

=
(

1
4

)

gacgbdδ
ab

efδcd
gh

=
(

1
4

) ∣

∣

∣

∣

geg geh

gfg gfh

∣

∣

∣

∣

.

Moreover,
∧ gfegh = − ∧ gefgh = ∧ gefhg = ∧ ghgef . �

Now we shall modify the permutation symbols of the preceding section. We
introduce totally antisymmetric pseudo (or oriented) tensors

N
η and Nη of

Levi-Civita:

ηa1...aN
:= +

√

|det[gcd]| εa1...aN
≡
√

|g| εa1...aN
, (2.139)

ηa1...aN :=

√

|g|
g

εa1...aN =
sgn(g)
√

|g|
εa1...aN . (2.140)



2.4. Inner Product Vector Spaces and the Metric Tensor 49

The second choice is made to accommodate the raising and lowering rules in
(2.134).

Now we shall examine the transformation rules of the components of anti-
symmetric pseudo-tensors under the usual change of basis sets

̂�ea = λb
a�eb,�ea = μb

a
̂�eb.

Theorem 2.4.11 Under the change of basis sets in V , the components of an-
tisymmetric pseudo-tensors ηb1...bN

and ηb1...bN transform as

η̂a1...aN
= sgn{det[λc

d]} · λb1
a1 . . . λbN

aN
η

b1...bN
, (2.141)

η̂a1...aN = sgn{det[λc
d]} · μa1

b1 . . . μaN
bN

ηb1...bN . (2.142)

The proof is left as an exercise. The transformation rules (2.141) and (2.142)
are slightly simpler compared with those of the permutation symbols in (2.101)
and (2.102).

There is a geometrical significance to these pseudo-tensors or oriented ten-
sors. Consider a set of vectors {�a1, . . . , �aN} in V . Imagine these vectors all start
from the origin. These can generate an N -dimensional hyper-parallelepiped. The
N -dimensional oriented volume of such a hyper-parallelepiped is defined by

V (�a1, . . . , �aN ) :=
N

η (�a1, . . . , �aN )

=
N

η (αa1
1 �ea1 , . . . , α

aN

N �eaN
)

=
√

|g| det[αc
d] .

(2.143)

Therefore, the volume is non-zero if and only if the set of vectors {�a1, . . . , �aN}
is a basis set. Furthermore, the oriented volume is positive or else negative
according to whether {�a1, . . . , �aN} is positively or negatively oriented relative
to the basis {�e1, . . . ,�eN} .

The pseudo-tensors can be used to modify slightly the star operations in
(2.104) and (2.106). We call this duality operation the Hodge star operation.
The Hodge ∗ function maps an antisymmetric tensor (or an antisymmetric
pseudo-tensor) pW into an antisymmetric pseudo-tensor (or an antisymmetric
tensor) ∗

N−pW . (The star is neither up nor down! ) This one-to-one and linear
function is defined by

∗ ωb1...bN−p
:= (1/p!)ηa1...ap

b1...bN−p
ωa1...ap

. (2.144)

We can also write that

∗ ζc1...cp
= [1/(N − p)!]ηb1...bN−p

c1...cp
ζb1...bN−p

. (2.145)
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Example 2.4.12 Consider a four-dimensional real vector space and an anti-
symmetric second-order covariant tensor F.. given by

F.. = φabẽa ⊗ ẽb =:
1
2
φ[ab]ẽa ⊗ ẽb = φ<a<bẽa ∧ ẽb. (2.146)

The Hodge star mapping will generate the components

∗φcd = (1/2)ηabcdφab

= (1/2)[sgn(g)/
√

|g|]εabcdφab.
(2.147)

Thus, we have for the Lorentz metric

∗φ12 = −
(

1/
√

|g|
)

φ34, ∗φ23 = −
(

1
√

|g|

)

φ14,

∗φ31 = −
(

1/
√

|g|
)

φ24, ∗φ14 = −
(

1
√

|g|

)

φ23,

∗φ24 = −
(

1/
√

|g|
)

φ31, ∗φ34 = −
(

1
√

|g|

)

φ12.

This example is relevant in the relativistic electromagnetic field theory. �

Exercises 2.4

1. Let a metric g.. in a three-dimensional vector space be defined by

g.. (�a, �b) = g..(αa�ea, βb�eb) := α1β1 + 3(α1β2 + α2β1) + 4α2β2 + α3β3.

Determine whether or not the metric g.. is positive-definite.

2. Let an N -dimensional vector space be endowed with a positive-definite
metric g.. .

(i) Prove the Cauchy-Schwartz inequality:

g.. (�a, �b) ≤ +
√

g..(�a, �a)g..(�b, �b).

(ii) Prove the polarization identity:

g.. (�a, �b) ≡ (1/4)[g..(�a + �b, �a + �b) − g.. (�a − �b, �a − �b)].
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3. Prove theorems 2.4.5 and 2.4.9.

4. Prove the following equations:

(i) ηa1···aN = ga1b1 . . . gaN bN ηb1...bN
.

(ii) ηa1...apb1...bN−pηc1...cpb1...bN−p
= sgn(g)(N − p)!δa1...ap

c1...cp
,

for p ≤ N .

5. Show that, for the Hodge star operation,

∗(∗ωc1...cp
) = (−1)p(N−p)sgn(g)ωc1...cp

.



Chapter 3

Tensor Analysis on a
Differentiable Manifold

3.1 Differentiable Manifolds

We shall go briefly through the definition of an N -dimensional differentiable
manifold M . There are few assumptions in this definition. A set with a topol-
ogy is one in which open subsets are known. Furthermore, if for every two
distinct elements (or points) p and q , there exist open and disjoint subsets
containing p and q , respectively, then the topology is called Hausdorff. A
connected Hausdorff manifold is paracompact if and only if it has a countable
basis of open sets. (See the book by Hocking & young [20].)

(1) The first assumption we make about an applicable differentiable manifold
M is that it is endowed with a paracompact topology.

(Remark: This assumption is necessary for the purpose of integration in any
domain.)

We also consider only a connected set M for physical reasons. Moreover, we
deal mostly with an open set M.

Now we shall introduce local coordinates for M . A chart (χ,U) or a local
coordinate system is a pair consisting of an open subset U ⊂ M together
with a continuous one-to-one mapping (homeomorphism) χ from U into
(codomain) D ⊂ R

N . Here D is an open subset of R
N with the usual Euclidean

52
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topology. For a point p ∈ M, we have x ≡ (x1, x2, . . . , xN ) = χ(p) ∈ D . The
coordinates (x1, x2, . . . , xN ) are the coordinates of the point p in the chart
(χ,U).

Each of the N coordinates is obtained by the projection mappings πk : D ⊂
R

n −→ R , k ∈ {1, . . . , N} . These are defined by πk(x) ≡ πk(x1, . . . , xN ) :=
xk ∈ R . (See fig. 3.1.) (See the references [19], [28], [30] and [35].)

χ
D

U

p

M

x

xk

TTk

N

Figure 3.1: A chart (χ,U) and projection mappings.

Consider two coordinate systems or charts (χ,U) and (χ̂, ̂U) such that the
point p is in the non-empty intersection of U and ̂U . From fig. 3.2 we conclude
that

x̂ = (χ̂ ◦ χ−1)(x),
x = (χ ◦ χ̂−1)(x̂),

(3.1)

where x ∈ Ds ⊂ D and x̂ ∈ ̂Ds ⊂ ̂D .
From the preceding considerations, the mappings χ̂ ◦ χ−1 and χ ◦ χ̂−1 are

continuous and one-to-one. By projection of these points, we get

x̂k = [πk ◦ χ̂ ◦ χ−1](x) := ̂Xk(x) ≡ ̂Xk(x1, . . . , xN ),

xk = [πk ◦ χ ◦ χ̂−1](x̂) := Xk(x̂) ≡ Xk(x̂1, . . . , x̂N ).
(3.2)

The 2N functions ̂Xk and Xk are continuous. However, for a differentiable
manifold, we assume that ̂Xk and Xk are differentiable functions of N real
variables. In this context, we introduce some new notations. In the case where
a function f : D ⊂ R

N −→ R
M can be continuously differentiated r times with

respect to every variable, we define the function f as belonging to the class
Cr(D ⊂ R

N ; RM ), r ∈ {0, 1, 2, . . . } . In the case where the function is Taylor-
expandable (or real-analytic), the symbol Cw(D ⊂ R

N ; RM ) is used for the
class.
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Figure 3.2: Two charts in M and a coordinate transformation.

By the first assumption of paracompactness, we can conclude that open
subsets Uh exist such that M =

⋃

h
Uh . The second assumption about M is the

following.

(2) There exist countable charts (χh, Uh) for M . Moreover, wherever there is
a non-empty intersection between charts, coordinate transformations as in (3.2)
of class Cr can be found. Such a basis of charts for M is called a Cr -atlas.
A maximal collection of Cr -related atlases is called a maximal Cr -atlas. (It is
also called the complete atlas.)

Finally, we are in a position to define a differentiable manifold.

(3) An N -dimensional Cr -differentiable manifold is a set M with a maximal
Cr -atlas.

(Remark: For r = 0, the set M is called a topological manifold.)

A differentiable manifold is said to be orientable if there exists an atlas
(χh, Uh) such that the Jacobian det

[

∂ ̂Xk(x)
∂xj

]

is non-zero of one sign. We shall
furnish some examples now.

Example 3.1.1 Consider E 1, the one-dimensional Euclidean manifold. This
is the simplest example of a differentiable manifold. A global chart (χ, E 1)



3.1. Differentiable Manifolds 55

exists such that

x = χ(p) for all p in E 1 with D = R.

Another global chart (χ̂, E 1) exists such that

x̂ = χ̂(p) ∈ R.

Let ̂X := χ̂ ◦ χ−1 be given by

x̂ = ̂X(x) := (x)3, ̂D = R.

Here, Ds = D = R and ̂Ds = ̂D = R . we have the one-to-one mapping
̂X ∈ Cω(R; R) since ̂X is a polynomial function. The Jacobian is given by the
derivative d ̂X(x)

dx = 3(x)2 > 0 for x �= 0. However, the vanishing of d ̂X(x)
dx at

x = 0 does not violate the condition of one-to-one mapping over R . �

Example 3.1.2 Consider the three-dimensional Euclidean manifold E 3 . One
global chart (χ, E 3) is furnished by

x = (x1, x2, x3) = χ(p), p ∈ E 3; D = R
3.

Let (χ, E 3) be one of the infinitely many Cartesian coordinate systems.

Another chart (χ̂, ̂U) is given by

x̂ ≡ (x̂1, x̂2, x̂3) ≡ (r, θ, φ) = χ̂(p);
̂D :=

{

(x̂1, x̂2, x̂3) ∈ R
3 : x̂1 > 0, 0 < x̂2 < π, −π < x̂3 < π

}

.

This is a spherical polar coordinate system. It is not a global chart. The
coordinate transformation between the two coordinate systems is characterized
by the equations

x1 = X1(x̂) := x̂1 sin x̂2 cos x̂3,

x2 = X2(x̂) := x̂1 sin x̂2 sin x̂3,

x3 = X3(x̂) := x̂1 cos x̂2.

(3.3)

It is slightly more complicated to obtain the hatted functions ̂Xk explicitly.
For that purpose, recall that principal branch Arctan and Arccos functions take
values from (−π/2, π/2) and (0, π), respectively. Now, with these notations,
we can provide the explicit functions

x̂1 = ̂X1(x) := +
√

(x1)2 + (x2)2 + (x3)2,

x̂2 = ̂X2(x) := arccos
[

x3/
√

(x1)2 + (x2)2 + (x3)2
]

,

x̂3 = ̂X3(x) := arc (x1, x2) (3.4)

:=

⎧

⎪

⎨

⎪

⎩

arctan (x2/x1) for x1 > 0,

(π/2) sgn(x2) for x1 = 0 and x2 �= 0,

arctan (x2/x1) + π sgn(x2) for x1 < 0 and x2 �= 0.
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In this transformation, ̂Xk ∈ C∞(Ds ⊂ R
3; R). Moreover, the domains are

Ds =
{

(x1, x2, x3) ∈ R
3 : x3 ∈ R;x1 > 0 or x2 �= 0

}

⊂ D = R
3,

̂Ds =
{

(x̂1, x̂2, x̂3) ∈ R
3 : x̂1 > 0, 0 < x̂2 < π,−π < x̂3 < π

}

= ̂D ⊂ R
3,

∂(x1, x2, x3)
∂(x̂1, x̂2, x̂3)

:= det
[

∂Xk(x̂)
∂x̂j

]

= (x̂1)2 sin x̂2 > 0. �

Example 3.1.3 The two-dimensional (boundary) surface S2 of the unit solid
sphere can be constructed in the Euclidean space E 3 by one constraint express-
ible in terms of the Cartesian coordinates as (x1)2 + (x2)2 + (x3)2 = 1. Equiv-
alently, the same constraint is expressible in the spherical polar coordinates as
x̂1 = 1. (We used the preceding example.) The remaining spherical polar coor-
dinates (x̂2, x̂3) =: (θ, φ) can be used as a possible coordinate system over an
open subset of S2 , which is a two-dimensional differentiable manifold in its own
right. This coordinate chart is characterized by

x = (θ, φ) = χ(p), p ∈ U ⊂ S2;

D :=
{

(θ, φ) ∈ R
2 : 0 < θ < π,−π < φ < π

}

⊂ R
2.

Another distinct spherical polar chart is furnished by

̂θ = ̂Θ(θ, φ) := Arccos (− sin θ sinφ),
̂φ = ̂Φ(θ, φ) := arc (− sin θ cos φ, cos θ),

̂D :=
{

(̂θ, ̂φ) ∈ R
2 : 0 < ̂θ < π,−π < ̂φ < π

}

⊂ R
2.

Neither of the two charts is global. However, the union U ∪ ̂U = S2 . Thus,
the collection of two charts (χ,U) and (χ̂, ̂U) constitutes an atlas for S2 . (The
minimum number of charts for an atlas of S2 is two.) See fig. 3.3 for the
illustration. �

Now, let us discuss a function F from U ⊂ M into R . (See fig. 3.4.) This
function induces another function f : F ◦ χ−1 from D ⊂ R

N into R . We can
represent it by the usual notation

y = F (p) =
[

F ◦ χ−1
]

(x) =: f(x) ≡ f(x1, . . . , xN ). (3.5)

The function f may be of differentiability class Ck(D ⊂ R
N ; R), k ∈ {0, 1, . . . } ,

a totally differentiable function, a function obeying the Lipschitz condition, or
a discontinuous function.
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Figure 3.3: Spherical polar coordinates.
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Figure 3.4: A function from U ⊂ M into R .

Example 3.1.4 Let us consider a function F over a Euclidean plane E 2 .
We adopt a global Cartesian chart (χ, E 2). Let the corresponding f over R

2

be defined by

f(x) ≡ f(x1, x2) :=

⎧

⎪

⎨

⎪

⎩

0 for (x1, x2) = (0, 0),
[

(x1)2 − (x2)2

(x1)2 + (x2)2

]

for (x1, x2) �= (0, 0).
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We can deduce that

lim
x1→0

lim
x2→0

f(x1, x2) = − lim
x2→0

lim
x1→0

f(x1, x2) = 1.

Obviously, the function is discontinuous at the origin. We denote the function
by f ∈ Map (R2; R). �

A function F from M into ̂M is a Ck -diffeomorphism (k ≥ 1) provided
F is one-to-one, onto, and of class Ck . Moreover, F−1 must also be one-to-one,
onto, and of class Ck .

(Remark: In the case where k = 0, such a mapping is a homeomorphism.)

A diffeomorphism is elaborated in fig. 3.5.
In terms of coordinate charts (χ,U) and (χ̂, ̂U), the diffeomorphism F yields

the following transformations:

yi =
[

πi ◦ χ̂ ◦ F ◦ χ−1
]

(x) =: Y i(x1, . . . , xN ),

det
[

∂yi

∂xj

]

=: ∂(y1, . . . , yN )/∂(x1, . . . , xN ) �= 0.
(3.6)

D
χ

χ

D

y

F

pp
M UU

x

M

NN

Figure 3.5: A Ck -diffeomorphism F .
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Example 3.1.5 Consider M = E 1 . Let the mapping F be specified by

y = χ̂ ◦ F (p) = f(x) := tanhx, x ∈ R.

df(x)
dx

= sec h2x > 0.

Since | tanh x| < 1, F is a Cw -diffeomorphism from E 1 into a proper connected
subset of ̂M (which is coordinatized as (−1, 1)). �

Example 3.1.6 Consider M = ̂M = E 1 . Let the mapping F be character-
ized by

y = χ̂ ◦ F (p) := (x)5, x ∈ R;

x = 5
√

y,
dx

dy
=

1
5y4/5

.

The derivative of the inverse mapping F−1 is not defined to correspond to the
point y = 0. However, it is a continuous and one-to-one mapping. Therefore,
we conclude that F is a homeomorphism that is not a diffeomorphism. �

Exercises 3.1

1. Consider the four-dimensional (flat space-time) differentiable manifold M
of special relativity. The Poincaré (or inhomogeneous Lorentz) transformations
between two Cw -related global charts (χ,M) and (χ̂,M) are characterized by

x̂k = ̂Xk(x) := ck + lkj xj ; Ds = D = R
4.

Here, ck ’s are arbitrary constants or parameters. Moreover, the other parame-
ters lij s satisfy

dij l
i
aljb = dab.

(The metric tensor components dab are defined in (2.116).) Prove that the
Jacobian of the Poincaré transformations satisfies

∂(x̂1, x̂2, x̂3, x̂4)
∂(x1, x2, x3, x4)

:= det

[

∂ ̂Xi(x)
∂xj

]

= ±1.

(Remark: The set of all Poincaré transformations constitutes the group de-
noted by I0(3, 1; R).)

2. Consider the following function over R
2 :

f(x1, x2) :=

{

(x1x2)
[

((x1)2 − (x2)2)/((x1)2 + (x2)2)
]

for (x1, x2) �= (0, 0),
0 for (x1, x2) = (0, 0).
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Prove that the second partials exist at (0, 0) but

∂2f(x1, x2)
∂x1∂x2

∣

∣

∣

∣

∣

(0,0)

�= ∂2f(x1, x2)
∂x2∂x1

∣

∣

∣

∣

∣

(0,0)

.

(See Gelbaum & Olmsted [15].)

3.2 Tangent Vectors, Cotangent Vectors, and
Parametrized Curves

Let us consider the space in the arena of Newtonian physics. It is mathematically
represented by the three-dimensional Euclidean space E 3 . This space admits
infinitely many global Cartesian charts. Vectors in the physical space describe
velocities, accelerations, forces, etc. Each of these vectors has a (homeomorphic)
image in R

3 of a Cartesian chart. To obtain an intuitive definition of a tangent
vector �vp or its image �vx in R

3 , we shall visualize an “arrow” in R
3 with

the starting point x ≡ (x1, x2, x3) in R
3 and the directed displacement �v ≡

(v1, v2, v3) necessary to reach the point (x1 + v1, x2 + v2, x3 + v3) in R
3 . (See

fig. 3.6.)

χ

x2

x3

(x1+v1,x2+v2,x3+v3)

p

x1

(x1,x2,x3)

EE3vp

vx

3

Figure 3.6: Tangent vector in E 3 and R
3 .
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Example 3.2.1 Let us choose as standard (Cartesian) basis vectors at x in
R

3

�ix ≡ �e1x := (1, 0, 0)x, �jx ≡ �e2x := (0, 1, 0)x,

�kx ≡ �e3x := (0, 0, 1)x.

Let a three-dimensional vector be given by �v := 3�e1 + 2�e2 + �e3 = (3, 2, 1). Let
us choose a point x ≡ (x1, x2, x3) = (1, 2, 3). Therefore, the tangent vector
�vx = (3, 2, 1)(1,2,3) starts from the point (1, 2, 3) and terminates at (4, 4, 4). �

But such a simple definition runs into problems in a curved manifold. A
simple curved manifold is the spherical surface S2 in fig. 3.3. We have drawn
an intuitive picture of a tangent vector �vp on S2 . The starting point p of �vp

is on S2 . However, the end point of �vp is not on S2 . The problem is how to
define a tangent vector intrinsically on S2 without going out of the spherical
surface. One logical possibility is to introduce directional derivatives of a smooth
function F defined at p in a subset of S2 . Such a definition involves only the
point p and its neighboring points, all on S2 . Thus, we shall represent tangent
vectors by the directional derivatives. This concept appears to be very abstract
at the beginning. (But recall that the position coordinates and the momentum
variables are represented by linear operators in quantum mechanics!)

Now, let us define a generalized directional derivative. We shall use a
coordinate chart (χ,U) of the abstract manifold M . Let x ≡ (x1, . . . , xN ) =
χ(p). Let an N -tuple of vector components be given by (v1, . . . , vN ). Then,
the tangent vector �vx in D ⊂ R

N is defined by the generalized directional
derivative

�vx :=
N
∑

a=1

va ∂

∂xa
≡ va ∂

∂xa
,

�vx[f ] := va ∂f(x)
∂xa

.

(3.7)

Here, f belongs to C1(D ⊂ R
N ; R). (Note that in the notation of the usual

calculus, �vx[f ] = �vx · grad f .)
The set of all tangent vectors �vx constitutes the N -dimensional tangent

vector space Tx(RN ) in D ⊂ R
N . It is an isomorphic image of the tangent

vector space Tp(M). The standard basis set {�e1x, . . . ,�eNx} for Tx(RN ) is
defined by the differential operators

�e1x :=
∂

∂x1
, . . . ,�eNx :=

∂

∂xN
;

�ekx[f ] :=
∂f(x)
∂xk

.

(3.8)

Now, we shall define a tangent vector field �v(p) in U ⊂ M or equivalently
the tangent vector field �v(x) in D ⊂ R

N . It involves N real-valued functions
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v1(x), . . . , vN (x). The tangent vector field is defined by the operator

�v(x) := vj(x)
∂

∂xj
,

�v(x)[f ] := vj(x)
∂f(x)
∂xj

.

(3.9)

Here, f ∈ C1(D ⊂ R
N ; R).

Example 3.2.2 Let D := {(x1, x2) ∈ R
2 : x1 ∈ R, 1 < x2} . Moreover, let

f(x) := x1
[

(x2)x2
]

and

�v(x1, x2) := ex2 ∂

∂x1
− (2 cosh x1)

∂

∂x2
.

Therefore, by (2.37) we get

�v(x1, x2)[f ] = [(x2)x2
][ex2 − 2(x1 cosh x1)(1 + lnx2)],

lim
x1→1

lim
x2→+1

{

�v(x1, x2)[f ]
}

= −e−1. �

Example 3.2.3 The standard basis vectors from (3.8) can be expressed as

�ej(x) =
∂

∂xj
= δk

j
∂

∂xk
.

Therefore, for the function f(x) := xi ,

�ej(x)[xi] = δk
j

∂

∂xk
(xi) = δk

jδ
i
k = δi

j ,

(3.10)
�v(x)[xi] = vj(x)

∂

∂xj
(xi) = vj(x)δi

j = vi(x). �

The main properties of tangent vector fields can be summarized in the fol-
lowing theorem.

Theorem 3.2.4 If �v and �w are tangent vector fields in D ⊂ R
N , and f, g, h ∈

C1(D ⊂ R
N ; R) , then

(i) [f(x)�v(x) + g(x)�w(x)][h] = f(x)(�v(x)[h]) + g(x)(�w(x)[h]); (3.11)

(ii) �v(x)[cf + kg] = c(�v(x)[f ]) + k(�v(x)[g]) (3.12)

for all constants c and k ;

(iii) �v(x)[fg] = (�v(x)[f ])g(x) + f(x)(�v(x)[g]). (3.13)

The proof is left as an exercise.
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Now we shall discuss the cotangent (or covariant) vector field ṽ(p) in
U ⊂ N or the isomorphic image ṽ(x) in D ⊂ R

N . But first we need to define a
(totally) differentiable function f in D ⊂ R

N . In the case where f satisfies
the criterion

lim
(h1,...hN )→(0,...,0)

{[

f(x1+h1, . . . , xN +hN )−f(x1, . . . , xN )−hj ∂f(x)
∂xj

]

/

√

(h1)2 + · · · + (hN )2
}

= 0, (3.14)

for arbitrary (h1, . . . , hN ), we call the function f totally differentiable at x .
The usual condensed notation for (3.14) is to write the total differential as

df(x) =
∂f(x)
∂xj

dxj . (3.15)

The existence of the first partials is a necessity for (total) differentiability. More-
over, continuities of the first partials are sufficient conditions for (total) differen-
tiability. Clearly, (3.14) or (3.15) can provide the rate of change of the function
f in every direction. The equation (3.15) vaguely resembles the second equa-
tion in (3.9). Moreover, by (1.17), we can write f̃(�v) := (�v)[f ] = vjfj . These
facts motivate us to identify f̃(x) with df(x). Thus, we are prompted to define
abstractly

df(x)[�v(x)] := �v(x)[f ] = vj(x)
∂f(x)
∂xj

. (3.16)

We can prove by the preceding definition and (3.11) that

df(x)[g(x)�v(x) + h(x)�w(x)] = g(x)(�v(x)[f ]) + h(x)(�w(x)[h]). (3.17)

Thus, df(x) is a linear mapping. By the comparison of (3.16) and (3.17) with
(1.14), we conclude that df(x) is indeed a covariant vector field. It is also
called a cotangent vector field or a 1-form. Analogously to (1.15), we define
the linear combination as

[Λ(x)df(x)+Ω(x)dg(x)] [�v(x)] := Λ(x)(df(x)[�v(x)])+Ω(x)(dg(x)[�v(x)]). (3.18)

Here Λ(x) and Ω(x) are arbitrary scalar fields in D ⊂ R
N .

Thus, the set of all covariant vector fields at x ∈ D ⊂ R
N constitutes the

N -dimensional cotangent (or covariant vector) space denoted by T̃x(RN ).
It has the isomorphic pre-image T̃p(M).

Example 3.2.5 Let f(x) ≡ f(x1, x2) := (1/2)[(x1)2 − 2ex2
] , (x1, x2) ∈ R

2 .
Therefore, by (3.15) and (3.16),

df(x) = x1dx1 − ex2
dx2,

df(x)[�v(x)] = x1v1(x) − ex2
v2(x),

df(0, 0)[�v(0, 0)] = −v2(0, 0). �
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Example 3.2.6 Consider the function f(x) := xi . Then

df(x) = dxi = δi
j dxj .

Furthermore, by (3.8) and (3.16),

dxj [�ei(x)] = dxj

[

∂

∂xi

]

= dxj

[

δk
i

∂

∂xk

]

= δk
i
∂(xj)
∂xk

= δj
i.

Therefore, by the consequence of ẽj [�ei] = δj
i in (1.16), we identify the coordi-

nate covariant basis field {ẽ1(x), . . . , ẽN (x)} for T̃x(RN ) as

ẽj(x) = dxj , j ∈ {1, . . . , N}. (3.19)

Thus, every covariant vector field W̃(x) admits the linear combination

W̃(x) = Wj(x)dxj (3.20)

in terms of the basis covariant vectors dxj ’s. �

Example 3.2.7 Let f(x) := xj . Then, by (3.16),

df(x) [�v(x)] = dxj

[

vk(x)
∂

∂xk

]

= vk(x)
∂(xj)
∂xk

= vj(x). (3.21)

Thus, the value of the linear function dxj at �v(x) is exactly the component
vj(x). �

Now we shall discuss a different topic, namely a parametrized curve γ .
Consider an interval [a, b] ⊂ R .

(Remark: Open or semi-open intervals are also allowed. Moreover, unbounded
intervals are permitted, too.)

The parametrized curve γ is a function from the interval [a, b] into a dif-
ferentiable manifold. (See fig. 3.7.) (Note that the function γ is called the
parametrized curve.) The image of the composite function X := χ ◦ γ in
D ⊂ R

n is denoted by the symbol Γ. The coordinates on Γ are furnished by

x = [χ ◦ γ](t) = X (t),

xj = [πj ◦ χ ◦ γ](t) =
[

πj ◦ X
]

(t) ≡ X j(t).
(3.22)

Here, t ∈ [a, b] ⊂ R . The functions χj are usually assumed to be differentiable
and piecewise twice-differentiable. The condition of the non-degeneracy (or
regularity) is

N
∑

j=1

[

dX j(t)
dt

]2

> 0. (3.23)
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Figure 3.7: A curve γ into M .

In Newtonian physics, t is taken to be the time variable and M = E 3 ,
the physical space. Moreover, Γ is a particle trajectory relative to a Cartesian
coordinate system. The non-degeneracy condition (3.23) implies that the speed
of the motion is strictly positive.

Example 3.2.8 Let us consider a particle trajectory in the physical space in
the absence of external forces. In this case, the acceleration is zero and Newton’s
second law of motion yields

d2X j(t)
dt2

= 0, 0 < t,

for j ∈ {1, 2, 3} . Solving these ordinary differential equations, we can obtain
the general solution as

xj = X j(t) = (bj)t + cj .

Here, bj and cj are six arbitrary constants of integration. The speed of this
motion is

√

(b1)2 + (b2)2 + (b3)2 ≥ 0. If the speed is positive (or the curve γ
is non-degenerate), Γ is a straight line in R

3 . If the speed is zero (or the curve
γ is degenerate), the particle stays permanently at the point (c1, c2, c3) in R

3 .
�

Example 3.2.9 Let the image Γ in R
3 be given by

x = X (t) := (2 cos2 t, sin 2t, 2 sin t); 0 < t < π/2 .
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The curve is non-degenerate. The coordinate functions are real-analytic. Con-
sider a circular cylinder in R

3 such that it intersects the x1 − x2 plane on the
unit circle with the center at (1, 0, 0). Now, consider a spherical surface in
R

3 given by the equation (x1)2 + (x2)2 + (x3)2 = 4. The image Γ lies in the
intersection of the cylinder and the sphere. �

Let us consider the tangent vector �tx of the image Γ at the point x in R
N .

(See fig. 3.7.) In calculus, the components of the tangent vector �tX (t) are taken

to be
(

dX 1(t)
dt , . . . , dXN (t)

dt

)

. Therefore, the tangent vector �tX (t) ≡ �X ′(t) along
Γ (according to (3.7)) must be defined as the generalized directional derivative

�tX (t) ≡ �X ′(t) :=
dX j(t)

dt

[

∂

∂xj

]

∣

∣X (t)

. (3.24)

The tangent vector field above belongs to the tangent vector space TX (t)(R3)
along Γ.

Example 3.2.10 Let a real-analytic, non-degenerate curve X into R
4 be

defined by
x = X (t) := ((t)2, t, et, sinh t), −∞ < t < ∞;

X (0) = (0, 0, 1, 0).

The corresponding tangent vector field along Γ is furnished by the generalized
directional derivative

�X ′(t) = (2t)
[

∂

∂x1

]

∣

∣X (t)

+
[

∂

∂x2

]

∣

∣X (t)

+ (et)
[

∂

∂x3

]

∣

∣X (t)

+ (cosh t)
[

∂

∂x4

]

∣

∣X (t)

,

�X ′(0) =
[

∂

∂x2

]

∣

∣X (0)

+
[

∂

∂x3

]

∣

∣X (0)

+
[

∂

∂x4

]

∣

∣X (0)

. �

The tangent vector �X ′(t) can act on a differentiable function f (restricted
on Γ) by the rule (3.7). On this topic, we state and prove the following theorem.

Theorem 3.2.11 Let a parametrized curve X : [a, b] ⊂ R → R
N be differen-

tiable and non-degenerate. Let f : D ⊂ R
N → R be a (totally) differentiable

function. Then
�X ′(t)[f(X (t))] =

d

dt
[f(X (t))]. (3.25)

Proof. By (3.9) and the chain rule of differentiation, the left-hand side of
the equation above yields

dX j(t)
dt

[

∂

∂xj

]

∣

∣X (t)

[f(X (t))] ≡ dX j(t)
dt

[

∂f(x)
∂xj

]

∣

∣X (t)

=
d

dt
[f(X (t))].
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Now, we shall discuss the reparametrization of a curve. Let h be a dif-
ferentiable and one-to-one mapping from [c, d] ⊂ R into R . (See fig. 3.8.)

s dc

Γ D

a t b

h

x

�

�
N

Figure 3.8: Reparametrization of a curve.

The image Γ in R
N is given by the points

t = h(s),
x = X (t), a ≤ t ≤ b, a = h(c), b = h(d),
x = X#(s), c ≤ s ≤ d.

Here,
X# := X ◦ h = χ ◦ γ ◦ h (3.26)

is the reparametrized curve into R
N.

Theorem 3.2.12 If X# is the reparametrization of the differentiable curve X
by the function h , then the tangent vector

�X#′(s) =
dh(s)

ds
�X ′(h(s)). (3.27)

Proof. By (3.26), we get

X#j(s) = X j(h(s)).

By the assumption of differentiabilities and the chain rule, we obtain

dX#j(s)
ds

=
dX j(t)

dt
∣

∣t=h(s)
· dh(s)

ds
.

Therefore, the tangent vector

�X#′(s) =
dX#j(s)

ds

[

∂

∂xj

]

∣

∣X#(s)

=
dh(s)

ds

[

dX j(t)
dt

]

∣

∣t=h(s)

[

∂

∂xj

]

∣

∣X (h(s))

≡ dh(s)
ds

�X ′(h(s)).
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Example 3.2.13 Consider the Euclidean plane E 2 and a parametrized (real-
analytic) curve X := χ ◦ γ given by

X (t) := (cos t, sin t), −3π ≤ t ≤ 3π.

The image γ is a unit circle in R
2 with self-intersections. The winding num-

ber of this circle is exactly three.
Let a (real-analytic) reparametrization be defined by

t = h(s) := 3s, −π ≤ s ≤ π;
dh(s)

ds
≡ 3 > 0.

The reparametrized curve X# is furnished by

X#(s) = X (3s) = (cos(3s), sin(3s)).

The new tangent vector is given by

�X#′(s) = 3
[

−(sin 3s)
∂

∂x1
+ (cos 3s)

∂

∂x2

]

∣

∣X#(s)

= 3 �X ′(3s). �

Exercises 3.2

1. Prove theorem 3.2.4.

2. Let a tangent vector field in R
3 be defined by

�V(x) := xj ∂

∂xj
.

Let Pn(x1, x2, x3) be an nth-degree homogeneous polynomial of the variables
x1, x2, x3 . Prove Euler’s theorem

�V(x)[Pn(x)] = nPn(x1, x2, x3).

3. Evaluate the 1-form w̃(x) := δijx
idxj on the tangent vector field on

�V(x) :=
∑N

j=1(x
j)3 ∂

∂xj . Prove that w̃(x)[�V(x)] ≥ 0.

4. Find the unique curve X into R
4 such that X (0) = (0, 0, 0, 0) and �X ′(t) =

{

3
∑

α=1

[

∂
∂xα

]

+
√

3 ∂
∂x4

}

∣

∣χ(t)

; t ∈ (0,∞).

(Remark: The image of this curve can represent a possible trajectory of a
photon.)



3.3. Tensor Fields over Differentiable Manifolds 69

5. Consider the semi-cubical parabola in R
2

X (t) := (t2, t3), t ∈ R.

The curve is degenerate at X (0) = (0, 0). Prove that reparametrization of this
curve cannot remove the degeneracy.

(Remark: The degenerate point is called the cusp.)

3.3 Tensor Fields over Differentiable Manifolds

Consider the tangent vector space Tx0(R
N ) at x0 ≡ (x1

0, . . . , x
N
0 ) in R

N (cor-
responding to Tp0(M) at p0 in M ). We can construct the cotangent space
T̃x0(R

N ) by the set of linear functions from Tx0(R
N ) into R . We consider

the change of basis set in Tx0(R
N ) and the corresponding change of basis in

T̃x0(R
N ). By (2.113) and (1.20), we write

̂�ep|x0
= λq

p �eq|x0
, �ep|x0

= μq
p
̂�eq|x0

,

̂ẽp|x0
= μp

q ẽq
|x0

, ẽp
|x0

= λp
q
̂ẽq
|x0

,

det [λp
q] �= 0,

[μq
p] := [λp

q]
−1

.

(3.28)

Following the discussions from section 2.1 to section 2.3, we introduce an
(r + s)th-order (tangent) tensor

r
sT|x0 = τp1...pr

q1...qs
�ep1|x0

⊗ · · · ⊗ �epr|x0
⊗ ẽq1 |x0 ⊗ · · · ⊗ ẽqs |x0 .

The tangent tensor r
sT|x0 belongs to the Nr+s -dimensional tangent tensor

space r
sT (Tx0(R

N )). Under a change of basis sets in Tx0(R
N ), the tensor

components τp1...pr
q1...qs

undergo the transformation rules as in (2.48) and (2.49).
Now we shall introduce the concept of a tensor field in D ⊂ R

N . A
(tangent) tensor field r

sT is a function that assigns a tensor r
sT(x) in the

(tangent) tensor space r
sT (Tx(RN )) := Tx(RN ) ⊗ · · · ⊗ Tx(RN ) ⊗ T̃x(RN ) ⊗

· · · ⊗ T̃x(RN ) for each point x in D ⊂ R
N . (A more rigorous definition of a

tensor bundle over the manifold M is provided in appendix 1.)

All the discussions of vectors, covariant vectors, and higher-

order tensors from section 1.2 to section 2.3 are valid for tangent

(or contravariant) vector fields, cotangent (or covariant) vector

fields, and higher-order tensor fields at each point x in the domain

D of R
N .
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If we choose a basis vector field {�e1(x), . . . ,�eN (x)} and the correspond-
ing covariant basis field {ẽ1(x), . . . , ẽN (x)} , then by (3.28) we can express the
transformation rules

̂�ep(x) = λq
p(x)�eq(x), �ep(x) = μq

p(x)̂�eq(x),

̂ẽp(x) = μp
q(x)ẽq(x), ẽp(x) = λp

q(x)̂ẽq(x),

det [λp
q(x)] �= 0,

[μq
p(x)] := [λp

q(x)]−1
,

x ∈ D ⊂ R
N .

(3.29)

The transformation of the tensor field components from (3.29) and from
(2.48) and (2.49) are furnished by

r
sT(x) = T p1...pr

q1...qs
(x)�ep1(x) ⊗ · · · ⊗ �epr

(x) ⊗ ẽq1(x) ⊗ · · · ⊗ ẽqs(x)

= ̂T p1...pr
q1...qs

(x)̂�ep1(x) ⊗ · · · ⊗ ̂�epr
(x) ⊗ ̂ẽq1(x) ⊗ · · · ⊗ ̂ẽqs(x),

(3.30)
̂T p1...pr

q1...qs
(x) = λp1

u1(x) . . . λpr
ur

(x)μv1
q1(x) . . . μvs

qs
(x)Tu1...ur

v1...vs
(x),

T p1...pr
q1...qs

(x) = μp1
u1(x) . . . μpr

ur
(x)λv1

q1(x) . . . λvs
qs

(x)̂Tu1...ur
v1...vs

(x).

Example 3.3.1 Consider N = 2 and D = R
2 . Let a transformation of basis

sets be given by

̂�e1(x) =
[

cosh(x1 + x2)
]

�e1(x),
̂�e2(x) =

[

tanh(x1 − x2)
]

�e1(x) +
[

sech(x1 + x2)
]

�e2(x).

By (3.29) and (3.30), the components of a tensor field 1
1T(x) ≡ T

.
. (x) trans-

form as

̂T 1
1(x) = T 1

1(x) +
[

sech(x1 + x2)
] [

tanh(x1 − x2)
]

T 2
1(x),

̂T 1
2(x) =

[

cosh(x1 + x2)
] [

tanh(x1 − x2)
] [

T 1
2(x) − T 1

1(x)
]

+
[

cosh(x1 + x2)
]2

T 1
2(x) −

[

tanh(x1 − x2)
]2

T 2
1(x),

̂T 2
1(x) =

[

sech(x1 + x2)
]2

T 2
1(x),

̂T 2
2(x) = T 2

2(x) −
[

sech(x1 + x2)
] [

tanh(x1 − x2)
]

T 2
1(x).

In the case where the tensor field is restricted to the straight line x1 = x2 = t ,
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t ∈ R , the transformations above reduce to

̂T 1
1(t, t) = T 1

1(t, t),

̂T 1
2(t, t) = [cosh(2t)]2 T 1

2(t, t),

̂T 2
1(t, t) = [sech(2t)]2 T 2

1(t, t),

̂T 2
2(t, t) = T 2

2(t, t),

̂T p
q(0, 0) = T p

q(0, 0). �

By the discussions of tensor algebra in chapter 2, we can derive some useful
equations for tensor field components. For example, by (2.37) and (3.30), we
obtain

r
sT(x)+r

sW(x) = [T p1...pr
q1...qs

(x) + W p1...pr
q1...qs

(x)]�ep1(x) ⊗ · · ·⊗

�epr
(x) ⊗ ẽq1(x) ⊗ · · · ⊗ ẽqs(x),

(3.31)

λ(x) [rsT(x)] = [λ(x)T p1...pr
q1...qs

(x)]�ep1(x) ⊗ · · ·⊗

�epr
(x) ⊗ ẽq1(x) ⊗ · · · ⊗ ẽqs(x).

(3.32)

By (2.39) and (3.30), we can derive that

r
sT(x) ⊗ t

wB(x) = [T p1...pr
q1...qs

(x)Bu1...ut
v1...vw

(x)]�ep1(x) ⊗ · · ·⊗
�epr

(x) ⊗ �eu1(x) ⊗ · · · ⊗ �eut
(x) ⊗ ẽq1(x) ⊗ · · ·⊗

ẽqs(x) ⊗ ẽv1(x) ⊗ · · · ⊗ ẽvw(x).

(3.33)

Finally, by (2.51) and (3.30), we can establish that

u
vC (r

sT(x)) =
[

T p1...pu−1cpu+1...pr
q1...qv−1cqv+1...qs

(x)
]

�ep1(x) ⊗ · · ·⊗
�epu−1(x) ⊗ �epu+1(x) ⊗ · · · ⊗ �epr

(x) ⊗ ẽq1(x) ⊗ · · ·⊗
ẽqv−1(x) ⊗ ẽqv+1(x) ⊗ · · · ⊗ ẽqs(x).

(3.34)

Example 3.3.2 Let us choose N = 2 and D = R
2 . Let a basis field and its

conjugate covariant field be expressed as

�ep(x) := Ei
p(x)

∂

∂xi
, p ∈ {1, 2}; i ∈ {1, 2};

ẽq(x) = Ẽq
j(x)dxj , Ẽq

i (x)Ei
p(x) = δq

p.

Let a scalar field be defined by

λ(x) := exp(x1 + x2).
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Furthermore, let two tensor fields be furnished by

T
.
. (x) := (δquxpxu)�ep(x) ⊗ ẽq(x),

W
.
. (x) :=

2
∑

u=1

2
∑

v=1

{[

δvt(xu)3(xt)3
]

�eu(x) ⊗ ẽv(x)
}

.

Then, by (3.31), (3.32), (3.33), and (3.34), we get

λ(x)T p
q(x) + W p

q(x) =
2
∑

t=1

δqt

[

exp(x1 + x2)xpxt + (xp)3(xt)3
]

,

[T
.
. (x) ⊗ W

.
. (x)]pu

qv = T p
q(x)Wu

v(x)

=
2
∑

s=1

2
∑

t=1

[

δqtδvsx
pxt(xu)3(xs)3

]

,

1
1C (T

.
. (x)) = T p

p(x) = δpqx
pxq ≥ 0,

�eu(x)
[

1
1C (T

.
. (x))

]

= δpq [xpEq
u(x) + xqEp

u(x)] . �

We shall now generalize transformation rules (3.30) of tensor field compo-
nents to the components of an (r + s)th-order relative tensor field r

sΘw(x)
of weight w . This transformation, as furnished by (2.103), is given by

̂Θp1...pr
q1...qs

(x) (3.35)

=
{

det
[

λt
n(x)

]}w
μp1

u1(x) · · ·μpr
ur

(x)λv1
q1(x) · · ·λvs

qs
(x)Θu1...ur

v1...vs
(x).

A relative tensor of weight w = 1 is called a tensor density field.

Example 3.3.3 The constant-valued numerical (0 + N)th antisymmetric
components εq1...qN

transform (by (2.101)) as

ε̂q1...qN
=
{

det[λt
n(x)]

}−1
λv1

q1(x) . . . λvN
qN

(x)εv1...vN
. (3.36)

Thus, these are the components of a numerical relative tensor field of weight
−1. �

Example 3.3.4 The constant-valued numerical (N + 0)th-order relative an-
tisymmetric tensor components εp1...pN transform (by (2.102)) as

ε̂p1...pN =
{

det[λt
n(x)]

}

μp1
u1(x) · · ·μpN

uN
(x)εu1...uN . (3.37)

Therefore, these are the components of a relative tensor of weight 1 or a tensor
density field. �
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Now, we shall proceed to make another generalization. By (2.108), the
components of an oriented (or pseudo) relative (r + s)th-order tensor
field of weight w transform as

̂θp1...pN (x) = {sgn [det[λt
n(x)]]} {det[λt

n(x)]}w

μp1
u1(x) · · ·μpr

ur
(x)λv1

q1(x) . . . λvs
qs

(x)θu1...ur
v1...vs

(x).
(3.38)

Example 3.3.5 Suppose that Tab(x) are the components of a (0+2)th-order
tensor field. Then, by (2.109),

√

∣

∣

∣det
[

̂Tpq(x)
]∣

∣

∣ = {sgn [det[λt
n(x)]]} {det[λt

n(x)]}
√

|det [Tuv(x)]|. (3.39)

Therefore,
√

|det [Tpq(x)]| transforms as an oriented (or pseudo) scalar density
field. �

Now, we shall discuss the transformation of tensor components under a coor-
dinate transformation introduced in (3.2) and illustrated in fig. 3.2. To reiterate
briefly,

x̂k =
[

πk ◦ ̂X
]

(x) :=
[

πk ◦ χ̂ ◦ χ−1
]

(x) ≡ ̂Xk(x) ≡ ̂Xk(x1, . . . , xN ),

xk =
[

πk ◦ X
]

(x̂) :=
[

πk ◦ χ ◦ χ̂−1
]

(x̂) ≡ Xk(x̂) ≡ Xk(x̂1, . . . , x̂N ),

x ∈ Ds ⊂ R
N , x̂ ∈ ̂Ds ⊂ R

N .

(3.40)

The functions ̂Xk and Xk are assumed to be one-to-one and of class Cr(Ds ⊂
R

N ; R) and Cr( ̂Ds ⊂ R
N ; R), respectively. (For general relativity theory,

r = 3.) See fig. 3.9 for the simple case of N = 2.
The coordinate transformation ̂X induces a one-to-one mapping ̂�X′ from Tx(RN )
into Tx̂(RN ) ≡ T

̂X(x)(R
N ). (See fig. 3.9.) This mapping is called the Jacobian

mapping (or derivative mapping) and is furnished by

[

̂�X′(�t(x))
]

[f(x̂)] := �t(x)
[

f ◦ ̂X(x)
]

,

�X′ =
(

̂�X′
)−1

,

�t(x) ∈ Tx(RN ), ̂�X′
(

�t(x)
)

∈ Tx̂(RN ),

f ∈ C1
(

̂Ds ⊂ R
N ; R

)

.

(3.41)
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Figure 3.9: The Jacobian mapping of tangent vectors.

We can verify by (3.41) and (3.11) that
[

̂�X′
(

λ(x)�a(x) + μ(x)�b(x)
)

]

[f(x̂)]

= [λ(x)�a(x) + μ(x)�b(x)][f ◦ ̂X(x)]

= λ(x)
{

�a(x)[f ◦ ̂X(x)]
}

+ μ(x)
{

�b(x)[f ◦ ̂X(x)]
}

= λ(x)
{

̂�X′(�a(x))[f(x̂)]
}

+ μ(x)
{

̂�X′(�b(x))[f(x̂)]
}

.

Thus, the Jacobian mapping ̂�X′ is linear. Moreover, we can prove that it is a
vector space isomorphism.

Example 3.3.6 Let us choose �t(x) = ∂
∂xi in Tx(RN ). Also, we choose the

projection mapping πj = f . Then, by (3.41) and (3.40), we obtain
[

̂�X′ ∂

∂xi

]

[

πj(x̂)
]

=
∂

∂xi

[

πj ◦ ̂X(x)
]

=
∂ ̂Xj(x)

∂xi
. (3.42)

The N×N non-singular matrix
[

∂ ̂Xk(x)
∂xj

]

is called the Jacobian matrix (whose
determinant is the usual Jacobian). We can express (3.42) as

[

̂�X′
(

∂

∂xi

)]

(πj(x̂)) =

[

∂ ̂Xk(x)
∂xi

∂

∂x̂k

]

(πj(x̂)).

Therefore, we have the transformation of basis vectors ∂
∂x̂k into other basis

vectors ̂�X′ ( ∂
∂xi

)

by the rules

̂�X′
(

∂

∂xi

)

=
∂ ̂Xk(x)

∂xi

∂

∂x̂k
. (3.43)
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Both of the vectors above belong to T
̂X(x)(R

N ). �

The coordinate transformation (3.40) induces an isomorphism between the
cotangent spaces T̃x(RN ) and T̃

̂X(x)(R
N ). It is explicitly furnished by

[

̂X̃′(ω̃ (x))
]

[

̂�V(x̂)
]

:= ω̃ (x)
[

�X′
(

̂�V(x̂)
)]

. (3.44)

Example 3.3.7 Consider the mappings of the basis 1-forms dxi ’s. By (3.44)
and (3.43), we have

[

̂X̃′(dxi)
]

[

∂

∂x̂j

]

= dxi

[

�X′
(

∂

∂x̂j

)]

= dxi

[

∂Xk(x̂)
∂x̂j

∂

∂xk

]

=
∂Xk(x̂)

∂x̂j

[

∂xi

∂xk

]

=
∂Xi(x̂)

∂x̂j
,

[

∂Xi(x̂)
∂x̂k

dx̂k

] [

∂

∂x̂j

]

=
∂Xi(x̂)

∂x̂j
.

(3.45)

Thus, we conclude that
̂X̃′(dxi) =

∂Xi(x̂)
∂x̂k

dx̂k. (3.46)

Both of the covariant vectors above belong to T̃x̂(RN ). �

The coordinate transformation (3.28) induces an isomorphism between the
tensor spaces r

sTx(RN ) and r
sT ̂X(x)(R

N ). It is explicitly defined by

r
s
̂T(x̂) := r

s
̂X′ [rsT(x)] ,

[rsT(x)] (w̃1(x), . . . , w̃r(x), �v1(x), . . . , �vs(x))

=:
[

r
s
̂X′(r

sT(x))
]

(

̂X̃′ (w̃1(x)) , . . . , ̂X̃′ (w̃r(x)) ,
̂�X′ (�v1(x)) , . . . ,

̂�X′ (�vs(x))
)

,

(3.47)

for all �v1(x), . . . , �vs(x) ∈ Tx(RN ) and all w̃1(x), . . . , w̃r(x) ∈ T̃x(RN ). We
shall derive the transformation rules of tensor field components by (3.47). (The
tensor field components relative to a coordinate basis will be denoted by the
indices i, j, k, l,m, n, etc.)
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Theorem 3.3.8 The transformation rules of the (r + s) th tensor field
T i1...ir

j1...js
(x) under a differentiable general coordinate transformation (3.40)

are furnished by

̂T k1...kr
l1...ls(x̂) (3.48)

=
∂ ̂Xk1(x)

∂xi1
. . .

∂ ̂Xkr (x)
∂xir

∂Xj1(x̂)
∂x̂l1

. . .
∂Xjs(x̂)

∂x̂ls
T i1...ir

j1...js
(x),

where x ∈ Ds ⊂ D ⊂ R
N and x̂ ∈ ̂Ds ⊂ ̂D ⊂ R

N.

Proof. By the definition (3.47) and the equations (3.43) and (3.46), we obtain

[rsT(x)]
(

dxi1 , . . . , dxir ,
∂

∂xj1
, . . . ,

∂

∂xjs

)

=
[

r
s
̂T(x̂)

]

(

∂Xi1(x̂)
∂x̂k1

dx̂k1 , . . . , . . . ,
∂ ̂X ls(x)

∂xjs

∂

∂x̂ls

)

=
∂Xi1(x̂)

∂x̂k1
. . .

∂ ̂X ls(x)
∂xjs

{

[

r
s
̂T(x̂)

]

(

dx̂k1 , . . . , . . . ,
∂

∂x̂ls

)}

,

T i1...ir
j1...js

(x) =
∂Xi1(x̂)

∂x̂k1
. . .

∂ ̂X ls(x)
∂xjs

̂T k1...kr
l1...ls(x̂). (3.49)

By inverting (3.49), we obtain the transformation rules (3.48).

The transformation rules for a relative tensor of weight w under (3.40) are
prompted by (3.35) as

̂Θi1...ir
j1...js

(x̂) =
{

det
[

∂Xm(x̂)
∂x̂n

]}w
∂ ̂Xi1(x)

∂xk1
. . .

∂ ̂Xir (x)
∂xkr

∂X l1(x̂)
∂x̂j1

. . .

∂X ls(x̂)
∂x̂js

Θk1...kr
l1...ls(x). (3.50)

The transformation rules for an oriented (or pseudo) relative tensor of weight
w under (3.40) are taken to be (see (3.38))

̂Θi1...ir
j1...js

(x̂) =
{

sgn
[

det
[

∂Xm(x̂)
∂x̂n

]]}{

det
[

∂Xm(x̂)
∂x̂n

]}w
∂ ̂Xi1(x)

∂xk1
. . .

∂ ̂Xir (x)
∂xkr

∂X l1(x̂)
∂x̂j1

. . .
∂X ls(x̂)

∂x̂js
Θk1...kr

l1...ls(x). (3.51)
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Example 3.3.9 Consider the simple case of N = 2 and D = Ds = R
2 . Let

a (real) analytic coordinate transformation be provided by

x̂1 = ̂X1(x) := x1 + x2,

x̂2 = ̂X2(x) := x1 − x2,

∂(x̂1, x̂2)
∂(x1, x2)

≡ det

[

∂ ̂Xi(x)
∂xj

]

≡ −2.

Let a special symmetric (2 + 0)th-order tensor field be furnished by

T
..
(x) := (xixj)

∂

∂xi
⊗ ∂

∂xj
,

T ij(x) = xixj .

The transformed components ̂T kl(x̂) are given by (3.48) as

̂T 11(x̂) =

[

∂ ̂X1(x)
∂x1

]2

T 11(x) + 2

[

∂ ̂X1(x)
∂x1

· ∂ ̂X1(x)
∂x2

]

T 12(x)

+

[

∂ ̂X1(x)
∂x2

]2

T 22(x) = (x1 + x2)2 = (x̂1)2.

Similarly, we can deduce that

̂T kl(x̂) = x̂kx̂l.

The values of ̂T kl at the special point (x̂1, x̂2) = (1/
√

2,−1/
√

2) are given by

̂T 11(1/
√

2,−1/
√

2) = ̂T 22(1/
√

2,−1/
√

2) = − ̂T 12(1/
√

2,−1/
√

2) = 1/2. �

Example 3.3.10 The constant-valued, numerical, totally antisymmetric rel-
ative tensors transform by (3.36) and (3.37) as

ε̂j1...jN
=

{

det
[

∂Xm(x̂)
∂x̂n

]}−1
∂Xi1(x̂)

∂x̂j1
. . .

∂XiN (x̂)
∂x̂jN

εi1...iN
,

(3.52)

ε̂i1...iN =
{

det
[

∂Xm(x̂)
∂x̂n

]}

∂ ̂Xi1(x)
∂xj1

. . .
∂ ̂XiN (x)

∂xjN
εj1...jN . �

Example 3.3.11 Suppose that Tij(x) are components of a differentiable ten-
sor field T.. (x). Then, by (3.39), we have the transformation rule

√

∣

∣

∣det
[

̂Tij(x̂)
]∣

∣

∣

(3.53)

=
{

sgn det
[

∂Xm

∂x̂n
(x̂)
]}{

det
[

∂Xm

∂x̂n
(x̂)
]}

√

|det [Tkl(x)]|.
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Therefore,
√

|det[Tkl(x)]| transforms as an oriented or pseudo-scalar field of
weight 1. It is also called a pseudo-scalar density field. Let det[Tkl(x)] �= 0.
The inverse matrix elements Θij(x) satisfy

Θik(x)Tkl(x) = Tlk(x)Θki(x) = δi
l.

Differentiating the equation above, we obtain that
[

∂

∂xj
Θik(x)

]

Tkl(x) = − Θik(x)
[

∂

∂xj
Tkl(x)

]

,

∂

∂xj
Tml(x) = − Tmi(x)Tkl(x)

[

∂Θik(x)
∂xj

]

.

The partial derivatives ∂Tml(x)
∂xj do not obey tensorial transformations. �

We shall now write the rules (3.31), (3.32), (3.33), and (3.34) for the coor-
dinate components of a tensor field. These rules are furnished by the following
equations:

r
sT(x) + r

sW(x) =
[

T i1...ir
j1...js

(x) + W i1...ir
j1...js

(x)
] ∂

∂xi1
⊗ . . .

⊗ ∂

∂xir
⊗ dxj1 ⊗ · · · ⊗ dxjs ,

(3.54)

λ(x) [rsT(x)] =
[

λ(x)T i1...ir
j1...js

(x)
] ∂

∂xi1
⊗ . . .

⊗ ∂

∂xir
⊗ dxj1 ⊗ · · · ⊗ dxjs ,

(3.55)

r
sT(x) ⊗ t

wB(x) =
[

T i1...ir
j1...js

(x) · Bk1...kt
l1...lw(x)

] ∂

∂xi1
⊗ . . .

⊗ ∂

∂xir
⊗ ∂

∂xk1
⊗ · · · ⊗ ∂

∂xkt
⊗ dxj1 ⊗ . . .

⊗dxjs ⊗ dxl1 ⊗ · · · ⊗ dxlw ,

(3.56)

h
kC [rsT(x)] = T i1...ih−1cih+1...ir

j1...jk−1cjk+1...js
(x)

∂

∂xi1
⊗ · · · ⊗ ∂

∂xih−1

⊗ ∂

∂xih+1
⊗ · · · ⊗ ∂

∂xir
⊗ dxj1 ⊗ · · · ⊗ dxjk−1

⊗dxjk+1 ⊗ · · · ⊗ dxjs . (3.57)
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Example 3.3.12 Let us choose N = 3 and choose D to be a proper subset of
R

3 . A tangent vector field and a cotangent vector field are furnished respectively
by

�V(x) = V i(x)
∂

∂xi
,

F̃(x) = Fj(x)dxj .

Therefore, by (3.56) and (3.57), we obtain

�V(x) ⊗ F̃(x) =
[

V i(x)Fj(x)
] ∂

∂xi
⊗ dxj ,

1
1C
[

�V(x) ⊗ F̃(x)
]

= V i(x)Fi(x).

Let us restrict the tangent and cotangent fields on a twice-differentiable curve
X into D . Then, we obtain

1
1C
[

�V(X (t)) ⊗ F̃(X (t))
]

= V j(X (t))Fj(X (t)).

If we now choose �V(X (t)) = �X ′(t), the tangent vector along the image of the
curve, then we get

1
1C
[

�X ′(t) ⊗ F̃(X̃ (t))
]

= Fj(X (t))
dX j(t)

dt
.

If we regard the image of the curve as a particle trajectory and F̃(x) as a
covariant vector field of an external force, then 1

1C[ �X ′(t)⊗ F̃(X (t))] is the tem-
poral rate of the work performed by the external force (according to Newtonian
physics). �

Exercises 3.3

1. Let T i1...ir
j1...js

(x) be the differentiable components of an (r + s)th-order
tensor field in D of R

N . Prove that the partial derivatives ∂
∂xk T i1...ir

j1...js
(x)

do not transform as tensor components under a twice-differentiable coordinate
transformation.

2. Let Ã(x) = Ai(x)dxi be a 1-form field such that partial derivatives ∂Ai(x)
∂xj

exist and are continuous in Ds ⊂ D ⊂ R
N . Moreover, let x̂k = ̂Xk(x) be a gen-

eral coordinate transformation such that each of ̂Xk ∈ C2(Ds ⊂ R
N ; R). Prove

that under such a transformation,
[

∂Ai(x)
∂xj − ∂Aj(x)

∂xi

]

dxi ⊗ dxj is a (0 + 2)th-

order tensor field in Ds of R
N .

3. Let Tjk(x) be the components of a (0 + 2)th-order tensor field in D of
R

N . Show that the cofactors Cjk(x) of the entries Tjk(x) in the det [Tjk(x)]
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transform as components of a relative, second-order contravariant tensor field
of weight 2.

4. Consider the numerical identity tensor field in R
N

I
.
. (x) := δi

j

∂

∂xi
⊗ dxj .

Prove that

(i) 1
2C [I

.
. (x) ⊗ I

.
. (x)] = I.

.
(x).

(ii)
{

1
1C [I

.
. (x) ⊗ I

.
. (x)]

}

(w̃(x), �v(x)) = N
[

wj(x)vj(x)
]

for every pair of
global fields w̃(x) and �v(x).

3.4 Differential Forms and Exterior Derivatives

A 0-form is defined to be a scalar (or (0 + 0)th-order tensor) field f(x) ≡
f(x1, . . . , xN ). A 1-form is defined to be a (0 + 1)th-order tensor (or covariant
vector) field T̃(x) = Tj(x)dxj , as in (3.16), (3.19), and (3.20).

Now, let us go back to section 2.3, which deals with the totally antisymmetric
tensors, alternating operations, wedge products, and Grassman algebra.

(See the references [13] and [22].)
Let pW(x) be a totally antisymmetric (0 + p)th-order tensor field in D ⊂ R

N .
(See (2.53).) Therefore, pW(x) belongs to the space Λp(T̃x(RN )). Let another
antisymmetric field qU(x) belong to Λq(T̃x(RN )). The wedge product between
pW(x) and qU(x) (according to (2.63)) is

[ pW(x) ∧ qU(x)] (�a1(x), . . . , �ap(x), �ap+1(x), . . . , �ap+q(x))

:=
[

1
p!q!

]

∑

σ∈Sp+q

[sgn(σ)] [pW(x) ⊗ qU(x)]
(

aσ(1)(x), . . . ,aσ(p+q)(x)
) (3.58)

for all vector fields �a1(x), . . . , �ap+q(x) in Tx(RN ).
We shall denote the indices of the components of a p -form relative to the

basis {dxi}N
1 by i, j, k, l,m, n, etc. According to (2.84), we can express pW(x)

as
pW(x) = Wi1...ip

(x)dxi1 ⊗ · · · ⊗ dxip

= (1/p!) Wi1...ip
(x)dxi1 ∧ · · · ∧ dxip

=
N
∑

i1<···<ip

Wi1<···<ip
(x)dxi1 ∧ · · · ∧ dxip

= Wi1<···<ip
(x)dxi1 ∧ · · · ∧ dxip .

(3.59)
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The totally antisymmetric tensor field pW(x) is called a pth-order differen-
tial form, or in short a p -form. The wedge product (3.58) in terms of the
components is expressible as

[pW(x) ∧ qU(x)]i1...ipip+1...ip+q
dxi1 ∧ · · · ∧ dxip ∧ dxip+1 ∧ · · · ∧ dxip+q

= Wi1...ip
(x)Uip+1...ip+q

(x)dxi1 ∧ · · · ∧ dxip ∧ dxip+1 ∧ · · · ∧ dxip+q .
(3.60)

Analogous to theorem 2.3.7, the wedge product of differential forms is dis-
tributive and associative. Moreover, it has a strange rule for interchange that is
worth repeating. It is given by

qU(x) ∧ pW(x) = (−1)pq [pW(x) ∧ qU(x)] . (3.61)

Example 3.4.1 Choosing p = q = 1, we obtain from (3.61)

dxj ∧ dxi = −(dxi ∧ dxj), (3.62)

dx1 ∧ dx1 = dx2 ∧ dx2 = · · · = dxN ∧ dxN = O.. (x). (3.63)

(The components of O.. (x) are all identically zero.) �

Example 3.4.2 Let us choose N = 3 and p = 1. Consider two 1-forms
Ã(x) and B̃(x). Therefore,

Ã(x) ∧ B̃(x) = [Ai(x)Bj(x)] dxi ∧ dxj

= [A1(x)B2(x) − A2(x)B1(x)] dx1 ∧ dx2

+ [A2(x)B3(x) − A3(x)B2(x)] dx2 ∧ dx3

+ [A3(x)B1(x) − A1(x)B3(x)] dx3 ∧ dx1.

This expression is analogous to the cross product between vector fields in the
vector calculus. �

Example 3.4.3 Let us choose N = 2n , a positive even integer. Consider a
2 form

2φ(q; p) ≡ 2 φ(q1, . . . , qn; p1, . . . , pn) :=
n
∑

j=1

(dpj ∧ dqj).

Now, by (3.62) and (3.63), we have
(

dp1 ∧ dq1
)

∧
(

dp1 ∧ dq1
)

= −dp1 ∧ dp1 ∧ dq1 ∧ dq1 = −O.... (q, p),
(

dp1 ∧ dq1
)

∧
(

dp2 ∧ dq2
)

= (−1)(2·2)
(

dp2 ∧ dq2
)

∧
(

dp1 ∧ dq1
)

.
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Thus, two 2 forms (dpi∧dqi) and (dpj ∧dqj) (summation suspended) commute
with each other with respect to the wedge product.

Thus, we can derive that

2φ(q; p) ∧ · · · ∧ 2φ
︸ ︷︷ ︸

n

(q; p) = (n!)dp1 ∧ dq1 ∧ dp2 ∧ dq2 ∧ · · · ∧ dpn ∧ dqn.

This example is relevant in statistical mechanics. �

Now we shall introduce the concept of an exterior derivative. In the case
where f is a (totally) differentiable function from D ⊂ R

N into R , the exterior
derivative is defined by the rule

df(x) :=
∂f(x)
∂xj

dxj ,

df(x)[�V(x)] = V j(x)
∂f(x)
∂xj

.

(3.64)

Therefore, df(x) is a 1-form field. In the case where T̃(x) = Tj(x)dxj is a
differentiable 1-form, its exterior derivative is defined as

dT̃(x) := [dTi(x)] ∧ dxi =
[

∂Ti(x)
∂xj

]

dxj ∧ dxi

= (1/2)
[

∂Ti(x)
∂xj

− ∂Tj(x)
∂xi

]

dxj ∧ dxi.

(3.65)

In general, the exterior derivative d is a function that maps a differentiable p -
form pW(x) in Λp(T̃x(RN )) into a (p + 1)-form d[ pW(x)] in Λp+1(T̃x(RN )).
The precise definition is furnished by

d[ pW(x)] := (1/p!)
[

dWj1...jp
(x)
]

∧ dxj1 ∧ · · · ∧ dxjp

:= (1/p!)
[

∂Wj1...jp
(x)

∂xk
dxk

]

∧ dxj1 ∧ · · · ∧ dxjp (3.66)

=
N
∑

j1<···<jp

N
∑

k=1

[

∂Wj1...jp
(x)

∂xk

]

dxk ∧ dxj1 ∧ · · · ∧ dxjp .

In the special case of p = 0 and p = 1, (3.64) and (3.65) respectively can be
recovered from (3.66).

Example 3.4.4 Consider a differentiable 2-form

2F(x) = (1/2)Fij(x)dxi ∧ dxj = Fi<j(x)dxi ∧ dxj . (3.67)

Then the exterior derivative of 2F(x), according to (3.66), is

d[ 2F(x)] = (1/2)
[

∂Fij(x)
∂xk

]

dxk ∧ dxi ∧ dxj

= (1/6)
[

∂Fij(x)
∂xk

+
∂Fjk(x)

∂xi
+

∂Fki(x)
∂xj

]

dxi ∧ dxj ∧ dxk.

(3.68)



3.4. Differential Forms and Exterior Derivatives 83

This example is relevant in relativistic electromagnetic field theory. �

The salient features of the exterior derivative will be summarized below.

Theorem 3.4.5 The exterior derivatives on differential forms must satisfy the
following equations:

(i) d [ pW(x) + pA(x)] = d [ pW(x)] + d [Ap(x)] . (3.69)

(ii) d [ pW(x) ∧ qA(x)]

= {d [ pW(x)] ∧ qA(x)} + (−1)p { pW(x) ∧ d [ qA(x)]} .
(3.70)

(iii) p+1
̂X′ {dWp(x)} = d

{

p
̂X′ [ pW(x)]

}

. (3.71)

Proof: Proofs of parts (i) and (ii) are left to the reader. The proof of part (iii)
is the following. For two differentiable 0-forms f and g , the Leibnitz rule

d[f(x)g(x)] = f(x)dg(x) + g(x)df(x) (3.72)

holds. Now, two special p -form and q -form are chosen to be

pW(x) = f(x)dxi1 ∧ · · · ∧ dxip ,

qA(x) = g(x)dxj1 ∧ · · · ∧ dxjq .

For such a case,

d[ pW(x) ∧ qA(x)]

= d[f(x)g(x)] ∧ dxi1 · · · ∧ dxip ∧ dxj1 ∧ · · · ∧ dxjq

= [g(x)df(x) + f(x)dg(x)] ∧ dxi1 ∧ · · · ∧ dxip ∧ dxj1 ∧ · · · ∧ dxjq

= df(x)dxi1 ∧ · · · ∧ dxip ∧ [g(x)dxj1 ∧ · · · ∧ dxjq ]

+(−1)p[f(x)dxi1 ∧ . . . dxip ] ∧ [dg(x) ∧ dxj1 ∧ · · · ∧ dxjq ]

= {d[ pW(x)] ∧ [ qA(x)]} + (−1)p{ pW(x) ∧ d[ qA(x)]}.

By the result above and part (i), the proof of part (ii) for general pW(x) and
qA(x) follows.

Example 3.4.6 Let W̃(x) = Wi(x)dxi and Ã(x) = Aj(x)dxj be two differ-
entiable 1-forms. Then, by (3.70) and (3.61),

d[W̃(x) ∧ Ã(x)] = {d[W̃(x)] ∧ Ã(x)} − {W̃(x) ∧ d[Ã(x)]},

d[W̃(x) ∧ W̃(x)] = O... (x). �
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Now, we shall state and prove an important property of the exterior deriva-
tive in the following lemma of Poincaré.

Lemma 3.4.7 Let pW(x) be a continuously twice-differentiable p-form in
D ⊂ R

N. Then,

d2 { pW(x)} := d {d [ pW(x)]} ≡ p+2O(x). (3.73)

Proof. By (3.66),

d2 [ pW(x)] =
N
∑

1≤j1<···<jp

N
∑

l=1

N
∑

k=1

[

∂2Wj1...jp
(x)

∂xl∂xk
dxl

]

∧ dxk ∧ dxj1 ∧ · · · ∧ dxjp

= (1/2)
N
∑

1≤j1<···<jp

N
∑

l=1

N
∑

k=1

[

∂2Wj1...jp
(x)

∂xl∂xk
−

∂2Wj1...jp
(x)

∂xk∂xl

]

dxl ∧ dxk ∧ dxj1 ∧ · · · ∧ dxjp

≡ p+2O(x).

Remark: The proof above hinges on the cancellation of the mixed second par-
tial derivatives of functions in the class C2 . Note that in problem 2 of exercises
3.1, we have cited a function for which mixed second partials exist but do not
commute.

Example 3.4.8 Consider N = 3 and a function f ∈ C2(D ⊂ R
3; R). In

that case,

df(x) =
∂f(x)
∂xj

dxj ,

d2[f(x)] =
∂2f(x)
∂xk∂xj

dxk ∧ dxj =
1
2

[

∂2f(x)
∂xk∂xj

− ∂2f(x)
∂xj∂xk

]

dxk ∧ dxj

≡ O.. (x).

The statement above is equivalent to the familiar vector field identity

curl [grad f(x)] ≡ ∇ × [∇f(x)] ≡ �O(x). �

Example 3.4.9 Consider N = 3 and a continuously twice-differentiable 1-
form Ṽ(x) = Vj(x)dxj . By (3.65), we obtain

dṼ(x) =
1
2

[

∂Vj(x)
∂xi

− ∂Vi(x)
∂xj

]

dxi ∧ dxj .
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Using (3.66) and (3.69), we get

d2[Ṽ(x)] =
1
6

{

∂

∂xk

[

∂Vj(x)
∂xi

− ∂Vi(x)
∂xj

]

+
∂

∂xi

[

∂Vk(x)
∂xj

− ∂Vj(x)
∂xk

]

+
∂

∂xj

[

∂Vi(x)
∂xk

− ∂Vk(x)
∂xi

]}

dxi ∧ dxj ∧ dxk

≡ O... (x).

The identity above is equivalent to the vector field identity

div
[

curl �V(x)
]

≡ ∇ ·
[

∇ × �V(x)
]

≡ 0. �

A differentiable p -form pW(x) is called closed if d[ pW(x)] ≡ p+1O(x). A
p -form pA(x) is called exact provided there exists a differentiable (p − 1)-
form p−1B(x) such that pA(x) = d[ p−1B(x)] . Poincaré’s lemma shows
that every exact form is closed. We can naturally ask whether or not every
closed form is exact. The answer is affirmative provided that the domain D∗ ⊂
R

N under consideration is star-shaped with respect to an interior point x0 ≡
(x1

0, . . . , x0
N ). (See fig. 3.10.)

We shall now state the converse of Poincaré’s lemma.

D2
∗

(xo
1, xo

2)

x1

x2

2

Figure 3.10: A star-shaped domain in R
2 .

Theorem 3.4.10 Let D∗ be an open domain of R
N such that it is star-shaped

with respect to an interior point x0 ∈ D∗ . Moreover, let pW(x) be a differ-
entiable p-form satisfying d[ pW(x)] ≡ p+1O(x) in D∗ . Then, there exists a
continuously twice-differentiable (p − 1)-form p−1A(x) in D∗ such that

pW(x) = d[ p−1A(x)]. (3.74)
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(For the proof, see Flanders’s book [13].)

Remark: The (p− 1)th form p−1A(x) in (3.74) is not unique. We can replace
it by the (p − 1)th form

p
̂A(x) = p−1A(x) − d [ p−2λ(x)] . (3.75)

Here, the (p − 2)th form p−2 λ(x) is an arbitrary one of the differentiability
class C3 . By substituting (3.75) in the right-hand side of (3.74), the p -form
pW(x) remains unaltered by the Poincaré lemma. The equations (3.74) and
(3.75) are applicable to gauge field theory.

Example 3.4.11 Let us choose N = 4 and consider special relativistic elec-
tromagnetic fields. (See (3.67), (3.68), and (3.70).) The electromagnetic field is
identified with a differentiable 2-form

2F(x) =
(

1
2

)

Fij(x)dxi ∧ dxj .

Four out of eight Maxwell equations can be cast into the tensor field equations:

d [ 2F(x)] = O... (x),

∂Fij(x)
∂xk

+
∂Fjk(x)

∂xi
+

∂Fki(x)
∂xj

= 0.
(3.76)

In a star-shaped domain D∗ of R
4 representing space-time, the equations above

imply by theorem 3.4.10 the existence of a continuously twice-differentiable 1-
form Ã(x) such that

2F(x) = d[Ã(x)],

Fij(x) =
∂Aj(x)

∂xi
− ∂Ai(x)

∂xj
.

(3.77)

The 1-form Ã(x) is called the four-potential field. By (3.75), we can make
a transformation

̂Ã(x) = Ã(x) − dλ(x),

̂Ai(x) = Ai(x) − ∂λ(x)
∂xi

(3.78)

such that the electromagnetic field components Fij(x) remain unchanged. Equa-
tion (3.78) is called a gauge transformation. �

Now, we shall briefly discuss the integration of a p -form in an open, con-
nected domain D of R

N . Suppose that f is a Riemann- or Lebesgue-integrable
function over D ∪ ∂D . Then, we define

∫

D

f(x)dx1 ∧ · · · ∧ dxN :=
∫

D

f(x1, . . . , xN )dx1 . . . dxN . (3.79)
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The right-hand side of (3.79) indicates a multiple integral. Therefore, for a
special N -form NW(x) := f(x)dx1 ∧ · · · ∧ dxN , we can write

∫

D

NW(x) =
∫

D

f(x1, . . . , xN )dx1 . . . dxN . (3.80)

For a general N -form NA(x), we define

∫

D

NA(x) = (1/N !)
∫

D

Ai1...iN
(x)dxi1 . . . dxiN

=
∫

D

Ai1<···<iN
(x)dxi1 . . . dxiN .

(3.81)

Let us consider now a differentiable (p + 1)th-dimensional parametrized,
non-degenerate (or regular) hypersurface Dp+1 ⊂ D ⊂ R

N . (Here, p+1 ≤ N .)
It is furnished by the equations

x = ξ(u),

xk = [πk ◦ ξ](u) =: ξk(u1, . . . , up+1),

Rank
[

∂ξk(u)
∂uα

]

= p + 1,

u ≡ (u1, . . . , up+1) ∈ Dp+1 ⊂ R
p+1,

α ∈ {1, . . . , p + 1} .

(3.82)

(See fig. 3.11 for the special case of N = 3 and p = 1.)

2

� �2
∗

�2

a t b u1

u

D2
∗

x1

D

ξ

u2

x2

x

D2

x3

3

Figure 3.11: A star-shaped domain D∗
2 in R

3 .
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Let us consider a star-shaped domain D∗
p+1 ⊂ Dp+1 ⊂ R

p+1 . It is mapped
by ξ into D∗

p+1 ⊂ Dp+1 ⊂ D ⊂ R
N . (The domain D∗

p+1 of the (p + 1)th-
dimensional hyperspace is called a star-shaped domain in Dp+1 .) Let the con-
tinuous, orientable, piecewise-differentiable boundaries ∂D∗

p+1 and ∂D∗
p+1 be

provided by the following parametric equations:

u = U(t),

uα = [πα ◦ U ](t) =: Uα(t1, . . . , tp),

Rank
[

∂Uα(t)
∂tA

]

= p,

t = (t1, . . . , tp) ∈ Δp ⊂ R
p,

x = [ξ ◦ U ] (t),

xk = ξk
[

U1(t), . . . ,Up+1(t)
]

.

(3.83)

Let p+1A(x) be an integrable (p+1)th form over the (p+1)th-dimensional
hypersurface Dp+1 ⊂ D ⊂ R

N . The integral of p+1A(x) over D∗
p+1 is given by

∫

D∗
p+1

p+1A(x) =
∫

D∗
p+1

Ai1<···<ip+1(x)dxi1 ∧ · · · ∧ dxip+1

=
1

(p + 1)!

∫

D∗
p+1

Ai1<···<ip+1(ξ(u))
∂(xi1 , . . . , xip+1)
∂(uα1 , . . . , uαp+1)

duα1 . . . duαp+1 .

(3.84)

Now, we are in a position to state the generalized Stokes’ theorem.

Theorem 3.4.12 Let D∗
p+1 be an open, star-shaped, (p+1)th-dimensional do-

main in R
N (p + 1 ≤ N) with a continuous, piecewise-differentiable, orientable,

p-dimensional boundary ∂D∗
p+1 . Then, for any continuously differentiable p-

form pW(x) ,
∫

D∗
p+1

d [pW(x)] =
∫

∂D∗
p+1

pW(x). (3.85)

(For the proof of this theorem, we refer to the book by Spivak [35].)

Example 3.4.13 Let us choose N = 1, p = 0, and D = (a, b) ⊂ R . Let
f be a continuously differentiable function over [a, b] . The boundary ∂(a, b) =
{a} ∪ {b} . Then the Stokes’ theorem (3.85) yields (in an extended sense)

∫

(a,b)

df(x) =

b
∫

a

df(x)
dx

dx = f(b) − f(a).
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The equation above is the reiteration of the fundamental theorem of calculus. �

Example 3.4.14 Let us choose N = 2 and p = 1. Moreover, we choose
D∗

2 ⊂ R
2 to be the rectangle (a, b) × (c, d). The boundary ∂D∗

2 of the rect-
angle is to be traversed in the counterclockwise manner (to maintain the right
orientation). For a continuously differentiable 1-form Ã(x) = Aj(x)dxj , (3.85)
provides

∫

(a,b)×(c,d)

d
[

Ã(x)
]

=
∫

∂[(a,b)×(c,d)]

Ã(x),

(3.86)
∫

(a,b)×(c,d)

[

∂A2(x)
∂x1

− ∂A1(x)
∂x2

]

dx1dx2 =
∫

∂[(a,b)×(c,d)]

[

A1(x)dx1 + A2(x)dx2
]

.

This is just the usual Stokes’ (or Green’s) theorem in the two-dimensional vector
calculus. �

Example 3.4.15 Consider the case of N = 3 and p = 2. Let a continuously
differentiable 2-form be given by 2F(x) in D of R

3 . For a star-shaped domain
D∗

3 ⊂ D , we have from (3.85) (and (3.76))
∫

D∗
3

d [2F(x)] =
∫

∂D∗
3

2F(x),

1
6

∫

D∗
3

[

∂Fij(x)
∂xk

+
∂Fjk(x)

∂xi
+

∂Fki(x)
∂xj

]

dxidxjdxk = (1/2)
∫

∂D∗
3

Fij(x)dxi∧dxj (3.87)

=
∫

∂D∗
3

[

F12 (ξ(u))
∂(x1, x2)
∂(u1, u2)

+F23 (ξ(u))
∂(x2, x3)
∂(u1, u2)

+F31 (ξ(u))
∂(x3, x1)
∂(u1, u2)

]

du1du2.

We can introduce a vector density by the up-star operation (see (2.104))
∗F k(x) = (1/2)εijkFij(x). (3.88)

By (3.87), we can express
∫

D∗
3

div
[

∗�F(x)
]

dx1dx2dx3 ≡
∫

D∗
3

[

∇ · ∗�F(x)
]

dx1dx2dx3

=
∫

D∗
3

[

∂∗F 1(x)
∂x1

+
∂∗F 2(x)

∂x2
+

∂∗F 3(x)
∂x3

]

dx1dx2dx3 (3.89)

=
∫

∂D∗
3

[

F12(x)dx1dx2 + F23(x)dx2dx3 + F31(x)dx3dx1
]

.
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For an application to the static magnetic field (H1(x),H2(x),H3(x)) and the
vector potential Ã(x) = Aj(x)dxj , we put

Hk(x) := ∗F k(x),

Fij(x) =
∂Aj(x)

∂xi
− ∂Ai(x)

∂xj
.

(3.90)

By (3.65), (3.77), and (3.89), we obtain
∫

D∗
3

[

∂H1(x)
∂x1

+
∂H2(x)

∂x2
+

∂H3(x)
∂x3

]

dx1dx2dx3 =
∫

∂D∗
3

dÃ(x) =
∫

∂2[D∗
3 ]

Ã(x).

In algebraic topology, the boundary of a boundary of a subset is always the null
subset (∂2D = ∅). Therefore, we conclude that

∫

D∗
3

[

∂H1(x)
∂x1

+
∂H2(x)

∂x2
+

∂H3(x)
∂x3

]

dx1dx2dx3 = 0. (3.91)

The physical meaning of the equation above is that the total magnetic charge
inside a star-shaped three-dimensional domain is precisely zero. Thus, accord-
ing to (3.90), a magnetic monopole cannot exist inside a star-shaped three-
dimensional domain. �

The definition (3.66) and equation (3.71) show that the exterior derivative
produces a (p + 1)th-order totally antisymmetric tensor out of a pth-order
totally antisymmetric tensor. There exists another derivative of tensor fields
generating higher-order tensor fields. This is called a Lie derivative. We shall
discuss it briefly in appendix 2.

We shall conclude this section with the statement of a deep theorem by
Darboux.

Theorem 3.4.16 Let 2F(x) �= O.. (x) be a 2 -form defined over a convex do-
main D ⊂ R

N . Then there exists a basis set {ẽ1(x), . . . , ẽN (x)} such that

2F(x) = ẽ1(x) ∧ ẽ2(x) + ẽ3(x) ∧ ẽ4(x) + · · · + ẽ2r−1(x) ∧ ẽ2r(x);

2 ≤ 2r ≤ N.
(3.92)

(For the proof, consult the book by Sternberg [36].)

Exercises 3.4

1. A 2-form 2W(x) in R
4 is furnished by

2W(x) := dx1 ∧ dx2 + dx3 ∧ dx4.
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Calculate 2W(x) ∧ 2W(x) ∧ 2W(x).

2. Prove that

pW(x) ∧ qA(x) = [1/(p + q)!] δm1...mpn1...nq
j1...jpjp+1...jp+q

Wm1...mp
(x)An1...nq

(x)dxj1 ∧ · · · ∧ dxjp ∧ dxjp+1 ∧ · · · ∧ dxjp+q .

3. Let n be a non-negative integer such that 2n + 1 ≤ N . Show that every
(2n + 1)-form 2n+1W(x) satisfies

2n+1W(x) ∧ 2n+1W(x) ≡ 4n+2O(x).

4. Let U and V be continuously twice-differentiable functions in D ⊂ R
3 .

Let a 1-form be given by

Ã(x) :=
[

x2 − V (x)
∂U(x)
∂x1

]

dx1 −
[

x1 − V (x)
∂U(x)
∂x2

]

dx2 +
[

1 − V (x)
∂U(x)
∂x3

]

dx3.

Prove that dÃ(x) ≡ O.. (x) if and only if

∂U(x)
∂x3

=
∂V (x)
∂x3

≡ 0 and
∂(u, v)

∂(x1, x2)
= 2.

5. Consider a 1-form defined by

W̃(x) := −
[

x2

(x1)2 + (x2)2

]

dx1 +
[

x1

(x1)2 + (x2)2

]

dx2,

(x1, x2) ∈ R
2 − {(0, 0)}.

(i) Prove that dW̃(x) = O.. (x) in R
2 − {(0, 0)} .

(ii) Show the non-existence of a differentiable function f in R
2−{(0, 0)} such

that W̃(x) = df(x). Explain.



Chapter 4

Differentiable Manifolds
with Connections

4.1 The Affine Connection
and Covariant Derivative

We shall introduce a new notation for the generalized directional derivative.
(See (3.7).)

∂jf :=
∂

∂xj
f(x),

∂(q)f ≡ ∂qf := �eq(x)[f ],

df(x) = (∂jf)dxj = (∂qf)ẽq(x),
�V(x)[f ] = V j(x)∂jf = V q(x)∂qf.

(4.1)

We have used the indices i, j, k, . . . for coordinate components and the in-
dices p, q, r, . . . , etc., for non-coordinate (or non-holonomic) components).

Example 4.1.1 Let us choose N = 2 and two basis vectors

�e1(x) =
∂

∂x1
+

∂

∂x2
, �e2(x) =

∂

∂x1
− ∂

∂x2
.

The corresponding 1-forms are

ẽ1(x) = (1/2)(dx1 + dx2), ẽ2(x) = (1/2)(dx1 − dx2).

Consider the polynomial function f(x) := x1x2 in R
2 .

∂(1)f = �e1(x)[f ] = x1 + x2, ∂(2)f = �e2(x)[f ] = x2 − x1.

92



4.1. The Affine Connection and Covariant Derivative 93

Therefore, it follows that

(∂qf)ẽq(x) = [∂(1)f ]ẽ1(x) + [∂(2)f ]ẽ2(x) = x2dx1 + x1dx2 = (∂jf)dxj . �

Now we shall introduce a new concept of differentiation of tensor fields.
It is called the affine connection, covariant derivative, or generalized
gradient. It is denoted by the symbol ∇ . The operator ∇ assigns to each
tangent vector field �V(x) of class Cr(r ≥ 1) a (1 + 1)th-order tensor field
∇�V(x) of class Cr−1 . The tensor field is called the covariant derivative
of the vector field �V(x). The covariant derivative satisfies the following two
axioms.

I. ∇
[

�V(x) + �W(x)
]

= ∇
[

�V(x)
]

+ ∇
[

�W(x)
]

. (4.2)

II. ∇
[

f(x)�V(x)
]

= �V(x) ⊗ df(x) + f(x)
[

∇�V(x)
]

. (4.3)

Here, f is any differentiable function and �V(x), �W(x) are arbitrary vector
fields of class Cr in D of R

N .
Let {�ep(x)}N

1 := {�e1(x), . . . ,�eN (x)} and {ẽq(x)}N
1 be a differentiable basis

field and the corresponding conjugate basis field at x ∈ D of R
N . By (4.3), the

mixed second-order tensor field ∇�ep(x) belongs to 1
1Tx(RN ) with a basis set

{�ep(x) ⊗ ẽq(x)}N2

1 . Therefore, we can express by a linear combination

∇�ep(x) = Γu
qp(x)�eu(x) ⊗ ẽq(x),

Γu
qp(x) := [∇�ep(x)] (ẽu(x),�eq(x)) .

(4.4)

The set of N3 real-valued functions Γu
qp are called the connection coeffi-

cients. (See the references [5], [11] & [19].)
We shall now compute the components of ∇�V(x) explicitly in terms of the

connection coefficients. By the rules (4.2) and (4.3) and equation (4.4),

∇�V(x) = ∇ [V p(x)�ep(x)] = [�ep(x) ⊗ dV p(x)] + V p(x) [∇�ep(x)]

= �ep(x) ⊗
[

dV p(x) + Γp
uq(x)V q(x)ẽu(x)

]

.

By (4.1), dV p(x) = {�eu(x)[V p]} ẽu(x). Therefore,

∇�V(x) =
{

�eu(x)[V p] + Γp
uq(x)V q(x)

}

�ep(x) ⊗ ẽu(x)

=
[

∂uV p + Γp
uq(x)V q(x)

]

�ep(x) ⊗ ẽu(x).
(4.5)
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Therefore, the components ∇uV p ≡ V p;u of the tensor ∇�V(x) are furnished
by

∇uV p ≡ V p;u := �eu(x)[V p] + Γp
uq(x)V q(x)

= ∂uV p + Γp
uq(x)V q(x).

(4.6)

(In the sequel, we shall use the symbol ∇uV p .)

Example 4.1.2 Let us choose the coordinate or the natural basis set. In that
case, (4.6) yields

�V(x) = V k(x)
∂

∂xk
,

∇iV
k = �ei[V k] + Γk

ij(x)V j(x)

= ∂iV
k + Γk

ij(x)V j(x),

∂i :=
∂

∂xi
.

(4.7)

Therefore, the covariant divergence is given by

∇kV k = ∂kV k + Γk
kj(x)V j(x). �

The N2 connection 1-forms w̃p
q(x) are defined by

w̃p
q(x) := Γp

uq(x)ẽu(x). (4.8)

(Remark: Connection 1-forms are not tensorial.)

Therefore, the covariant derivative in (4.5) can be expressed as

∇�V(x) = �ep(x) ⊗
[

dV p(x) + w̃p
q(x)V q(x)

]

. (4.9)

Example 4.1.3 Consider the coordinate basis. By (4.8),

w̃i
j(x) = Γi

kj(x)dxk.

In the case where Γi
kj are differentiable functions, the exterior derivatives of

w̃i
j(x) (by (3.65)) are given by

dw̃i
j(x) = (1/2)

(

∂lΓi
kj − ∂kΓi

lj

)

dxl ∧ dxk. (4.10)

The equations above will be useful later. �
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Now we shall derive the transformation properties of connection coefficients
under a general transformation of basis sets

̂�ep(x) = λq
p(x)�eq(x), ̂ẽp(x) = μp

q(x)ẽq(x). (4.11)

(See (2.54).)

Theorem 4.1.4 Under the general differentiable transformation of basis sets
in (4.11), the connection coefficients transform as

̂Γq
rp(x) = μq

u(x)λw
r(x)λs

p(x)Γu
ws(x) + μq

u(x)∂r [λu
p] . (4.12)

Proof. For the components of a differentiable vector field �V(x), we have

dV u(x) = d
[

λu
p(x)̂V p(x)

]

= λu
p(x)d̂V p(x) + ̂V p(x)dλu

p(x).

By (4.5) and (4.11), we have

∇�V(x) = �eu(x) ⊗ [dV u(x) + Γu
ws(x)V s(x)ẽw(x)]

=
[

μq
u(x)̂�eq(x)

]

⊗
[

λu
p(x)d̂V p(x) + ̂V p(x)dλu

p(x) + λs
p(x)λw

r(x)Γu
ws(x)̂V p(x)̂ẽr(x)

]

= ̂�eq(x) ⊗
{

d̂V q(x)+

[μq
u(x)∂rλ

u
p(x) + μq

u(x)λs
p(x)λw

r(x)Γu
ws(x)] ̂V p(x)̂ẽr(x)

}

.

Identifying the expression inside the square bracket above with ̂Γq
rp(x), equa-

tion (4.12) follows.

(Remark: Equation (4.12) shows that the connection coefficients Γu
ws(x) do

not transform as components of a tensor field unless dλu
p(x) ≡ Õ(x).)

Example 4.1.5 Let us consider the coordinate basis set. In that case, (4.12)
yields

̂Γl
mn(x̂) =

∂ ̂X l(x)
∂xi

∂Xj(x̂)
∂x̂m

∂Xk(x̂)
∂x̂n

Γi
jk(x) +

∂ ̂X l(x)
∂xi

∂2Xi(x̂)
∂x̂m∂x̂n

. (4.13)

The coefficients Γi
jk(x) do not transform as tensor field components (compare

with (3.48)) unless
∂2X l(x̂)
∂x̂m∂x̂n

= 0.

The general solution of the system of partial differential equations above yields
the general non-homogeneous linear (or affine) transformation

xi = Xi(x̂) = ki
j x̂

j + ci.

Here, ci and ki
j (with det[ki

j ] �= 0) are arbitrary constants of integration. �
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Example 4.1.6 Consider the dimension N = 2. Let us choose the coordinate
transformation from the Cartesian to the polar coordinates furnished by

x1 = X1(x̂) := x̂1 cos x̂2,

x2 = X2(x̂) := x̂1 sin x̂2,

̂Ds :=
{

(x̂1, x̂2) ∈ R
2 : x̂1 > 0,−π < x̂2 < π

}

.

The Jacobian matrix is given by
⎡

⎢

⎢

⎣

∂X1(x̂)
∂x̂1

,
∂X1(x̂)

∂x̂2

∂X2(x̂)
∂x̂1

,
∂X2(x̂)

∂x̂2

⎤

⎥

⎥

⎦

=

[

cos x̂2, −x̂1 sin x̂2

sin x̂2, x̂1 cos x̂2

]

.

Let us compute with (4.13) the eight functions ̂Γi
jk(x̂) by assigning Γl

mn(x) ≡ 0
for the Cartesian coordinates:

̂Γ1
11(x̂) = 0 +

∂ ̂X1(x)
∂x1

∂2X1(x̂)
(∂x̂1)2

+
∂ ̂X1(x)

∂x2

∂2X2(x̂)
(∂x̂1)2

≡ 0,

̂Γ1
22(x̂) = 0 +

∂ ̂X1(x)
∂x1

∂2X1(x̂)
(∂x̂2)2

+
∂ ̂X1(x)

∂x2

∂2X2(x̂)
(∂x̂2)2

= −x̂1,

̂Γ2
12(x̂) = (x̂1)−1 = ̂Γ2

21(x̂),

̂Γ1
12(x̂) = ̂Γ1

21(x̂) = ̂Γ2
22(x̂) = ̂Γ2

11(x̂) ≡ 0. �

Now, we shall define the directional covariant derivative of a vector
field �V(x) along the direction of another vector field �U(x). It is denoted by
the symbol ∇�U[�V(x)] . The operator ∇�U maps a vector field �V(x) of class
Cr(r ≥ 1) into another vector field of class Cr−1 . The definition is furnished
by

∇�U[�V(x)](·) :=
[

∇�V(x)
] (

· , �U(x)
)

, (4.14)

∇�U[�V(x)](W̃(x)) =
[

∇�V(x)
] (

W̃(x), �U(x)
)

(4.15)

for all W̃(x) in T̃x(RN ).

∇�U[�V(x)](ẽq(x)) = {�ew(x)[V u] + Γu
wp(x)V p(x)} [�eu(x) ⊗ ẽw(x)]

(

ẽq(x), �U(x)
)

= {�ew(x)[V q] + Γq
wp(x)V p(x)}Uw(x)

= �U(x)[V q] + Γq
wpU

w(x)V p(x).

Thus, we have

∇�U[�V(x)] =
{

�U(x)[V q] + Γq
wp(x)Uw(x)V p(x)

}

�eq(x),
[

∇�U
�V
]q

= Up∇pV
q.

(4.16)
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As special cases of (4.16), we can derive from (4.6)

∇�ew
[�V(x)] = (∇wV q)�eq(x), (4.17)

∇�ew
[�ep(x)] = Γq

wp(x)�eq(x). (4.18)

The main properties of the operator ∇�V will be summarized below.

Theorem 4.1.7 The covariant derivatives along directions of vector fields un-
der suitable differentiability conditions must satisfy:

(i) ∇�V[�Y(x) + �Z(x)] = ∇�V[�Y(x)] + ∇�V[�Z(x)] ; (4.19)

(ii) ∇�Y+�Z[�V(x)] = ∇�Y[�V(x)] + ∇�Z[�V(x)] ; (4.20)

(iii) ∇f �V[�Y(x)] = f(x)∇�V[�Y(x)] ; (4.21)

(iv) ∇�V[g(x)�Y(x)] = {�V(x)[g]}�Y(x) + g(x){∇�V[�Y(x)]} . (4.22)

Proof. We shall prove part (iv). (The proofs for parts (i), (ii), and (iii) are
left to the reader.) By (4.15), the left-hand side of (4.22) yields

∇�V[g(x)�Y(x)](W̃(x)) = ∇[g(x)�Y(x)](W̃(x), �V(x)).

Using (4.3) and linearity, we obtain

∇�V[g(x)�Y(x)](W̃(x))

= [�Y(x) ⊗ dg(x)](W̃(x), �V(x)) + [g(x)∇�Y(x)](W̃(x), �V(x))

= [�Y(x)(W̃(x))]{dg(x)[�V]} + {g(x)∇�V[�Y(x)]}(W̃(x)),

or
{∇�V[g(x)�Y(x)] − [dg(x)[�V]]�Y(x) − g(x)∇�V[�Y(x)]}(W̃(x)) ≡ 0.

Since the only tangent vector that maps every W̃(x) into zero is �O(x), equation
(4.22) follows.

Example 4.1.8 In the coordinate basis, (4.17) yields

∇∂/∂xi [�V(x)] = (∇iV
j)

∂

∂xj
,

{∇∂/∂xi [�V(x)]}(dxj) = ∇iV
j . �
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The definition of the covariant derivative in (4.14) and (4.15) can be extended
to a tensor field r

sT(x) of class Ck (k ≥ 1). The corresponding axioms are the
following:

I. When r
sT(x) is of class Ck , the ∇�V[rsT(x)] is of the same order and

class Ck−1 (k ≥ 1).

II. ∇�V[f(x)] = �V(x)[f ] . (4.23)

III. ∇�V[rsT(x) + r
sB(x)] = ∇�V[rsT(x)] + ∇�V[rsB(x)] . (4.24)

IV. ∇�V[rsT(x) ⊗ m
nG(x)] = ∇�V[rsT(x)] ⊗ m

nG(x)

+r
sT(x) ⊗∇�V[mnG(x)] .

(4.25)

V. ∇�V

{

i
jC[rsT(x)]

}

= i
jC
{

∇�V[rsT(x)]
}

. (4.26)

Equations (4.23), (4.24), and (4.25) imply equations (4.2) and (4.3). (Some
caution is required to apply (4.26).)

We shall now express the covariant derivative of a 1-form in terms of the
connection coefficients.

Lemma 4.1.9 The covariant derivative of a differentiable 1-form W̃(x) is
given by

∇�V[W̃(x)] = V p(x) {�ep(x)[Wq] − Γu
pq(x)Wu(x)} ẽq(x), (4.27)

∇�V[W̃(x)]�eq(x) = [∇pWq]V p(x) := [∂pWq − Γu
pq(x)Wu(x)]V p(x), (4.28)

∇�ep
[W̃(x)](�eq(x)) = ∇pWq. (4.29)

Proof. Recall that
1
1C[�V(x) ⊗ W̃(x)] = W p(x)Up(x) = [W̃(x)](�V(x)).

Therefore, by (4.23), (4.26), (4.25), and (4.16), we have

�V(x)[Wp] = ∇�V[W̃(x)(�ep(x))] = ∇�V

{

1
1C[�ep(x) ⊗ W̃(x)]

}

= 1
1C
{

∇�V[�ep(x) ⊗ W̃(x)]
}

= 1
1C
{

[∇�V
�ep(x)] ⊗ W̃(x) + �ep(x) ⊗∇�VW̃(x)

}

= W̃(x)[∇�V(�ep(x))] + [∇�VW̃(x)](�ep(x))

= Γq
rp(x)V r(x)Wq(x) + [∇�VW̃(x)](�ep(x)),

or
[∇�VW̃(x)](�eq(x)) = {�ep(x)[Wq] − Γu

pq(x)Wu(x)}V p(x).

Thus, (4.27) and (4.28) follow.
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Example 4.1.10 Let Ã(x) be a differentiable 1-form. Using (4.28), we have

∇jAk =
∂

∂xj
Ak(x) − Γi

jk(x)Ai(x).

Therefore, we obtain the 2-form
(

1
2

)

(∇jAk−∇kAj) dxj ∧ dxk = dÃ(x) +
(

1
2

)

[Γi
jk(x)−Γi

kj(x)]Ai(x)dxj∧ dxk.

The equation above (and also (4.13)) show that the components Γi
jk(x) −

Γi
kj(x) transform as tensor field components. (However, in a non-coordinate

or a non-holonomic basis, Γu
pq(x)−Γu

qp(x) do not transform as tensor field
components!) �

Now, we shall obtain the covariant derivative of a differentiable tensor field
in terms of the connection coefficients.

Theorem 4.1.11 Let r
sT(x) be a differentiable tensor field of class C1 in the

domain D ⊂ R
N . Then, the covariant derivative of r

sT(x) along the vector
field �V(x) is furnished by

∇�V[rsT(x)] = V u(x) {�eu(x)[T p1...pr
q1...qs

] + Γp1
uwTwp2...pr

q1...qs

+Γp2
uwT p1w...pr

q1...qs
+ · · · + Γpr

uwT p1p2...w
q1...qs

−Γw
uq1T

p1...pr
wq2...qs

− Γw
uq2T

p1...pr
q1w...qs

− . . .

−Γw
uqs

T p1...pr
q1q2...w}�ep1(x) ⊗ · · · ⊗ �epr

(x) ⊗ ẽq1(x) ⊗ . . .

⊗ ẽqs(x)

=: V u(x)(∇uT p1...pr
q1...qs

)�ep1(x) ⊗ · · · ⊗ �epr
⊗ ẽq1(x) ⊗ . . .

⊗ ẽqs , (4.30)

{

∇�V[rsT(x)]
}

(ẽp1(x), . . . , ẽpr (x),�eq1(x), . . . ,�eqs
(x))

= {∂uT p1...pr
q1...qs

+ Γp1
uwTwp2...pr + · · · − Γw

uq1T
p1...pr

wq2...qs
− . . . }V u(x)

= (∇uT p1...pr
q1...qs

) V u(x), (4.31)

{∇�eu
[rsT(x)]} (ẽp1(x), . . . , ẽpr (x),�eq1(x), . . . ,�eqs

(x))

= ∇uT p1...pr
q1...qs

.
(4.32)

The proof is left as an exercise.
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We can generalize the definition of the covariant derivative ∇ for any dif-
ferentiable tensor field r

sT(x). It is given by

{∇[rsT(x)]}
(

W̃1(x), . . . ,W̃r(x), �U1(x), . . . , �Us(x), �V(x)
)

:=
{

∇�V [rsT(x)]
}

(

W̃1(x), . . . ,W̃r(x), �U1(x), . . . , �Us(x)
) (4.33)

for all W̃1, . . .W̃r, �U1, . . . �Us, �V fields. Therefore, we can deduce that

{∇[rsT(x)]} (ẽp1(x), . . . , ẽpr (x),�eq1(x), . . . ,�eqs
(x),�eu)

= ∇uT p1...pr
q1...qs

.
(4.34)

Example 4.1.12 Consider the identity tensor I
.
. (x) := δp

q�ep(x) ⊗ ẽq(x).
By the equation (4.30) we have

∇�V[I
.
. (x)] = V u(x) {�eu(x)[δp

q] + Γp
uw(x)δw

q − Γw
uq(x)δp

w}�ep(x) ⊗ ẽp(x)

= V u(x)
{

0 + Γp
uq(x) − Γp

uq(x)
}

�ep(x) ⊗ ẽp(x)

= O
.
. (x),

∇u(δp
q) ≡ 0. �

Example 4.1.13 In the coordinate basis, the components of the covariant
derivative of a tensor field from the equation (4.30) can be written as:

∇kT i1...ir
j1...js

= ∂kT i1...ir
j1...js

+ Γi1
klT

li2...ir
j1...js

+Γi2
klT

i1l...ir
j1...js

+ · · · + Γir
klT

i1i2...l
j1...js

−Γl
kj1T

i1...ir
lj2...js

− Γl
kj2T

i1...ir
j1l...js

− · · · − Γl
kjs

T i1...ir
j1j2...l.

(4.35)

If we open up the summations in the right hand side, then we find that there
are actually 1 + N(r + s) terms added there! �

Exercises 4.1

1. Let a domain be specified by D := {x ∈ R
N : x1 > 0, x2 > 0, . . . , xN > 0} .

Let a vector field �V and connection coefficients be prescribed by �V(x) := xj ∂
∂xj

and Γi
jk(x) := (xi/xjxk), respectively. Prove that (∇jV

i)(∇iV
k) = δk

j +
N(N2 + 2)(xk/xj).

2. Show that

∇[δ12...M
i1i2...iM

dxi1 ∧ dxi2 ∧ · · · ∧ dxiM ] = M
M+1O(x)

for 2 ≤ M ≤ N − 1.
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3. Let pA(x) be a differentiable p -form. Prove that

∇[pA(x)] = (−1)pd[pA(x)].

4.2 Covariant Derivatives of Tensors along
a Curve

Now, we shall study a tangent vector field �V(x) restricted to a curve X (t).
Recall from (3.24) that the tangent vector along (the image of) the curve X is
given by

�X ′(t) =
dX i(t)

dt

(

∂

∂xi

)

|X(t)

= X ′q(t)�eq(X (t)),

t ∈ [a, b] ⊂ R.

(4.36)

The covariant derivative of a vector field �V(x), restricted to the curve X (t)
and along the tangential direction �X ′(t), is defined to be

∇ �X ′ [�V(X (t))] := X ′q(t)[∇qV
p]|X(t)

�ep(X (t))

=
dX i(t)

dt

[

(∇iV
j)

∂

∂xj

]

|X(t)

.
(4.37)

A vector field �V(X (t)) is said to be parallelly propagated along the curve
X (t) provided

∇ �X ′ [�V(X (t))] = �O(X (t)). (4.38)

(See fig. 4.1.)

Remark: The parallel propagation of a vector is strictly a local concept.

Example 4.2.1 Let us choose the coordinate basis. By (4.37) and (4.38), we
derive for parallel transport of �V along X (t) the equation

∇ �X ′ [�V(X (t))] =
[

∂V i

∂xj
+ Γi

jk(x)V k(x)
]

|X(t)

dX j(t)
dt

[

∂

∂xi

]

|X(t)

= �O(X (t)).

Using the chain rule, we obtain from above that for parallel propagation

DV i

dt
(X (t)) :=

d

dt
V i(X (t)) +

[

Γi
jk(x)V k(x)

]

|X(t)

dX j(t)
dt

= 0. (4.39)

Using (4.39), we can express

DV i

dt
(X (t)) = [∇jV

i]|X(t)

dX j(t)
dt

= 0. �
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N

�

a t b

D
v

x

Figure 4.1: Parallel propagation of a vector along a curve.

Remark: For parallel propagation, we derive from (4.39)

dV i

dt
(X (t)) = −

[

Γi
jk(x)V k(x)

]

|X(t)

dX j(t)
dt

.

Therefore, the rate of change of a parallel vector field �V is proportional to both
V k(x) and dX j(t)

dt . Moreover, the components dX j(t)
dt depend on the choice of

the coordinate chart.
An affine geodesic X is a non-degenerate, twice-differentiable curve into

D ⊂ R
N such that

∇ �X ′

[

�X ′(t)
]

= λ(t) �X ′(t) (4.40)

for some integrable function λ over [a, b] ⊂ R .
Now, recall the reparametrization of a curve provided by (3.26) and (3.27).

In an altered notation, a reparametrization is furnished by

τ = T (t),
dT (t)

dt
�= 0,

x = X (t) = X#(τ),

df(t)
dt

=
dT (t)

dt
· df#(τ)

dτ
.

(4.41)



4.2. Covariant Derivatives of Tensors along a Curve 103

Theorem 4.2.2 There exists a reparametrization (4.41) for an affine geodesic
in (4.40) such that

∇ �X#′

[

�X#′(t)
]

= �O(X#(t)), (4.42)

d2X#i(τ)
dτ2

+ Γi
jk

(

X#(τ)
) dX#j(τ)

dτ

dX#k(τ)
dτ

= 0. (4.43)

Proof. By (4.37), (4.39), and (4.40), the geodesic equation can be written as

d2X i(t)
dt2

+ Γi
jk (X (t))

dX j(t)
dt

dX k(t)
dt

= λ(t)
dX i(t)

dt
. (4.44)

Using (4.41) and the chain rule, the last equation yields

d

dt

{

dT (t)
dt

dX#i(τ)
dτ

}

+ Γi
jk

(

X#(τ)
)

[

dT (t)
dt

]2
dX#j(τ)

dτ

dX#k(τ)
dτ

= λ(t)
dT (t)

dt

dX#i(τ)
dτ

,

or
d2X#i(τ)

dτ2
+ Γi

jk

(

X#(τ)
) dX#j(τ)

dτ

dX#k(τ)
dτ

=
[

dT (t)
dt

]−2 [

λ(t)
dT (t)

dt
− d2T (t)

dt2

]

dX#i(τ)
dτ

.

Let the function T satisfy the linear, second-order ordinary differential equation

d2T (t)
dt2

− λ(t)
dT (t)

dt
= 0.

The general solution of the ordinary differential equation above is given by

τ = T (t) = k

{∫

exp
[∫

λ(t)dt

]

dt

}

+ c. (4.45)

Here, k �= 0 and c are two arbitrary constants of integration. Any solution T
in (4.45) will render (4.42) and (4.43) valid.

Remark: A parameter τ in (4.45) is called an affine parameter along the
geodesic. A non-homogeneous linear transformation

τ̂ = c1τ + c2, c1 �= 0, (4.46)

produces another affine parameter.
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Example 4.2.3 Let us choose the dimension N = 2 and the Euclidean plane.
Moreover, let D := {(x1, x2) ∈ R

2 : x1 > 0,−π < x2 < π} for the polar
coordinate system. We assign the eight connection coefficients as

Γ1
11(x) = Γ1

12(x) = Γ1
21(x) = Γ2

11(x) ≡ 0,

Γ1
22(x) = −x1, Γ2

12(x) = Γ2
21(x) = (x1)−1.

(We have borrowed these connection coefficients from example 4.1.6.)
The affine geodesic equations (4.43), dropping the symbol # and changing

τ to t , yield
d2X 1(t)

dt2
−X 1(t)

[

dX 2(t)
dt

]2

= 0,

[X 1(t)]−2 d

dt

{

[X 1(t)]2
dX 2(t)

dt

}

= 0.

These are two coupled, second-order, semi-linear ordinary differential equations.
The second equation admits the first integral

[X 1(t)]2
dX 2(t)

dt
= h,

where h is the constant of integration. Two cases arise. If h = 0, the general
solutions of the geodesic equations are

r ≡ x1 = X 1(t) = kt + c1,

φ ≡ x2 = X 2(t) = c2.

Here, k �= 0, c1 , and c2 are constants of integration. The geodesic, in polar
coordinates of R

2 , represents a portion of a radial straight line.
In the second case, h �= 0. We can eliminate dX 2(t)

dt from the first geodesic
equation to obtain

d2X 1(t)
dt2

− (h)2[X 1(t)]−3 = 0.

This equation can be solved directly. But to have the solution in such a way
that the geometry is transparent, we solve it by an unorthodox method. We
reparametrize the curve again by putting

t = T (x2),

r ≡ x1 = X 1(t) = R(x2) ≡ R(φ),

dX 1(t)
dt

=
dX 2(t)

dt

dR(x2)
dx2

=
h

[R(x2)]2
dR(x2)

dx2
,

d2X 1(t)
dt2

=
h

[R(x2)]2
d

dx2

{

h

[R(x2)]2
dR(x2)

dx2

}

.
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Substituting the equations above into the first geodesic equation, we get

d

dx2

{

[R(x2)]−2 dR(x2)
dx2

}

− [R(x2)]−1 = 0.

Now we introduce another function U by putting

U(x2) := [R(x2)]−1,

dU(x2)
dx2

= −[R(x2)]−2 dR(x2)
dx2

.

Expressing the geodesic equation in terms of U , we finally obtain the linear,
second-order ordinary differential equation

d2U(x2)
(dx2)2

+ U(x2) = 0.

The general solution of the equation above is

U(x2) = A cos(x2 − ω̃).

Here, A �= 0 and ω̃ are two arbitrary constants of integration. The general
solution can also be expressed as

(cos ω̃)(x1 cos x2) + (sin ω̃)(x1 sinx2) = (A)−1.

Introducing the usual Cartesian coordinates by

x = x1 cos x2, y = x1 sin x2,

the geodesic curve can be symbolically expressed as

(const.)x + (const.)y = (non-zero const.) .

The equation above represents a portion of a straight line not passing through
the origin in R

2 . �

We shall now generalize the definition in (4.37) to the covariant derivative
of a differentiable tensor field along (the image of) a curve X . It is given by

∇ �X ′ [rsT(X (t))]

:= �X ′q(t) [∇qT
p1...pr

w1...ws
]|X(t)

�ep1(X (t)) ⊗ · · · ⊗ ẽws(X (t)).
(4.47)

Example 4.2.4 In the coordinate basis

∇ �X ′ [rsT(X (t))]

=
dX k(t)

dt

[

∇kT i1...ir
j1...js

]

|X(t)

(

∂

∂xi1
⊗ · · · ⊗ dxjs

)

|X(t)

,
(4.48)
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∇ �X ′ [rsT(X (t))]
(

dxi1 ⊗ · · · ⊗ ∂

∂xjs

)

|X(t)

=
[

∇kT i1...ir
j1...js

]

|X(t)

dX k(t)
dt

=:
DT i1...ir

j1...js
(X (t))

dt
.

(4.49)

For a special case of T
.
. (x),

DT i
j (X (t))
dt

=
[

∇kT i
j

]

|X(t)

dX k(t)
dt

=
[

∂kT i
j + Γi

kl(x)T l
j(x) − Γl

kj(x)T i
l(x)
]

|X(t)

dX k(t)
dt

=
dT i

j (X (t))
dt

+
[

Γi
kl(x)T l

j(x) − Γl
kj(x)T i

l(x)
]

|X(t)

dX k(t)
dt

.

DT i
i(X (t))
dt = dT i

i(X (t))
dt . �

Exercises 4.2

1. Consider the upper half-plane D := {x ∈ R
2 : x1 ∈ R, x2 > 0} . Let the

connection coefficients in D be prescribed by

Γ1
jk(x) ≡ 0, Γ2

12(x) ≡ Γ2
21(x) = Γ2

11(x) ≡ 0,

Γ2
22(x) := (1/2x2).

Integrate the affine geodesic equations using an affine parameter τ . Prove that
If dX 1(τ)

dτ �= 0, the geodesics are furnished by semi-cubical parabolas

(x2)3 = (kx1 + c)2.

(Here, k �= 0 and c are constants of integration.)

2. Prove the Leibnitz rule of derivatives along a curve X :

D

dt

[

Ai1...ir
j1...js

(X (t)) · Bk1...kp
l1...lq (X (t))

]

= Ai1...ir
j1...js

(X (t)) · D

dt
Bk1...kp

l1...lq (X (t))

+
[

D

dt
Ai1...ir

j1...js
(X (t))

]

· Bk1...kp
l1...lq (X (t)).
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4.3 Lie Bracket, Torsion, and Curvature Tensor

The commutator or Lie bracket between two vector fields is defined by
[

�U, �V
]

:= �U(x)�V(x) − �V(x)�U(x), (4.50)
[

�U, �V
]

[f ] := �U(x)
{

�V(x)[f ]
}

− �V(x)
{

�U(x)[f ]
}

, (4.51)

for every f belonging to C2(D ⊂ R
N ; R). Thus, [�U, �V] belongs to Tx(RN ).

Remarks: (i) The Lie bracket is relevant in Lie derivatives. (See appendix 2.)
(ii) Commutators are familiar in quantum mechanics.

The salient features of the bracket operation are listed below.

Theorem 4.3.1 Let �U, �V, �W be three vector fields of class C3 in D of R
N .

Moreover, let f, g be real-valued functions of class C3 in D . Then the following
equations hold:

(1)
[

�U, �V
]

= −
[

�V, �U
]

. (4.52)

(2) The Jacobi identity:
[

�U,
[

�V, �W
]]

+
[

�V,
[

�W, �U
]]

+
[

�W,
[

�U, �V
]]

≡ �O(x). (4.53)

(3)
[

f �V, g �W
]

=
{

f(x)�V(x)[g]
}

�W(x) −
{

g(x) �W(x)[f ]
}

�V(x)

+f(x)g(x)[�V, �W].
(4.54)

The proof is left to the reader.

Let basis fields �ep(x) = Ei
p(x) ∂

∂xi and �eq(x) = Ej
q(x) ∂

∂xj be of class C2

in D of R
N . Furthermore, let f be an arbitrary function of class C2 in D .

Then, by (4.51), we have

[�ep,�eq] [f ] =
[

Ei
p(x)

∂Ej
q(x)

∂xi
− Ei

q(x)
∂Ej

p(x)
∂xi

]

∂f(x)
∂xj

=: X j
pq(x)

∂f(x)
∂xj

,

(4.55)

[�ep,�eq] = X j
pq(x) ∂

∂xj .

In the case where the conjugate 1-forms are given by ẽu(x) = Ẽu
k(x)dxk ,

we obtain from (4.55) that

[�ep,�eq] [ẽu] = X j
pqẼ

u
j(x) =: X u

pq(x) ≡ −X u
qp(x). (4.56)
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[�ep,�eq] = X u
pq(x)�eu(x). (4.57)

The functions X u
pq(x) are called the structure coefficients of the basis field

{�ep(x)}N
1 . The structure coefficients are not components of a tensor field.

Example 4.3.2 In a coordinate basis,
[

∂

∂xi
,

∂

∂xj

]

≡ �O(x),

X k
ij(x) ≡ 0,

(4.58)

or, in other words, the basis vectors ∂
∂xi and ∂

∂xj commute. �

Remarks: (i) The basis set { ∂
∂xi }N

1 is called a coordinate or natural basis
set. The basis set {�eq(x)}N

1 for which X u
pq(x) ≡ 0 is called a holonomic

basis. If X u
pq(x) �≡ 0, the corresponding basis set is called a non-holonomic

basis.

(ii) The complex operators (−i) ∂
∂xj represent momentum operators in

quantum mechanics.

Example 4.3.3 Consider N = 3 and three vector fields furnished by

�L1(x) := x2 ∂

∂x3
− x3 ∂

∂x2
, �L2(x) := x3 ∂

∂x1
− x1 ∂

∂x3
,

�L3(x) := x1 ∂

∂x2
− x2 ∂

∂x3
.

The commutators can be worked out to obtain

[�L1, �L2] = [�L2, �L3] = �L1, [�L3, �L1] = �L2, [�Li, �Lj ] = X k
ij(x) �Lk(x),

X k
ij(x) = εijlδ

lk.

Thus, the structure coefficients are constant-valued. �

Remarks: (i) In the case where X k
ij(x) = Ck

ij are constant-valued, the com-
mutation relation (4.57) indicates that the vectors �ep(x) are generators of a
Lie algebra.

(ii) In example 4.3.3, the vectors �Lj(x) generate the Lie algebra correspond-
ing to the rotation group SO(3, R). The complex operators (−i)�Lj(x) rep-
resent the angular momentum operators in quantum mechanics.
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Now, we shall introduce the torsion operator T , which maps a pair of
vectors into another vector by the following rule:

T
(

�U(x), �V(x)
)

:= ∇�U

[

�V(x)
]

−∇�V

[

�U(x)
]

−
[

�U(x), �V(x)
]

. (4.59)

Note that
T
(

�V(x), �U(x)
)

≡ −T
(

�U(x), �V(x)
)

, (4.60)

T
(

f(x)�U(x), g(x)�V(x)
)

= f(x)g(x)T
(

�U(x), �V(x)
)

. (4.61)

The torsion tensor field T
.
.. (x) is defined by

[

T
.
.. (x)

]

(

W̃(x), �U(x), �V(x)
)

:= W̃(x)
[

T
(

�U(x), �V(x)
)]

, (4.62)

for all W̃, �U, �V fields. By (4.60) and (4.62), we have the antisymmetry

[

T
.
.. (x)

]

(

W̃(x), �V(x), �U(x)
)

≡ −
[

T
.
.. (x)

]

(

W̃(x), �U(x), �V(x)
)

. (4.63)

Let us work out the components of T
.
.. (x) relative to a general basis set

{�ep(x)}N
1 and the corresponding {ẽq(x)}N

1 . By (4.62) and (4.63), we have

T p
qu(x) = [T

.
.. (x)] (ẽp(x),�eq(x),�eu(x))

= ẽp(x)
[

∇�eq
[�eu]
]

− ẽp(x) [∇�eu
[�eq]] − ẽp(x) [�eq,�eu] .

Using (4.18) and (4.57),

T p
qu(x) = Γp

qu(x) − Γp
uq(x) −X p

qu(x) ≡ −T p
uq(x). (4.64)

By (4.58), the components of the torsion tensor relative to the coordinate basis
are

T i
jk(x) = Γi

jk(x) − Γi
kj(x) ≡ −T i

kj(x). (4.65)

Introducing the symmetric part of Γi
jk(x) as

Si
jk(x) := (1/2)

[

Γi
jk(x) + Γi

kj(x)
]

≡ Si
kj(x), (4.66)

we can express
Γi

jk(x) ≡ Si
jk(x) + (1/2)T i

jk(x). (4.67)

The equation above shows that Γi
jk(x) is symmetric if and only if T i

jk(x) ≡ 0
or the torsion is identically zero.

Example 4.3.4 Let us define the connection coefficients in the coordinate
basis as

Γi
jk(x) = xi(xj)2(xk)3
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for every x ∈ R
N . Using (4.65), the torsion components are given by

T i
jk(x) = Γi

jk(x) − Γi
kj(x) = xi(xjxk)2(xk − xj) ≡ −T i

kj(x).

The torsion components vanish at each of the (N−1)-dimensional hyperplanes
given by

xi = 0, xj = xk,

i, j, k ∈ {1, 2, . . . , N}.
Using (4.66), the symmetric part of the connection coefficient is provided by

Si
kj(x) = (1/2)

[

Γi
jk(x) + Γi

kj(x)
]

= (1/2)xi(xjxk)2(xk + xj)

≡ Si
kj(x).

Si
jk(1, 1, . . . , 1) ≡ 1. �

Now, we shall derive the commutators of covariant derivatives. By (4.1),
(4.31), and (4.55), we get

∇q∇pf −∇p∇qf = [�eq,�ep] f − [Γu
qp(x) − Γu

pq(x)]∇uf

= −Tu
qp(x)∇uf ≡ Tu

pq(x)∂uf,
(4.68)

∇i∇jf −∇j∇if = −T k
ij(x)

∂f(x)
∂xk

=
[

Γk
ji(x) − Γk

ij(x)
]

∂kf. (4.69)

Now, we shall define the curvature operator R , which maps a pair of
vectors into a linear operator over Tx(RN ). The exact definition is provided by

[

R
(

�U(x), �V(x)
)] [

�Y(x)
]

:= ∇�U

[

∇�V
�Y(x)

]

−∇�V

[

∇�U
�Y(x)

]

−∇[�U,�V]
[

�Y(x)
]

≡ −
[

R
(

�V, �U
)] [

�Y(x)
]

(4.70)

for all �U, �V, �Y in Tx(RN ). By (4.19), (4.20), (4.21), and (4.22), it follows that
[

R
(

f(x)�U, �V
)] [

�Y
]

= f(x)
[

R
(

�U, �V
)] [

�Y
]

, (4.71)
[

R
(

�U, �V
)][

f(x)�Y(x) + g(x)�Z(x)
]

= f(x)
[

R
(

�U(x), �V(x)
)][

�Y(x)
]

+ g(x)
[

R
(

�U(x), �V(x)
)][

�Z(x)
]

.
(4.72)

The (1 + 3)th-order curvature tensor field R
.
... (x) is defined by

[R
.
... (x)]

(

W̃(x), �Y(x), �U(x), �V(x)
)

:= W̃(x)
[

R
(

�U(x), �V(x)
) [

�Y(x)
]] (4.73)

for all W̃, �Y, �U , and �V fields.
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Theorem 4.3.5 The components of the curvature tensor field R
.
... (x) relative

to a general basis field {�ep(x) ⊗ ẽq(x) ⊗ ẽr(x) ⊗ ẽs(x)}N
1 are furnished by

Rp
qrs(x)

:= [R
.
... (x)] (ẽp(x) ⊗ �eq(x) ⊗ �er(x) ⊗ �es(x))

= ∂rΓp
sq − ∂sΓp

rq + Γp
ru(x)Γu

sq(x) − Γp
su(x)Γu

rq(x) − χu
rs(x)Γp

uq(x)

≡ −Rp
qsr(x).

(4.74)

Proof. By (4.73) and (4.70), we have

Rp
qrs(x) = ẽp(x) [R (�er(x),�es(x)) [�eq(x)]]

= ẽp(x)
{

∇�er
[∇�es

(�eq(x))] −∇�es
[∇�er

(�eq(x))] −∇[�er,�es] [�eq(x)]
}

.

Using (4.18), (4.22), (4.57), (4.20), and (4.21), we obtain

Rp
qrs(x) = ẽp(x) {∇�er

[Γu
sq�eu] −∇�es

[Γu
rq�eu] −∇χu

rs�eu
[�eq]}

= ẽp(x) {[�er [Γu
sq]]�eu + Γu

sq∇�er
(�eu) − [�es [Γu

rq]]�eu

−Γu
rq∇�es

(�eu) − χu
rs∇�eu

(�eq)}

= �er [Γp
sq] − �es [Γp

rq] + Γp
ruΓu

sq − Γp
suΓu

rq − χu
rsΓp

uq.

Corollary 4.3.6 The components of R
.
... (x) in the coordinate basis are pro-

vided by

Ri
jmn(x) =

∂

∂xm
Γi

nj(x) − ∂

∂xn
Γi

mj(x) + Γi
mh(x)Γh

nj(x) − Γi
nh(x)Γh

mj(x)

≡ −Ri
jnm. (4.75)

(The proof is left to the reader.)

Example 4.3.7 Γi
jk(x) ≡ 0 =⇒ Ri

jmn(x) ≡ 0. (However, Ri
jmn(x) ≡ 0

does not imply that Γi
jk(x) ≡ 0.) �

Example 4.3.8 Let us borrow the connection coefficients in polar coordinates
for R

2 from example 4.2.3. The non-zero components are given by

Γ1
22(x) = −x1, Γ2

12(x) = Γ2
21(x) = (x1)−1.

Therefore, we have

∂

∂x2

[

Γi
jk(x)

]

≡ 0.
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Let us calculate from (4.75) the component

R1
212(x) = ∂1Γ1

22 − ∂2Γ1
12 + Γ1

1hΓh
22 − Γ1

2hΓh
12

= −1 − (−x1)(x1)−1 ≡ 0.

Similarly, all other components turn out to be identically zero. Thus, in this
example Ri

jmn(x) ≡ 0, although Γi
jk(x) �≡ 0. �

In the preceding two examples, we have R
.
... (x) ≡ O

.
... (x) in domains of

R
N and R

2 , respectively. The domain in the manifold M corresponding to the
domain where R

.
... (x) ≡ O

.
... (x) is called flat. If R

.
... (x) �≡ O

.
... (x), the

corresponding domain in the manifold M is curved in some sense.
Now, we shall work out the commutators of covariant derivatives. By (4.16)

and (4.17), we have

∇uT p = �eu(x)[T p] + Γp
uq(x)T q(x).

Since ∇uT p are components of a (1 + 1)th-order tensor, (4.31) yields (with
Leibnitz rules)

∇v∇uT p = �ev {�eu[T p] + Γp
uqT

q} + Γp
vw {�eu[Tw] + Γw

uqT
q}

−Γw
vu {�ew[T p] + Γp

wqT
q}

= �ev�eu[T p] + {�ev[Γp
uq] + Γp

vwΓw
uq − Γw

vuΓp
wq}T q

+Γp
uq�ev[T q] + Γp

vw�eu[Tw] − Γw
vu�ew[T p].

By the equation above, (4.72), and some cancellations of terms, we compute the
commutator

(∇v∇u −∇u∇v)T p

= [�ev,�eu][T p]

+ {�ev[Γp
uq] − �eu[Γp

vq] + Γp
vwΓw

uq− Γp
uwΓw

vq+ (Γw
uv− Γw

vu)Γp
wq}T q

+(Γw
uv − Γw

vu)�ew[T p]

= {�ev[Γp
uq] − �eu[Γp

vq] + Γp
vwΓw

uq − Γp
uwΓw

vq}T q

−Tw
vu�ew[T q] + (Γw

uv − Γw
vu)Γp

wqT
q

= {�ev[Γp
uq] − �eu[Γp

vq] + Γp
vwΓw

uq − Γp
uwΓw

vq − χw
uvΓp

wq}T q

−Tw
vu∇wT p

= Rp
qvu(x)T q(x) − T q

vu(x)∇qT
p. (4.76)

Thus, in the coordinate basis,

(∇k∇l −∇l∇k)T j = Rj
ikl(x)T i(x) − T i

kl(x)∇iT
j . (4.77)
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Now, we shall deal briefly with Cartan’s approach to connections and cur-
vatures. We have already defined N2 connection forms w̃p

q(x) = Γp
uq(x)ẽu(x)

in (4.8). Similarly, we can define N torsion 2-forms

Tp.. (x) := (1/2)T p
qu(x)ẽq(x) ∧ ẽu(x). (4.78)

Moreover, we can introduce N2 curvature 2-forms by

Ωp
q..(x) := (1/2)Rp

quv(x)ẽu(x) ∧ ẽv(x). (4.79)

Cartan’s structural equations involve the 2-forms Tp.. (x) and Ωp
q..(x).

These equations are furnished in the following theorem.

Theorem 4.3.9 Let the N torsion 2-forms Tp.. (x) and the N2 curvature
2-forms Ωp

q..(x) exist and be differentiable in a domain D ⊂ R
N . Then,

Cartan’s structural equations

(i) Tp.. (x) = dẽp(x) + w̃p
q(x) ∧ ẽq(x), (4.80)

(ii) Ωp
q..(x) = dw̃p

q(x) + w̃p
u(x) ∧ w̃u

q(x), (4.81)

hold in that domain.

Proof. (i) Let Ã(x) be an arbitrary differentiable 1-form so that dÃ(x) is
a 2-form. By (4.50), (3.9), and (3.16), we obtain

2dÃ(x)
(

�U(x), �V(x)
)

= �U(x)
(

Ã(x)[�V]
)

− �V(x)
(

Ã(x)[�U]
)

− Ã(x)[�U, �V].
(4.82)

By (4.82), (4.8), and (4.64), the right-hand side of (4.80) yields

dẽp (�eu,�ev) + w̃p
q ∧ ẽq (�eu,�ev)

= (1/2) {�eu[ẽp(�ev)] − �ev[ẽp(�eu)] − ẽp[�eu,�ev]}

+
1
2
{Γp

rq(ẽr ⊗ ẽq − ẽq ⊗ ẽr)(�eu,�ev)}

=
1
2
{[0 − 0 − χp

uv] + (Γp
uv − Γp

vu)} =
(

1
2

)

T p
uv(x) = Tp.. (x)(�eu,�ev).
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(ii) By (4.82), (4.8), and (4.74), the right-hand side of (4.81) yields

dw̃p
q(x) (�eu,�ev) +

[

w̃p
u(x) ∧ w̃u

q (x)
]

(�eu,�ev)

= (1/2) {�eu[w̃p
q(�ep)] − �ev[w̃p

q(�eu)] − w̃p
q[�eu,�ev]}

+ {Γp
rwΓw

sq[ẽr ∧ ẽs](�eu,�ev)}

=
1
2
{�eu[Γp

vq] − �ev[Γp
uq] − χr

uvΓp
rq

+Γp
rwΓw

sq(δr
uδs

v − δr
vδs

u)}

=
(

1
2

)

Rp
quv(x) = Ωp

q..(x)(�eu,�ev).

Now we shall prove the Bianchi’s differential identities.

Theorem 4.3.10 Let N torsion forms Tp.. (x) and N2 curvature forms
Ωp

q..(x) be differentiable in a domain D of R
N . Then the differential identities

(i) dTp.. (x) ≡ Ωp
q..(x) ∧ ẽq(x) − w̃p

q(x) ∧ Tq.. (x), (4.83)

(ii) dΩp
q..(x) ≡ Ωp

u..(x) ∧ w̃u
q(x) − w̃p

u(x) ∧ Ωu
q..(x), (4.84)

hold in D .

Proof. (i) By (4.80), (3.73), and (3.70), we have

dTp.. (x) = d2ẽp(x) + d[w̃p
q(x) ∧ ẽq(x)]

≡ O... (x) + [dw̃p
q(x) ∧ ẽq(x) − w̃p

q(x) ∧ dẽq(x)]

= [Ωp
q..(x) − w̃p

u(x) ∧ w̃u
q(x)] ∧ ẽq(x)

−w̃p
q(x) ∧ [Tq.. (x) − w̃q

u(x) ∧ ẽu(x)]

= Ωp
q..(x) ∧ ẽq(x) − w̃p

q(x) ∧ Tq.. (x).

(ii)

dΩp
q..(x) ≡ O... (x) + [dw̃p

u(x) ∧ w̃u
q(x) − w̃p

u(x) ∧ dw̃u
q(x)]

= [Ωp
u..(x) − w̃p

v(x) ∧ w̃v
u(x)] ∧ w̃u

q(x)

−w̃p
u(x) ∧ [Ωu

q..(x) − w̃u
v(x) ∧ w̃v

q(x)]

= Ωp
u..(x) ∧ w̃u

q(x) − w̃p
u(x) ∧ Ωu

q..(x).
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Corollary 4.3.11 In a coordinate basis, the identities (4.83) and (4.84) imply,
respectively,

(i)
Rk

ijl(x) + Rk
jli(x) + Rk

lij(x)

≡ [∇jT
k

li + Tm
ij(x)T k

ml(x)]

+[∇lT
k

ij + Tm
jl(x)T k

mi(x)]

[∇iT
k

jl + Tm
li(x)T k

mj(x)],

(4.85)

(ii)
∇jR

m
ikl + ∇kRm

ilj + ∇lR
m

ijk + Th
jk(x)Rm

ihl(x)

+Th
kl(x)Rm

ihj(x) + Th
lj(x)Rm

ihk(x)

≡ 0.

(4.86)

(The proof is left to the reader.)

Example 4.3.12 Consider the surface S2 of a unit sphere. (See fig. 3.3.) We
use the usual spherical polar coordinates x1 ≡ θ , x2 ≡ φ . The domain of
validity of polar coordinates is given by D := {(x1, x2) ∈ R

2 : 0 < x1 <
π,−π < x2 < π} . The coordinate basis and corresponding 1-forms are provided
by

(�e1(x),�e2(x)) =
(

∂

∂x1
,

∂

∂x2

)

≡
(

∂

∂θ
,

∂

∂φ

)

,

(

ẽ1(x), ẽ2(x)
)

=
(

dx1, dx2
)

≡ (dθ, dφ) ,

dẽp(x) ≡ O.. (x).

We prescribe the eight connection coefficients in the coordinate basis by

Γ1
11(x) = Γ1

12(x) = Γ1
21(x) = Γ1

12(x) = Γ2
11(x) ≡ 0,

Γ1
22(x) = −(sin x1)(cos x1), Γ2

12(x) = Γ2
21(x) = cot x1.

(4.87)

We note that
Γi

kj(x) ≡ Γi
jk(x), χi

jk(x) ≡ 0, T i
jk ≡ 0.

By (4.8), we compute the four connection 1-forms to be

w̃1
1(x) = Γ1

j1dxj ≡ Õ(x),

w̃1
2(x) = Γ1

j2(x)dxj = Γ1
22(x)dx2 = −(sin x1)(cos x1)dx2,

w̃2
1(x) = Γ2

21(x)dx2 = (cot x1)dx2,

w̃2
2(x) = (cot x1)dx1,

dw̃1
1(x) ≡ O.. (x),

dw̃1
2(x) = −(cos 2x1)dx1 ∧ dx2,

dw̃2
1(x) = −(cosec x1)2dx1 ∧ dx2,

dw̃2
2(x) ≡ O.. (x).

(4.88)
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In this example, the torsion tensor components are identically zero, so that
for the two torsion 2-forms

Ti.. (x) := (1/2) T i
jk(x)dxj ∧ dxk

≡ O.. (x).

We shall now compute the components of the curvature tensor by (4.75).

R1
1kl(x) ≡ −R1

1lk(x) = ∂kΓ1
l1 − ∂lΓ1

k1 + Γ1
k2(x)Γ2

l1(x)
−Γ1

l2(x)Γ2
k1(x)

≡ 0,

R2
2kl(x) ≡ −R2

2lk(x) ≡ 0,

R1
212(x) ≡ −R1

221(x) = ∂1Γ1
22 − 0 + 0 − Γ1

22(x)Γ2
12(x)

= (sin x1)2,

R2
112(x) ≡ −R2

121(x) ≡ −1.

(4.89)

The four curvature 2-forms are furnished by (4.79) as

Ω1
1..(x) = Ω2

2..(x) ≡ O.. (x),

Ω1
2..(x) = R1

212(x)dx1 ∧ dx2 = (sin x1)2dx1 ∧ dx2,

Ω2
1..(x) = −dx1 ∧ dx2.

(4.90)

In this example, the structural equation (4.80) reduce to

w̃i
1(x) ∧ dx1 + w̃i

2(x) ∧ dx2 = O.. (x).

We can explicitly verify these equation by (4.88).
Now, let us try to check the structural equations (4.81) by (4.88). One of

these equations, reduce to

dw̃1
2(x) + w̃1

j(x) ∧ w̃j
2(x) = (sin2 x1 − cos2 x1)dx1 ∧ dx2

−(sin x1)(cos x1)(cot x1)dx2 ∧ dx1

= (sin2 x1)dx1 ∧ dx2 = Ω1
2..(x).

Similarly, other structural equations can be verified. �

Now, we shall discuss the geometrical significance of the curvature tensor
R

.
... (x). Suppose that a differentiable vector field �V(x) is defined in the

neighborhood Nδ(x0) of x0 ∈ D ⊂ R
N . Moreover, let the vector field �V(x) be

propagated parallelly along every differentiable, non-degenerate curve passing



4.3. Lie Bracket, Torsion, and Curvature Tensor 117

through x0 . In that case, we must have by (4.39)

∇kV i
|x0

=
[

∂kV i + Γi
kj(x)V j(x)

]

|x0
= 0. (4.91)

Let (4.91) hold for every x ∈ D ⊂ R
N , so that

∇kV i = ∂kV i + Γi
kj(x)V j(x) = 0 (4.92)

for all x ∈ D .
Suppose that there is a differentiable curve X with an image Γ inside D .

By (4.92), we obtain the difference

[

ΔV i
]

:= V i(X (b)) − V i(X (a)) =

b
∫

a

dV i

dt
(X (t))dt

=
∫

Γ

[∂kV i]dxk = −
∫

Γ

Γi
kj(x)V j(x)dxk.

(4.93)

In the case where Γ is a simple closed curve (Jordan curve) and is the bound-
ary of a star-shaped surface D∗

2 interior to D , we can apply the Stokes’ theorem
summarized in (3.85). (See fig. 3.8, fig. 3.10, fig. 3.11, and fig. 4.2.)

a t b

D
Δ

D2
∗

x

v(x)

N

�

v

Figure 4.2: Parallel transport along a closed curve.

Applying the Stokes’ theorem and equations (4.92) and (4.75) into (4.93),
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we get the jump discontinuity

[

ΔV i
]

:= −
∮

∂D∗
2

Γi
kj(x)V j(x)dxk

= (1/2)
∫

D∗
2

[

∂k(Γi
ljV

j) − ∂l(Γi
kjV

j)
]

dxl ∧ dxk

= (1/2)
∫

D∗
2

[(

∂kΓi
lj − ∂lΓi

kj

)

V j +
(

Γi
kjΓj

lh − Γi
ljΓj

kh

)

V h
]

dxl ∧ dxk

= (1/2)
∫

D∗
2

[

Ri
jkl(x)V j(x)

]

dxl ∧ dxk. (4.94)

In the case where the components Ri
jkl are continuous, by the assumed dif-

ferentiability of the V j ’s, the integrand Ri
jkl(x)V j(x) is continuous. By the

mean-value theorem of integration, there exists a point xm ∈ D∗
2 ⊂ D such that

[

ΔV i
]

= (1/2)Ri
jkl(xm)V j(xm)

∫

D∗
2

dxl ∧ dxk. (4.95)

Therefore, the change of the vector components, after being parallelly trans-
ported along a closed curve ∂D∗

2 , is proportional to the curvature tensor com-
ponents, the vector components, and the oriented area of the surface D∗

2 . If
Ri

jkl(x) ≡ 0 in D (or the domain is flat), the changes [ΔV i] ≡ 0. In such a case,
the system of the first-order partial differential equations (4.92) is integrable.

Example 4.3.13 Consider the surface of the unit sphere S2 . (See example
4.3.12.) The polar coordinates are x1 ≡ θ , x2 ≡ φ . The non-zero connection
coefficients are provided by

Γ1
22(x) = −(sin x1)(cos x1),

Γ2
12(x) = Γ2

21(x) = cot x1.

The geodesic equations (4.43) yield

d2χ1(τ)
dτ2

− [sinX 1(τ)][cosX 1(τ)]
[

dX 2(τ)
dτ

]2

= 0,

d2χ2(τ)
dτ2

+ 2[cotX 1(τ)]
dX 1(τ)

dτ

dX 2(τ)
dτ

= 0.

A special class of solution of the equations above is furnished by

θ ≡ x1 = X 1(τ) = (π/2),

φ ≡ x2 = X 2(τ) = kτ + c.
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Here, k �= 0 and c are arbitrary constants. The equations above yield a portion
of the great circle that is the “equator” on S2 . (By the symmetry of the sphere,
we can intuitively conclude that great circles are geodesics.) Moreover, the
coordinate φ ≡ x2 is an affine parameter along the equator.

Consider now circles (not necessarily great circles) given by

θ ≡ x1 = X 1(τ) := θ0,

φ ≡ x2 = X 2(τ) = τ,

τ ∈ [−π, π) ⊂ R.

(4.96)

Here, θ0 ∈ (0, π) is a prescribed constant.
Let a differentiable vector field �V(X (φ)) be parallelly propagated around

the circle given by (4.96). By (4.39), the components V i(X (φ)) must satisfy
the equations

∂V 1

∂φ
(θ0, φ) − (sin θ0)(cos θ0)V 2(θ0, φ) = 0,

∂V 2

∂φ
(θ0, φ) + (cot θ0)V 1(θ0, φ) = 0.

(4.97)

The general solution of the system of equations (4.97) is furnished by

V 1(θ0, φ) = B(θ0)(sin θ0) sin[(cos θ0)φ − α(θ0)],

V 2(θ0, φ) = B(θ0) cos[(cos θ0)φ − α(θ0)].
(4.98)

Here, B and α are two arbitrary functions of integration.
The jump discontinuities ΔV i(θ0) around the circle are provided by (4.93) as

ΔV 1(θ0) =
[

limφ→π− V 1(θ0, φ)
]

− V 1(θ0,−π)

= 2B(θ0)(sin θ0)[cos α(θ0)] sin(π cos θ0) �≡ 0,

ΔV 2(θ0) = 2B(θ0)[sin α(θ0)] sin(π cos θ0) �≡ 0.

(4.99)

However, in the special case of the equator, ΔV 1(π/2) = ΔV 2(π/2) = 0. �

Exercises 4.3

1. Consider the connection 1-forms w̃q
p(x). Construct an N × N “matrix”

[w̃(x)] with 1-forms w̃q
p(x) as entries. Prove that the transformation rules

(4.12) can be expressed as a “matrix” equation,

[̂w̃(x)] = [λ(x)]−1[w̃(x)][λ(x)] + [λ(x)]−1[dλ(x)].
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2. Suppose that r
sT(x) is a tensor field of class C2 in D ⊂ R

N . Prove the
Ricci identities:

[∇u∇v −∇v∇u] T p1...pr
q1...qs

=
r
∑

α=1

[T p1...pα−1wpα+1...pr
q1...qs

· Rpα
wuv]

−
s
∑

β=1

[

T p1...pr
q1...qβ−1wqβ+1...qs

· Rw
qβuv

]

−Tw
uv(x) · ∇wT p1...pr

q1...qs
.

3. Suppose there exist two manifolds (M,∇) and (M, ̂∇) with identical atlases
and distinct connection coefficients.

(i) Show that the difference Di
jk(x) := ̂Γi

jk(x) − Γi
jk(x) in a coordinate basis

transforms as components of a (1 + 2)th-order tensor field.

(ii) Curvature tensor components are related by the equations

̂Ri
jkl(x) = Ri

jkl(x) + ∇kDi
lj −∇lD

i
kj + Di

khDh
lj − Di

lhDh
kj + Th

klD
i
hj .

4. Consider a differentiable, symmetric connection Γi
kj(x) ≡ Γi

jk(x) relative
to a coordinate basis in D ⊂ R

N (N ≥ 2). A projective transformation is
defined by

̂Γi
jk(x) := Γi

jk(x) + δj
jψk(x) + δi

kψj(x).

(Here, ψk(x)dxk is a differentiable 1-form.) Define Weyl’s projective curva-
ture tensor by

W i
jkl(x) := Ri

jkl(x) − [1/(N + 1)]δi
jR

m
mkl(x)

+[1/(N − 1)][δi
kRm

jlm(x) − δi
lR

m
jkm(x)]

+[1/(N2 − 1)][δi
kRm

mjl(x) − δi
lR

m
mjk(x)].

Prove that under a projective transformation

̂W i
jkl(x) ≡ W i

jkl(x).



Chapter 5

Riemannian and
Pseudo-Riemannian
Manifolds

5.1 Metric Tensor, Christoffel Symbols, and
Ricci Rotation Coefficients

Let an N -dimensional differentiable manifold M be endowed with a metric field
g..(p) ∈ 0

2Tp(M). (See section 2.4.) Let p belong to the open subset U ⊂ M
and (χ,U) be a coordinate chart yielding x = χ(p). (See fig. 3.1.) The metric
field has the isomorphic image g.. (x) ∈ 0

2Tx(RN ). (For the sake of simplicity,
the same symbol g.. has been used!) The axioms (2.113), (2.114), and (2.115)
can be virtually repeated as

I1. g.. (x)(�A(x), �B(x)) ∈ R for all �A(x), �B(x) ∈ Tx(RN ).

I2. g.. (x)(�B(x), �A(x))

= g.. (x)(�A(x), �B(x)) for all �A(x), �B(x) ∈ Tx(RN ).
(5.1)

I3. g.. (x)(λ(x)�A(x) + μ(x)�B(x), �C(x))

= λ(x)g.. (x)(�A(x), �C(x)) + μ(x)g.. (x)(�B(x), �C(x)).
(5.2)

I4. g.. (x)(�A(x), �V(x)) = 0 for all �V(x) ∈ Tx(RN ) iff
�A(x) = �O(x).

(5.3)

121
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Axioms I1, I2, and I3 imply that g.. (x) is a symmetric tensor field of order
(0 + 2). Axiom I4 is the condition of non-degeneracy.

The separation σ of a vector field �V(x) is given by (2.120) as

σ(�V(x)) := +
√

|g.. (x)(�V(x), �V(x))|. (5.4)

A “unit vector field” �U(x) must satisfy

σ(�U(x)) ≡ 1. (5.5)

Two “orthogonal vectors” �A(x) and �B(x) satisfy the condition

g.. (x)(�A(x), �B(x)) = 0. (5.6)

An “orthonormal basis” set {�ea(x)}N
1 is characterized by

g.. (x)(�ea(x),�eb(x)) = dab =: diag

⎛

⎜

⎝1, . . . , 1
︸ ︷︷ ︸

p

,−1, . . . ,−1
︸ ︷︷ ︸

n

⎞

⎟

⎠ ,

|g.. (x)(�ea(x),�eb(x))| = δab,

sgn(g.. (x)) = p − n ≥ 0.

(5.7)

We shall drop “ ” in the sequel.
In the case of a positive-definite metric, axiom I4 has to be replaced by

a stronger axiom:

I4+. g.. (x)(�V(x), �V(x)) ≥ 0;

g.. (x)(�V(x), �V(x)) = 0 ⇐⇒ �V(x) = �O(x).
(5.8)

In the case of a positive-definite metric, the norm or length associated with a
vector field is given by

||�V(x)|| := σ(�V(x)) = +
√

g.. (x)(�V(x), �V(x)). (5.9)

(See (2.118).)
Moreover, in the case of a positive-definite metric, the angle field between

two non-zero vector fields is furnished by

cos[θ(x)] :=
[g.. (x)(�U(x), �V(x))]

‖�U(x)‖ · ‖�V(x)‖
,

−1 ≤ cos[θ(x)] ≤ 1.

(5.10)

(See (2.119).)
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Example 5.1.1 Let EN be the N -dimensional Euclidean manifold. Let
(χ, EN ) be one of the global Cartesian charts. In the Cartesian coordinate
basis { ∂

∂xi }N
1 , the components of the metric tensor are

g.. (x)
(

∂

∂xi
,

∂

∂xj

)

= gij(x) = δij ,

‖�V(x)‖2 = δijV
i(x)V j(x) ≥ 0, (5.11)

cos[θ(x)] =

[

δijU
i(x)V j(x)

√

δklδmnUk(x)U l(x)V m(x)V n(x)

]

. �

Example 5.1.2 Let M be an N -dimensional flat manifold with Lorentz met-
ric g.. (x) = d.. (x). (See (2.116).) In the global Minkowskian chart (χ,M),
the metric field is furnished by

g.. (x) = d.. (x) = dijdxi ⊗ dxj

= dx1 ⊗ dx1 + · · · + dxN−1 ⊗ dxN−1 − dxN ⊗ dxN .
(5.12)

This metric is obviously not positive-definite. The signature sgn (d.. (x)) =
N − 2. �

In the sequel, we shall deal with three types of basis sets, namely the general
basis set {�ep(x)}N

1 , the coordinate basis set
{

∂
∂xi

}N

1
, and the orthonormal basis

set {�ea(x)}N
1 . (Strictly speaking, the general basis set includes the two others.)

Our plan to handle such situations is to break up the lower case latin alphabet
into three classes: (a, b, c, d, e, f, etc.), (i, j, k, l, m, n, etc.), and (p, q, r, s,
u, v, w, etc.). We shall denote the indices of a tensor component relative to
a general basis by p, q, r, s, u, v, w, etc. The indices of a tensor component
relative to a coordinate basis are indicated by i, j, k, l, m, n, etc. Moreover, the
indices for a tensor component relative to an orthonormal basis are denoted by
a, b, c, d, e, f, etc.

Therefore, by (5.11), (5.7), (5.1), (5.2), and (5.3), we can write that

g..(x) = gpq(x)ẽp(x) ⊗ ẽq(x) = gij(x)dxi ⊗ dxj

= gab(x)ẽa(x) ⊗ ẽb(x) ≡ dabẽa(x) ⊗ ẽb(x),
(5.13)

gqp(x) = gpq(x), gji(x) = gij(x), dba = dab , g := det[gij(x)] �= 0, det[gpq(x)] �=
0, |det[dab]| = 1.

The components of the conjugate (contravariant) metric tensor field g.. (x)
are defined to be the entries of the inverse matrix [gpq(x)]−1 , etc. Therefore,

g.. (x) = gpq(x)�ep(x) ⊗ �eq(x) = gij(x)
∂

∂xi
⊗ ∂

∂xj
= dab�ea(x) ⊗ �eb(x),

gqp(x) ≡ gpq(x), gji(x) ≡ gij(x), dba = dab,

gpu(x)guq(x) ≡ δp
q, gik(x)gkj(x) ≡ δi

j , dacdcb = δa
b.

(5.14)
(See (2.129).)
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Now, let us discuss briefly the transformation from one basis set to another.
By (3.29), (3.43), and (3.46), we obtain

̂�ep(x) = λq
p(x)�eq(x), ̂ẽp(x) = μp

q(x)ẽq(x),

[μq
p(x)] := [λp

q(x)]−1;
(5.15)

̂�X′
(

∂

∂xi

)

=
∂ ̂Xk(x)

∂xi

∂

∂x̂k
, ̂X̃′ (dxi

)

=
∂Xi(x̂)

∂x̂k
dx̂k,

[

∂Xi(x̂)
∂x̂k

]

=

[

∂ ̂Xk(x)
∂xi

]−1

;

(5.16)

̂�ea(x) = Lb
a(x)�eb(x), �ea(x) = Ab

a(x)̂�eb(x),
̂ẽa(x) = Aa

b(x)ẽb(x), ẽa(x) = La
b(x)̂ẽb(x),

[

Ab
a(x)

]

:=
[

Lb
a(x)

]−1
,

La
b(x)dacL

c
e(x) = dbe.

(5.17)

The last equation defines a generalized Lorentz transformation. (The
set of all generalized Lorentz transformations constitutes a group denoted by
O(p, n; R)(p + n = N).)

The transformation from a coordinate basis to an orthonormal basis is fur-
nished by

�ea(x) = λi
a(x)

∂

∂xi
,

∂

∂xi
= μa

i(x)�ea(x),

ẽa(x) = μa
i(x)dxi, dxi = λi

a(x)ẽa(x).
(5.18)

It follows from (5.13) and (5.18) that

dab = g.. (x) (�ea(x),�eb(x)) = gij(x)λi
a(x)λj

b(x),

gij(x) = g.. (x)
(

∂

∂xi
,

∂

∂xj

)

= dabμ
a

i(x)μb
j(x),

dab = g.. (x)
(

ẽa(x), ẽb(x)
)

= gij(x)μa
i(x)μb

j(x),

gij(x) = g..(x)
(

dxi, dxj
)

= dabλi
a(x)λj

b(x),

δi
j = g.. (x)

(

dxi,
∂

∂xj

)

≡ I
.
. (x)

(

dxi,
∂

∂xj

)

= λi
a(x)μa

j(x),

δa
b = g.. (x) (ẽa(x),�eb(x)) ≡ I

.
. (x) (ẽa(x),�eb(x)) = μa

i(x)λi
b(x).

(5.19)

Example 5.1.3 Consider the four-dimensional flat manifold of the special
theory of relativity. In the spherical polar coordinate chart, the metric tensor
components are provided by

D :=
{

x ∈ R
4 : x1 > 0, 0 < x2 < π, −π < x3 < π, −∞ < x4 < ∞

}

,
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g.. (x) = dx1 ⊗ dx1 + (x1)2[dx2 ⊗ dx2 + sin2 x2dx3 ⊗ dx3] − dx4 ⊗ dx4

= ẽ1(x) ⊗ ẽ1(x) + ẽ2(x) ⊗ ẽ2(x) + ẽ3(x) ⊗ ẽ3(x) − ẽ4(x) ⊗ ẽ4(x),

g..(x) =
∂

∂x1
⊗ ∂

∂x1
+ (x1)−2

[

∂

∂x2
⊗ ∂

∂x2
+ (sin x2)−2 ∂

∂x3
⊗ ∂

∂x3

]

− ∂

∂x4
⊗ ∂

∂x4

= �e1(x) ⊗ �e1(x) + �e2(x) ⊗ �e2(x) + �e3(x) ⊗ �e3(x) − �e4(x) ⊗ �e4(x).

Therefore, we have, for dab , d11 = d11 = d22 = d22 = d33 = d33 = −d44 =
−d44 = 1. The eigenvalues of [gij(x)] are given by

λ1(x) ≡ 1, λ2(x) = (x1)2, λ3(x) = (x1 sin x2)2, λ4(x) ≡ −1.

sgn (g.. (x)) =
4
∑

k=1

sgn (λk(x)) = +2,

g := det
[

gij
(x)
]

= −
[

(x1)2 sin x2
]2

< 0,

det[dab] = −1.

The separation of a vector field �V(x) is given by

σ[�V(x)] = +
∣

∣[V 1(x)]2 + (x1)2[(V 2(x))2 + (sin x2V 3(x))2] − [V 4(x)]2
∣

∣

1/2
.

An orthonormal basis {�ea(x)}4
1 , or tetrad, is furnished by inspection as

�e1(x) =
∂

∂x1
, �e2(x) = (x1)−1 ∂

∂x2
, �e3(x) = (x1 sinx2)−1 ∂

∂x3
, �e4(x) =

∂

∂x4
.

The coefficients in (5.18) for this example are provided by

μ1
i(x) = δ1

i, μ
2
i(x) = (x1)δ2

i, μ
3
i(x) = (x1 sinx2)δ3

i, μ
4
i(x) = δ4

i,

λi
1(x) = δi

1, λ
i
2(x) = (x1)−1δi

2, λ
i
3(x) = (x1 sinx2)−1δi

3, λ
i
4(x) = δi

4.

Another orthonormal basis or tetrad is obtained by the transformation

̂�e1(x) = (cosh α(x))�e1(x) + (sinhα(x))�e4(x),
̂�e2(x) = �e2(x), ̂�e3(x) = �e3(x),
̂�e4(x) = (sinhα(x))�e1(x) + (cosh α(x))�e4(x).

This is a variable Lorentz transformation called the variable boost in special
relativity. �
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A tensor field r
sT(x) can be expressed in terms of various basis sets as

r
sT(x) = T p1...pr

q1...qs
(x)�ep1(x) ⊗ · · · ⊗ �epr

(x) ⊗ ẽq1(x) ⊗ · · · ⊗ ẽqs(x)

= T i1...ir
j1...js

(x)
∂

∂xi1
⊗ · · · ⊗ ∂

∂xir
⊗ dxj1 ⊗ · · · ⊗ dxjs (5.20)

= T a1...ar
b1...bs

(x)�ea1(x) ⊗ · · · ⊗ �ear
(x) ⊗ · · · ⊗ ẽb1(x) ⊗ · · · ⊗ ẽbs(x).

Caution: We have used the same letter, “T”, to denote the components relative
to a different bases.

By (3.30), (3.48), (5.15), (5.16), and (5.17), we have for the transformation
of tensor field components

̂T p1...pr
q1...qs

(x) =

μp1
u1(x) . . . μpr

ur
(x)λv1

q1(x) . . . λvs
qs

(x)Tu1...ur
v1...vs

(x),
(5.21)

̂T i1...ir
j1...js

(x̂) =

∂ ̂Xi1(x)
∂xk1

. . .
∂ ̂Xir (x)

∂xkr

∂X l1(x̂)
∂x̂j1

. . .
∂X ls(x̂)

∂x̂js
T k1...kr

l1...ls(x),
(5.22)

̂T a1...ar
b1...bs

(x) =

Aa1
c1(x) . . . Aar

cr
(x)Ld1

b1(x) . . . Lds
bs

(x)T c1...cr
d1...ds

(x),
(5.23)

T a1...ar
b1...bs

(x) =

μa1
i1(x) . . . μar

ir
(x)λj1

b1(x) . . . λjs
bs

(x)T i1...ir
j1...js

(x),
(5.24)

T i1...ir
j1...js

(x) =

λi1
a1(x) . . . λir

ar
(x)μb1

j1(x) . . . μbs
js

(x)T a1...ar
b1...bs

(x).
(5.25)

(See references [2], [28], [34], and [37].)

The raising and lowering tensor component indices in (2.134) can
almost be repeated to obtain

guq1(x)T p1...pr
q1...qs

(x) = T p1...pru
q2...qs

(x), (5.26)

gupr
(x)T p1...pr

q1...qs
(x) = T p1...pr−1

uq1...qs
(x), (5.27)

gkj1(x)T i1...ir
j1...js

(x) = T i1...irk
j2...js

(x), (5.28)

gkir
(x)T i1...ir

j1...js
(x) = T i1...ir−1

kj1...js
(x), (5.29)

dcb1T a1...ar
b1...bs

(x) = T a1...arc
b2...bs

(x), (5.30)

dcar
T a1...ar

b1...bs
(x) = T a1...ar−1

cb1...bs
(x). (5.31)

Now we shall introduce the notion of a linear Riemannian connection.
(See (4.2), (4.3), (4.4), (4.59), and (4.62).)
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Theorem 5.1.4 In the domain D ⊂ R
N corresponding to a domain of a mani-

fold with a metric, there exists a unique connection such that

(i) the torsion tensor
T

.
.. (x) ≡ O

.
.. (x), (5.32)

and

(ii) the covariant derivative of the metric

∇g.. (x) ≡ O... (x). (5.33)

Proof. By the equation (4.64), the equation (5.32) yields

Tw
qu(x) = Γw

qu(x) − Γw
uq(x) − χw

qu(x) ≡ 0. (5.34)

Using (5.33), (4.30), and (4.31), we obtain that

∇ugpq(x) = ∂ugpq − Γw
up(x)gwq(x) − Γw

uq(x)gpw(x)

≡ 0.
(5.35)

With cyclic permutations of indices u, p, q in (5.35), we can derive that

∂pgqu + ∂qgup − ∂ugpq = (Γw
pq + Γw

qp)gwu

+(Γw
pu − Γw

up)gwq + (Γw
qu − Γw

uq)gwp.

By (5.34), the equation above yields

Γw
pq(x)gwu(x) = (1/2)(∂pgqu + ∂qgup − ∂ugpq)

−(1/2)(χw
qpgwu + χw

pugwq + χw
qugwp),

Γv
pq(x) = (1/2)gvu(∂pgqu + ∂qgpu − ∂ugpq)

−(1/2)(χv
qp + gvugqwχw

pu + gvugpwχw
qu).

(5.36)

Thus, for given gpq(x) and χp
pq(x), we can derive from (5.34) and (5.35) the

unique expression (5.36) for the connection coefficients Γv
pq(x).

(See references [5] and [33].)
Although Γv

pq(x) and χv
pq(x) are not components of tensor fields, let us

still denote the lowering of indices by

Γupq(x) := guv(x)Γv
pq(x),

χupq(x) := guv(x)χv
pq(x).

(5.37)

Using (5.36) and (5.37), we get

Γupq(x) = (1/2)(∂pgqu + ∂qgpu − ∂ugpq)

−(1/2)(χpqu(x) + χqpu(x) − χupq(x)).
(5.38)
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In the coordinate basis, by (4.58), (4.65), and (5.34), we get

χi
jk(x) ≡ 0. (5.39)

Therefore, (5.38) and (5.36) yield

[jk, i] := Γijk(x) = (1/2)(∂jgki + ∂kgji − ∂igjk) = [kj, i], (5.40)
{

l
jk

}

:= Γl
jk(x) = (1/2)gli(x)(∂jgki + ∂kgji − ∂igjk) =

{

l
kj

}

. (5.41)

The symbols [jk, i] and
{

l
jk

}

are called Christoffel symbols of the first and

the second kind, respectively. The Christoffel symbols above are symmetric
with respect to the interchange of indices j and k . Therefore, there exist
N2(N + 1)/2 linearly independent components of each of these symbols. The
transformation of Christoffel symbols under a twice-differentiable coordinate
transformation is provided by (4.13), (5.36), (5.37), (5.40), and (5.41) as

[̂jk, i] =
∂Xm(x̂)

∂x̂j

∂Xn(x̂)
∂x̂k

∂X l(x̂)
∂x̂i

[mn, l] +
∂Xm(x̂)

∂x̂i

∂2Xn(x̂)
∂x̂j∂x̂k

gmn(x), (5.42)

̂
{

i
jk

}

=
∂ ̂Xi(x)

∂xl

∂Xm(x̂)
∂x̂j

∂Xn(x̂)
∂x̂k

{

l

mn

}

+
∂ ̂Xi(x)

∂xl

∂2X l(x̂)
∂x̂j∂x̂k

. (5.43)

The main properties of Christoffel symbols in (5.40) and (5.41) are summa-
rized below:

gkl(x)
{

l

ij

}

= [ij, k], (5.44)

∂jgik = [ij, k] + [jk, i], (5.45)

∂kgij = −
[

gil

{

j

kl

}

+ gjl

{

i

kl

}]

. (5.46)

The cofactor of the entry gij(x) in the N × N matrix [gij(x)] is g gij(x).
Therefore, we have

det[gij ]δk
l = glm(g gkm),

∂

∂glm
det[gij ] = g glm(x),

∂kg = (∂kgij)(g gij),
{

j

ij

}

= (1/2g)∂ig = ∂i ln
√

|g|.

(5.47)

Example 5.1.5 Consider the polar coordinate chart for the subset of the Eu-
clidean plane E 2 . The metric tensor is furnished by

g.. (x) = dx1 ⊗ dx1 + (x1)2dx2 ⊗ dx2,

D :=
{

x ∈ R
2 : x1 > 0, −π < x2 < π

}

.
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[gij(x)] =
[

1 0
0 (x1)2

]

,
[

gij(x)
]

=
[

1 0
0 (x1)−2

]

, g = (x1)2 > 0.

The Christoffel symbols from (5.40) and (5.41) are given by

[11, 1] = [11, 2] = [12, 1] = [22, 2] ≡ 0,

[12, 2] = −[22, 1] = x1,

{

1
11

}

=
{

2
11

}

=
{

1
12

}

=
{

2
22

}

≡ 0,

{

2
12

}

= (x1)−1,

{

1
22

}

= −x1,

∂i ln
√

|g| = ∂i ln x1.

(See example 4.1.6.) �

If we choose an orthonormal basis field {�ea(x)}N
1 , then the corresponding

metric tensor fields satisfy

gab(x) ≡ dab, gab(x) ≡ dab, ∂cgab ≡ 0, ∂cg
ab ≡ 0. (5.48)

(Recall that we denote orthonormal indices by a, b, c, d, e etc.) Therefore,
by (5.36) and (5.38), we get

Γc
ab(x) = −(1/2)

[

χc
ba + dce

(

dbfχf
ae + dafχf

be

)]

,

Γc
ab(x) − Γc

ba(x) = χc
ab(x),

Γcab(x) = −(1/2) [χabc(x) + χbac(x) − χcab(x)]

≡ −Γbac(x).

(5.49)

The Ricci rotation coefficients are defined by a minor permutation of
indices as

γabc(x) := Γbca(x),

γbac(x) = −γabc(x),

dabγabc(x) ≡ 0,

γb
ac(x) = −γa

b
c(x) = −Γb

ca(x),

γa
b
c(x) − γc

b
a(x) = γb

ca(x) − γb
ac(x) = χb

ca(x).

(5.50)

The number of linearly independent components of γabc(x) is N2(N − 1)/2.
By (4.57) and (5.50), we obtain

[�ea,�eb] [f ] = ∂a∂bf − ∂b∂af = χc
ab(x)�ec(x)[f ]

= [γc
ab(x) − γc

ba(x)] ∂cf.
(5.51)
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Putting f(x) := xj , we can derive from (5.18) and (5.50) the “metric
equation”

λi
a(x)∂iλ

j
b − λk

b(x)∂kλj
a = [γc

ab(x) − γc
ba(x)] λj

c(x). (5.52)

Now, we shall state and prove a theorem about Ricci rotation coefficients.

Theorem 5.1.6 The Ricci rotation coefficients for a differentiable orthonormal
basis field {�ea(x)}N

1 in a domain D ⊂ R
N must satisfy

γabc(x) = gjl(x)
(

∇kλl
a

)

λj
b(x)λk

c(x). (5.53)

Proof. By (5.50), (5.37), (5.19) and (4.18), we can show that

γabc(x) = dbfΓf
ca(x) = g.. (x)

(

�eb,Γf
ca�ef

)

= g.. (x) (�eb,∇�ec
(�ea)) .

Employing (5.18), (4.18), (5.1), (5.2), and theorem 4.1.7, we can derive that

g.. (x) (�eb,∇�ec
(�ea)) = g.. (x)

(

λj
b∂j ,∇λk

c∂k

(

λl
a∂l

))

= λj
b(x)λk

c(x)g.. (x)
(

∂j ,
(

∇kλl
a

)

∂l

)

= gjl(x)
(

∇kλl
a

)

λj
b(x)λk

c(x).

Corollary 5.1.7
gjl(x)

(

∇iλ
l
a

)

= γabc(x)μb
j(x)μc

i(x). (5.54)

The proof follows from (5.53) and (5.18).

Example 5.1.8 Consider the surface of a unit sphere S2 . In the spherical
polar coordinate chart, the domain of validity and the metric tensor field are
given by

D :=
{

x ∈ R
2 : 0 < x1 < π, −π < x2 < π

}

,

g.. (x) = dx1 ⊗ dx1 + (sin x1)2dx2 ⊗ dx2

= ẽ1(x) ⊗ ẽ1(x) + ẽ2(x) ⊗ ẽ2(x)

= dabẽa(x) ⊗ ẽb(x).

(See example 4.3.12.)
The non-zero components of the Christoffel symbols from (5.40) and (5.41)

are
[12, 2] = −[22, 1] = (sin x1)(cos x1),

{

2
12

}

= cot x1,

{

1
22

}

= −(sin x1)(cos x1).



5.1. Metric Tensor, Christoffel Symbols, and Ricci Rotation Coefficients 131

An orthonormal basis set is furnished by

ẽ1(x) = dx1, ẽ2(x) = (sin x1)dx2,

�e1(x) =
∂

∂x1
, �e2(x) = (sin x1)−1 ∂

∂x2
,

λi
1(x) = δi

1, λi
2(x) = (sin x1)−1δi

2,

μ1
i(x) = δ1

i, μ2
i(x) = (sin x1)δ2

i.

The Lie bracket operation on an arbitrary twice-differentiable function yields

[�e1,�e2][f ] = −(cot x1)(cosec x1)
∂f(x)
∂x2

= −(cot x1)�e2[f ].

Therefore, by (4.57), the non-zero components of the structure coefficients
χc

ab(x) are
χ2

12(x) = −χ2
21(x) = − cot x1.

By (5.49), the non-zero components of Γc
ab(x) and Γcab(x) are

Γ1
22(x) = − cot x1, Γ2

21(x) = cot x1,

Γ122(x) = − cot x1, Γ221(x) = cot x1.

(Note that Γ2
12(x) ≡ 0!) Using (5.50), we obtain the non-zero components of

the Ricci rotation coefficients

γ122(x) = Γ221(x) = cot x1,

γ212(x) = Γ122(x) = − cot x1 = −γ122(x). �

Consider the connection 1-forms w̃a
b(x) from (4.8) relative to an orthonor-

mal basis. We can write

w̃a
b(x) = Γa

cb(x)ẽc(x),
w̃ab(x) := dacw̃c

b(x) = Γacb(x)ẽc(x).
(5.55)

By (5.50), the above yields

w̃ab(x) = γbac(x)ẽc(x) = −w̃ba(x). (5.56)

By the first structural equation (4.80) and the condition (5.56), we obtain

dẽa(x) = −w̃a
b(x) ∧ ẽb(x)

= dacγbcf (x)ẽf (x) ∧ ẽb(x).
(5.57)
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Example 5.1.9 Let us consider the surface S2 of the unit sphere and borrow
the basis 1-forms and Ricci rotation coefficients from example 5.1.8. These are
given by

ẽ1(x) = dx1, ẽ2(x) = (sin x1)dx2,

γ122(x) ≡ −γ212(x) = cot x1.

The connection 1-forms from (5.56) are provided by 2×2 matrix (of 1 -forms) as

[w̃ab(x)] =

[

0, −(cos x1)dx2

(cos x1)dx2, 0

]

≡ − [w̃ba(x)] .

(Compare and contrast these 1-forms with those in example 4.3.12.) Further-
more, we can derive that

O.. (x) ≡ d2(x1) = dẽ1(x) = −w̃12(x)ẽ2(x) = (cos x1)(dx2 ∧ dx2),

d((sin x1)dx2) = dẽ2(x) = w̃21(x)ẽ1(x) = (cos x1)dx1 ∧ dx2.

Thus, the equations (5.57) are explicitly verified in this example. �

Now, let us discuss the transformation properties of the relative tensor fields
and the oriented relative tensor fields. From (3.35), (3.50), (5.22), and (5.23),
the transformation of the relative tensor field of weight w is given by

̂θi1...ir
j1...js

(x̂) =
{

det
[

∂Xm(x̂)
∂x̂n

]}w
∂ ̂Xi1(x)

∂xk1
. . .

∂ ̂Xir (x)
∂xkr

. . .
∂X l1(x̂)

∂x̂j1

. . .
∂X ls(x̂)

∂x̂js
. . . θk1...kr

l1...ls(x), (5.58)

̂θa1...ar
b1...bs

(x) = (±1)wAa1
c1(x) . . . Aar

cr
(x)Ld1

b1(x)

. . . Lds
bs

(x)θc1...cr
d1...ds

(x).
(5.59)

(Here, we have used the fact that det[La
b(x)] = ±1.)

By (3.38), (3.51), (5.58), and (5.59), the transformation properties of the
components of an oriented relative tensor are furnished by

̂θi1...ir
j1...js

(x̂) =
{

sgn
[

det
[

∂Xm(x̂)
∂x̂n

]]}{

det
[

∂Xm(x̂)
∂x̂n

]}w
∂ ̂Xi1(x)

∂xk1

. . .
∂ ̂Xir (x)

∂xkr

∂X l1(x̂)
∂x̂j1

. . .
∂X ls(x̂)

∂x̂js
θk1...kr

l1...ls(x),

(5.60)

̂θa1...ar
b1...bs

(x) = (±1)1+wAa1
c1(x) . . . Aar

cr
(x)Ld1

b1(x)

. . . Lds
bs

(x)θc1...cr
d1...ds

(x).
(5.61)
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Comparing (5.59) and (5.61), we conclude that the orthonormal components of
an oriented relative tensor transform just like a relative tensor of a higher weight.
Moreover, under the subgroup of the proper generalized Lorentz transformations
(with det[La

b(x)] = +1), there are no distinctions among orthonormal compo-
nents of an absolute tensor, a relative tensor, and an oriented relative tensor.

Example 5.1.10 By (3.36), (5.58), and (5.59), the transformation of the to-
tally antisymmetric, numerical relative tensor of weight −1 is given by

ε̂i1...iN
=
{

det
[

∂Xk(x̂)
∂x̂l

]}−1
∂Xj1(x̂)

∂x̂i1
. . .

∂XjN (x̂)
∂x̂iN

εj1...jN
, (5.62)

ε̂a1...aN
= (±1)−1Lb1

a1(x) . . . LbN
aN

(x)εb1...bN
. (5.63)

The contravariant version of (5.62) and (5.63) is furnished by

ε̂i1...iN =
{

det
[

∂Xk(x̂)
∂x̂l

]}

∂ ̂Xi1(x)
∂xj1

. . .
∂ ̂XiN (x)

∂xjN
εj1...jN , (5.64)

ε̂a1...aN = ±Aa1
b1(x) . . . AaN

bN
(x)εb1...bN . (5.65)

�

Example 5.1.11 Let us define Levi-Civita’s antisymmetric, oriented tensor
fields by (2.139), (2.140), (2.141), (2.142), and (5.13) as

ηi1...iN
(x) :=

√

|det [gkl(x)] | εi1...iN
≡
√

|g|εi1...iN
, (5.66)

ηa1...aN
:= εa1...aN

, (5.67)

ηi1...iN (x) =
{

[sgn(g)]/
√

|g|
}

εi1...iN , (5.68)

ηa1...aN = {sgn[det[dcd]]} εa1...aN ≡ (±1)εa1...aN , (5.69)

η̂i1...iN
(x̂) = sgn

{

det
[

∂Xk(x̂)
∂x̂l

]}

∂Xj1(x̂)
∂x̂i1

· · · ∂XjN (x̂)
∂x̂iN

ηj1...jN
(x), (5.70)

η̂a1...aN
= (±1)Lb1

a1(x) · · ·LbN
aN

(x)ηb1...bN
, (5.71)

η̂i1...iN (x̂) = sgn
{

det
[

∂Xk(x̂)
∂x̂l

]}

∂ ̂Xi1(x)
∂xj1

· · · ∂ ̂XiN (x)
∂xjN

ηj1...jN (x), (5.72)

η̂a1...aN = (±1)Aa1
b1(x) · · ·AaN

bN
(x)ηb1...bN . (5.73)

(Note that the components above relative to an orthonormal basis are constant-
valued.) �
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Let us consider the totally antisymmetric fields pW(x) and N−pA(x) for
1 < p < N . The Hodge-star duality operations can be defined from (2.144) and
(2.145) as

∗ Wi1...iN−p
(x) := (1/p!)ηj1...jp

i1...iN−p
(x)Wj1...jp

(x), (5.74)

∗ Wa1...aN−p
(x) := (1/p!)ηb1...bp

a1...aN−p
Wb1...bp

(x), (5.75)

∗ Aj1...jp
(x) = [1/(N − p)!] ηi1...iN−p

j1...jp
(x)Ai1...iN−p

(x), (5.76)

∗ Ab1...bp
(x) = [1/(N − p)!] ηa1...aN−p

b1...bp
Aa1...aN−p

(x). (5.77)

Here, ηj1...jp
i1...iN−p

(x) := gj1k1(x) . . . gjpkp(x)ηk1...kp i1...iN−p
(x) and so on.

Example 5.1.12 Let us choose N = 4, p = 2, and sgn(g.. (x)) = +2. The
antisymmetric electromagnetic field tensor is furnished by

F.. (x) = (1/2)Fij(x)dxi ∧ dxj = (1/2)Fab(x)ẽa(x) ∧ ẽb(x). (5.78)

(See example 2.4.12.) The Hodge dual tensor is provided by (5.74) and (5.75)
as

∗ F ij(x) = (1/2)ηklij(x)Fkl(x), (5.79)

∗ F ab(x) = (1/2)ηcdab(x)Fcd(x) = −(1/2)εcdabFcd(x). (5.80)

The transformation properties are summarized as

∗ ̂F ij(x) =
{

sgn
[

det
[

∂Xm(x̂)
∂x̂n

]]}

∂ ̂Xi(x)
∂xk

∂ ̂Xj(x)
∂xl

∗F kl(x), (5.81)

∗ ̂F ab(x) = ±Aa
c(x)Ab

d(x) ∗F cd(x). (5.82)

Thus, the dual field ∗F.. (x) transforms as an oriented antisymmetric tensor. �

Exercises 5.1

1. Obtain the signature of the metric tensor given by

g.. (x) := dx1 ⊗ dx1 + 3dx1 ⊗ dx2 + 4dx2 ⊗ dx2 + dx3 ⊗ dx3.

2. Compute the Christoffel symbols of the two kinds, as well as the Ricci
rotation coefficients for the two-dimensional Anti-DeSitter metric

g.. (x) = (x1 + x2)−2dx1 ⊗ dx2.

3. (i) Prove that for a differentiable metric field g.. (x),

dgpq(x) = gup(x)w̃u
q(x) + guq(x)w̃u

p(x).
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(ii) Prove that for three arbitrary differentiable vector fields, a metric tensor
must satisfy

�W(x)[g..(�U, �V)] = g.. (x)(∇ �W
�U, �V) + g.. (x)(�U,∇ �W

�V).

4. Show that the “eigenvalues” λ(x) of the equation

det [Apq(x) − λ(x)Bpq(x)] = 0

are invariant under a general transformation of the basis sets.

5. Show that under a general Lorentz transformation, the Ricci rotation coef-
ficients undergo the following transformations:

γ̂abc(x) = Lf
a(x)Ld

b(x)Le
c(x)γfde(x) + defLf

b(x) [∂cL
e
a(x)] .

5.2 Covariant Derivatives and the Curvature
Tensor

Let r
sT(x) be a differentiable tensor field in D ⊂ R

N . By (4.31), (4.35), (5.20),
(5.41), (5.49), and (5.50), we derive the following rules of covariant derivatives:

∇kT i1...ir
j1...js

= ∂kT i1...ir
j1...js

+
r
∑

α=1

{

iα
kl

}

T i1...iα−1liα+1...ir
j1...js

−
s
∑

β=1

{

l
kjβ

}

T i1...ir
j1...jβ−1ljβ+1...js

, (5.83)

∇cT
a1...ar

b1...bs
= ∂cT

a1...ar
b1...bs

+
r
∑

α=1

Γaα
cdT

a1...aα−1daα+1...r
b1...bs

−
s
∑

β=1

Γd
cbβ

T a1...ar
b1...bβ−1dbβ+1...bs

≡ ∂cT
a1...ar

b1...bs
−

r
∑

α=1

γaα
dcT

a1...aα−1daα+1...ar
b1...bs

+
s
∑

β=1

γd
bβcT

a1...ar
b1...bβ−1dbβ+1...bs

.

(5.84)

Here, note that
{

i
jk

}

are Christoffel symbols and γabc = dahγh
bc are the Ricci

rotation coefficients.

(Caution should be applied in regard to the positions of the indices.)
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Example 5.2.1 Let φ(x) be a differentiable scalar field or a 0-form.

∇iφ = ∂iφ ≡ ∂φ(x)
∂xi

,

∇aφ = λi
a(x)

∂φ(x)
∂xi

,

are components of a covariant vector field. The corresponding 1-form is given
by

dφ(x) = (∂iφ)dxi = (∂aφ)ẽa(x). �

Example 5.2.2 Consider a differentiable vector field �A(x). By (5.83) and
(5.84), the covariant derivatives are furnished by

∇jA
i = ∂jA

i +
{

i
jk

}

Ak(x),

∇bA
a = ∂bA

a − γa
cb(x)Ac(x),

∇iA
i =
(

1/
√

|g|
)

∂i

[
√

|g|Ai
]

, (5.85)

∇aAa = ∂aAa − γa
ca(x)Ac(x),

∇jAi −∇iAj = ∂jAi − ∂iAj ,

∇bAa −∇aAb = ∂bAa − ∂aAb + (γc
ab − γc

ba)Ac(x). �

Example 5.2.3 Consider a differentiable metric field

g.. (x) = gij(x)dxi ⊗ dxj = dabẽa(x) ⊗ ẽb(x).

By (5.35), (5.41), (5.44), (5.46), (5.83), and (5.84), we obtain

∇kgij = ∂kgij − [ki, j] − [kj, i] ≡ 0,

∇kgij ≡ 0, ∇kgi
j ≡ ∇kδi

j ≡ 0,

∇cgab ≡ ∇cdab = γbac(x) + γabc(x) ≡ 0,

∇cd
ab ≡ 0, ∇cg

a
b ≡ ∇cδ

a
b ≡ 0.

(5.86)

Therefore, the metric tensor components are “covariantly constant .” �

Example 5.2.4 Let T.. (x) be a differentiable, symmetric tensor field. Then,
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by (5.83) and (5.84), we get

∇kT ij = ∂kT ij +
{

i
kl

}

T lj(x) +
{

j
kl

}

T il(x),

∇kT ab = ∂cT
ab − γa

ec(x)T eb(x) − γb
ecT

ae(x),
(5.87)

∇jT
ij =

(

1/
√

|g|
)

[

∂j

(
√

|g|T ij
)

+
{

i
jk

}

(
√

|g|T jk(x)
)

]

,

∇bT
ab = ∂bT

ab − γa
eb(x)T eb(x) − γb

eb(x)T ae(x).

This example is relevant in Einstein’s theory of gravitation. �

Example 5.2.5 Let F
..
(x) be a differentiable, antisymmetric tensor field.

The covariant derivatives are given by

∇jF
ij =

(

1/
√

|g|
)

∂j

(

√

|g|F ij
)

,

∇bF
ab = ∂bF

ab − γa
cb(x)F cb(x) − γb

cb(x)F ac(x).
(5.88)

This example is applicable in electromagnetic field theory. �

The Laplacian is an invariant, second-order, linear differential operator
furnished by

Δ := gij(x)∇i∇j =: ∇i∇i ≡ ∇a∇a. (5.89)

(Other notations for the same operator are ∇2 or Δ2 .) For a scalar field V (x)
of class C2 , the Laplacian of V (x) is provided by (5.85) as

ΔV = ∇i∇iV =
(

1/
√

|g|
)

∂i

[
√

|g|gij∂jV
]

, (5.90)

ΔV = ∇a∇aV = dab [∂b∂aV + γc
ab(x)∂cV ] . (5.91)

Example 5.2.6 Consider the Euclidean plane E 2 and a global Cartesian
chart such that

g.. (x) = δijdxi ⊗ dxj = δabẽa(x) ⊗ ẽb(x)

ẽa(x) = δa
idxi, �ea(x) = δi

a
∂

∂xi
.

The Laplacian of a twice-differentiable function V (x) is given by (5.90) and
(5.91) as

ΔV =
∂2V

(∂x1)2
+

∂2V

(∂x2)2
.

The harmonic equation, or the two-dimensional potential equation,

ΔV = 0

is solved by V (x1, x2) = Re[f(x1 + ix2)]. Here, f is an arbitrary holomorphic
function of the complex variable x1 + ix2 . �
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Example 5.2.7 In a polar coordinate chart of E 2 , the metric tensor field is
provided by example 5.1.5 as

g.. (x) = dx1 ⊗ dx1 + (x1)2(dx2 ⊗ dx2) = δabẽa(x) ⊗ ẽb(x).

The Laplacian from (5.90) is given by

ΔV = (1/x1)[∂1(x1∂1V ) + ∂2((x1)−1∂2V )]

=
∂2V

(∂x1)2
+

1
x1

∂V

∂x1
+

1
(x1)2

∂2V

(∂x2)2
.

We compute the Ricci rotation coefficients from (5.53). The non-zero compo-
nents are furnished by

γ122(x) ≡ −γ212(x) = (x1)−1 > 0.

Therefore, by (5.91), we obtain

ΔV =
[

∂(1)∂(1)V + γc
11(x)∂cV

]

+
[

∂(2)∂(2)V + γc
22(x)∂cV

]

=
[

∂2V

(∂x1)2

]

+
[

1
(x1)2

∂2V

(∂x2)2
+

1
x1

∂V

∂x1

]

.

Of course, both computations coincide. �

Example 5.2.8 Consider the Euclidean space E 3 and a coordinate chart with

g.. (x) = gij(x)dxi ⊗ dxj .

Suppose that the wave function ψ(x) is a complex-valued function over D ⊂
R

3 and is of class C2 . The Schröedinger equation for a stationary state of
a physical system in wave mechanics is provided by

Δψ +
(

2m/(�)2
)

[E − V (x)] ψ(x)

=
(

1/
√

|g|
) ∂

∂xi

[

√

|g|gij(x)
∂ψ

∂xj

]

+
2m

(�)2
[E − V (x)] ψ(x)

= 0.

(5.92)

Here, 2π� is Planck’s constant; m , E , and V (x) are the mass, total energy,
and potential energy of the wave-mechanical particle. �

The Riemann-Christoffel curvature tensor components are furnished
in a coordinate basis by (4.74), (4.75), and (5.41) as

Ri
jkl(x) = ∂k

{

i
lj

}

− ∂l

{

i
kj

}

+
{

i
kh

}{

h
lj

}

−
{

i
lh

}{

h
kj

}

. (5.93)
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Rijkl(x) = ∂k[lj, i] − ∂l[kj, i] + [il, h]
{

h
jk

}

− [ik, h]
{

h
jl

}

, (5.94)

Rijkl(x) =
(

1
2

)

[∂j∂kgil + ∂i∂lgjk − ∂j∂lgik − ∂i∂kgjl]

+ghm {[jk,m][il, h] − [jl,m][ik, h]} .

(5.95)

The curvature tensor components in an orthonormal basis are provided by
(4.74), (5.49), and (5.50) as

Ra
bcd(x) = ∂dγ

a
bc − ∂cγ

a
bd + γa

hcγ
h

bd − γa
hdγ

h
bc

+γa
bh

(

γh
cd − γh

dc

)

,
(5.96)

Rabcd(x) = ∂dγabc − ∂cγabd + γhadγ
h

bc − γhacγ
h

bd

+γabh

(

γh
cd − γh

dc

)

,
(5.97)

Rabcd(x) = λi
a(x)λj

b(x)λk
c(x)λl

d(x)Rijkl(x), (5.98)

Rijkl(x) = μa
i(x)μb

j(x)μc
k(x)μd

l(x)Rabcd(x). (5.99)

Now, we shall investigate the algebraic identities among curvature tensor
components.

Theorem 5.2.9 The algebraic identities of the Riemann-Christoffel tensor
components are furnished by the following:

Rjikl(x) ≡ −Rijkl(x), (5.100)

Rijlk(x) ≡ −Rijkl(x), (5.101)

Rklij(x) ≡ Rijkl(x), (5.102)

Rijkl(x) + Riklj(x) + Riljk(x) ≡ 0, (5.103)

Rbacd(x) ≡ −Rabcd(x), (5.104)

Rbadc(x) ≡ −Rabcd(x), (5.105)

Rcdab(x) ≡ Rabcd(x), (5.106)

Rabcd(x) + Racdb(x) + Radbc(x) ≡ 0. (5.107)

Proof. The identities (5.100) and (5.104) follow from (5.94), (5.96), (5.97),
(5.98), and (5.99). The identities (5.101) and (5.105) follow from (4.73), (5.94),
(5.96), (5.97), (5.98), and (5.99). The identities (5.102) and (5.106) follow from
(5.95), (5.100), and (5.101). The identities (5.103) and (5.107) follow from
(4.83), (4.85), (5.94), and (5.101).
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Corollary 5.2.10 The number of linearly independent, non-identically zero
components of Rijkl(x) or Rabcd(x) in an N -dimensional manifold is N2(N2−
1)/12 .

Proof. If there were no identities, the number would have been N4 . How-
ever, the identities (5.100), (5.101), (5.102), and (5.103) reduce the number
considerably. By the identities (5.100) and (5.101), we find that curvature ten-
sor components are antisymmetric with respect to (ij) or (kl). There exist
̂N := N(N − 1)/2 independent components of such an antisymmetric pair of
indices. We can map independent components in a one-to-one manner to ob-
jects RAB , where A,B ∈ {1, . . . , ̂N} . By the identity (5.102), RBA = RAB .
Therefore, RAB have ̂N( ̂N + 1)/2 independent components. Examining the
identity (5.103), we observe that unless the indices i, j, k, l are all distinct, that
identity is already included in (5.100), (5.101), and (5.102). The number of four
distinct choices from N is

(

N
4

)

= N(N − 1)(N − 2)(N − 3)/24. Therefore,

subtracting this number from ̂N( ̂N +1)/2, we arrive at the number of indepen-
dent components of the curvature tensor as N2(N2 − 1)/12.

The number of independent components of the curvature tensor for dimen-
sions N = 2, 3, 4, 5, and 10 is 1, 6, 20, 50, and 825, respectively.

Now, we shall state and prove Bianchi’s differential identities for the curva-
ture tensor components.

Theorem 5.2.11 Let the Riemann-Christoffel curvature tensor field R
.
... (x)

be of class C1(D ⊂ R
N ; R) . Then the corresponding components satisfy the

following differential identities:

∇jR
h

ikl + ∇kRh
ilj + ∇lR

h
ijk ≡ 0, (5.108)

∇dR
e
abc + ∇bR

e
acd + ∇cR

e
adb ≡ 0. (5.109)

Proof. Equations (5.108) and (5.109) follow directly from (4.83), (4.84),
(4.86), and (5.34).

Remark: The number of independent Bianchi identities in (5.108) or (5.109)
is N2(N2 − 1)(N − 2)/24.

Now, we shall state the general rule for commutators or Lie brackets of two
covariant derivations. These are known as Ricci identities. (See problem 2 of
exercises 4.3.)
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Theorem 5.2.12 Let r
sT(x) be a tensor field of class C2 in the domain D ⊂

R
N . Then the following commutation relations hold:

(∇k∇l −∇l∇k)T i1...ir
j1...js

=
r
∑

α=1

[

T i1...iα−1hiα+1...ir
j1...js

(x)Riα
hkl(x)

]

(5.110)

−
s
∑

β=1

[

T i1...ir
j1...jβ−1hjβ+1...js

(x)Rh
jβkl(x)

]

,

(∇c∇d −∇d∇c)T a1...ar
b1...bs

=
r
∑

α=1

[T a1...aα−1eaα+1...ar
b1...bs

(x)Raα
ecd(x)] (5.111)

−
s
∑

β=1

[

T a1...ar
b1...bβ−1ebβ+1...bs

(x)Re
bβcd(x)

]

.

(The proof is left to the reader.)

Example 5.2.13 For a twice-differentiable tensor field T.. (x), the equations
(5.110) and (5.111) yield

(∇k∇l −∇l∇k)Tij = −Thj(x)Rh
ikl(x) − Tih(x)Rh

jkl(x),

(∇c∇d −∇d∇c)Tab = −Teb(x)Re
acd(x) − Tae(x)Re

bcd(x).

In the case where T.. (x) = g.. (x), the left-hand sides of the equations above
are zero by (5.86), and (5.87), whereas the right-hand sides are zero by (5.100)
and (5.104). �

Now, we shall define the contractions of the Riemann-Christoffel curvature
tensor. The Ricci tensor R.. (x) ≡ Ric(x) is defined by the single contraction
(mentioned in (3.34)) of the curvature tensor R.... (x) given in (4.73). Thus,
we define

Ric(x) ≡ R.. (x) := 1
3C[R

.
... (x)]

= Rk
ijk(x)dxi ⊗ dxj =: Rij(x)dxi ⊗ dxj ,

(5.112)

R.. (x) = Rc
abc(x)ẽa(x) ⊗ ẽb(x) =: Rab(x)ẽa(x) ⊗ ẽb(x). (5.113)
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By (5.93), (5.94), (5.47), (5.112), and (5.113), we obtain

Rij(x) = ∂j

{

k
ki

}

− ∂k

{

k
ji

}

+
{

k
il

}{

l
kj

}

−
{

l
lk

}{

k
ji

}

= ∂i∂j ln
√

|g| − 1
√

|g|
∂k

[

√

|g|
{

k
ij

}]

+
{

k
il

}{

l
kj

}

≡ Rji(x), (5.114)
Rab(x) = ∂cγ

c
ab − ∂bγ

c
ac + γc

adγ
d

bc − γc
dcγ

d
ab. (5.115)

Therefore, the Ricci tensor R.. (x) is symmetric and there exist N(N +1)/2
linearly independent components of Rij(x) or Rab(x). In the case of general
relativity, we have N = 4 and the number of linearly independent components
of Rij(x) is ten.

The curvature scalar or curvature invariant is defined by

R(x) := Ri
i(x) = gij(x)Rij(x) = Rj

j(x), (5.116)

R(x) = Ra
a(x) = dabRab(x) = Rb

b(x). (5.117)

The Einstein tensor field G.. (x) is defined by

G.. (x) := R.. (x) −
(

1
2

)

R(x)g.. (x), (5.118)

Gij(x) := Rij(x) −
(

1
2

)

R(x)gij(x) ≡ Gji(x), (5.119)

Gab(x) := Rab(x) −
(

1
2

)

R(x)dab ≡ Gba(x). (5.120)

The Einstein tensor is a (0+2)th-order symmetric tensor and possesses N(N +
1)/2 linearly independent components. In Einstein’s theory of gravitation, this
tensor is important, and it has ten independent components.

There exist more differential identities involving R
.
...(x), R..(x), and G..(x)

that follow from Bianchi’s identities.

Theorem 5.2.14 Let a metric tensor field g.. (x) be of class C3 in D⊂R
N .

Then the following differential identities hold:

∇jR
j
ikl + ∇kRil −∇lRik ≡ 0, (5.121)

∇dR
d

abc + ∇bRac −∇cRab ≡ 0, (5.122)

∇jG
j
i ≡ 0, (5.123)

∇bG
b
a ≡ 0. (5.124)
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Proof. The identities (5.121) and (5.122) follow from Bianchi identities
(5.108) and (5.109) by single contractions and the definitions (5.112) and (5.113).
The identities (5.123) and (5.124) follow from (5.121) and (5.122) by further con-
tractions and the definitions (5.119) and (5.120).

Remarks: (i) The identities (5.121) and (5.122) are called the first con-
tracted Bianchi identities.

(ii) The identities (5.123) and (5.124) are called the second contracted
Bianchi identities. These identities prove to be extremely important in Ein-
stein’s theory of gravitation. (They yield differential conservation equations.)

Example 5.2.15 Consider the spherically symmetric space-time metric field

g.. (x) = exp[2α(x1, x4)]dx1 ⊗ dx1

+[Y (x1, x4)]2[dx2 ⊗ dx2 + (sin x2)2dx3 ⊗ dx3]

− exp[2γ(x1, x4)]dx4 ⊗ dx4;

�e(1)(x) = e−α ∂

∂x1
, �e(2)(x) = Y −1 ∂

∂x2
, �e(3)(x) = (Y sinx2)−1 ∂

∂x3
,

(5.125)
�e(4)(x) = e−γ ∂

∂x4
;

ẽ(1)(x) = eαdx1, ẽ(2)(x) = Y dx2, ẽ(3)(x) = (Y sin x2)dx3,

ẽ(4)(x) = eγdx4;

D :=
{

x ∈ R
4 : r1 < x1 < r2, 0 < x2 < π, −π < x3 < π, t1 < x4 < t2

}

.

By (5.41) and (5.125), the non-vanishing Christoffel symbols of the second kind
are furnished by
{

1
11

}

= ∂1α,

{

4
11

}

= e2(α−γ)∂4α,

{

2
12

}

=
{

3
13

}

= Y −1∂1Y,

{

1
14

}

= ∂4α,

{

4
14

}

= ∂1γ,

{

1
22

}

= −e−2αY ∂1Y,

{

4
22

}

= e−2γY ∂4Y,

{

3
23

}

= cot x2,

{

2
24

}

=
{

3
34

}

= Y −1∂4Y,

{

1
33

}

= −e−2α(sin x2)2Y ∂1Y,

{

2
33

}

= −(sin x2)(cos x2),
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{

4
33

}

= e−2γ(sin x2)2Y ∂4Y,

{

1
44

}

= e2(γ−α)∂1γ,

{

4
44

}

= ∂4γ. (5.126)

Equation (4.80) yields for the torsion-free case

dẽa = ẽb(x) ∧ w̃a
b(x). (5.127)

By (5.125) and (5.127), we can obtain

dẽ(1) = e−γ(∂4α)ẽ(4) ∧ ẽ(1), dẽ(2) = Y −1(∂1Y )e−αẽ(1) ∧ ẽ(2)

+Y −1(∂4Y )e−γ ẽ(4) ∧ ẽ(1),

Y dẽ(3) = (∂1Y )e−αẽ(1) ∧ ẽ(3) + (∂4Y )e−γ ẽ(4) ∧ ẽ(3) + (cot x2)ẽ(2) ∧ ẽ(3),

dẽ(4) = e−α(∂1γ)ẽ(1) ∧ ẽ(4),

w̃(1)
(4) = w̃(1)(4) = −w̃(4)(1) = w̃(4)

(1) = e−γ(∂4α)ẽ(1) + e−α(∂1γ)ẽ(4),

w̃(2)
(1) = w̃(2)(1) = −w̃(1)(2) = −w̃(1)

(2) = Y −1(∂1Y )e−αẽ(2),

w̃(2)
(4) = w̃(2)(4) = −w̃(4)(2) = w̃(4)

(2) = Y −1(∂4Y )e−γ ẽ(2),

w̃(3)
(1) = w̃(3)(1) = −w̃(1)(3) = −w̃(1)

(3) = Y −1(∂1Y )e−αẽ(3), (5.128)

w̃(3)
(4) = w̃(3)(4) = −w̃(4)(3) = w̃(4)

(3) = Y −1(∂4Y )e−γ ẽ(3),

w̃(3)
(2) = w̃(3)(2) = −w̃(2)(3) = −w̃(2)

(3) = Y −1(cot x2)ẽ(3).

By (5.56) and (5.128), we obtain for the non-vanishing Ricci rotation coeffi-
cients

γ(4)(1)(1) = −γ(1)(4)(4) = e−γ∂4α,

γ(4)(1)(4) = −γ(1)(4)(4) = e−α∂1γ,

γ(1)(2)(2) = −γ(2)(1)(2) = γ(1)(3)(3) = −γ(3)(1)(3) = Y −1(∂1Y )e−α,

γ(4)(2)(2) = −γ(2)(4)(4) = γ(4)(3)(3) = −γ(3)(4)(4) = Y −1(∂4Y )e−γ ,

γ(2)(3)(3) = −γ(3)(2)(3) = Y −1 cot x2.

(5.129)
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By (5.126), (5.93), (5.94), and (5.95), and notations f ′ := ∂1f and ḟ :=
∂4f , we obtain for the non-vanishing (coordinate) components of the Riemann-
Christoffel curvature tensor

R1212 = Y [−Y ′′ + α′Y ′ + e2(α−γ)α̇Ẏ ],

R1313 = (sin x2)2R1212,

R1224 = Y [Ẏ ′ − α̇Y ′ − γ′Ẏ ],

R1334 = (sin x2)2R1224,

R1414 = e2α[−α̈ − (α̇)2 + α̇γ̇] + e2γ [γ′′ + (γ′)2 − α′γ′],

R2424 = Y [−Ÿ + γ̇Ẏ + e2(γ−α)γ′Y ′],

R3434 = (sin x2)2R2424,

R2323 = (Y sinx2)2[1 − e−2α(Y ′)2 + e−2γ(Ẏ )2].

(5.130)

The orthonormal tetrad components of the curvature tensor are furnished
by

R(1)(2)(1)(2) = R(1)(3)(1)(3) = Y −1e−2α[−Y ′′ + α′Y ′ + e2(α−γ)α̇γ̇],

R(1)(2)(2)(4) = R(1)(3)(3)(4) = Y −1e−(α+γ)[Ẏ ′ − α̇Y ′ − γ′Ẏ ],

R(2)(4)(2)(4) = R(3)(4)(3)(4) = Y −1e−2γ [−Ÿ + γ̇Ẏ + e2(γ−α)γ′Y ′],

R(2)(3)(2)(3) = Y −2[1 − e−2α(Y ′)2 + e−2γ(Ẏ )2],

R(1)(4)(1)(4) = e−2γ(−α̈ − (α̇)2 + α̇γ̇) + e−2α(γ′′ + (γ′)2 − α′γ′).

(5.131)

The Kretschmann scalar is provided by

RijklR
ijkl = RabcdR

abcd

= 4
{

Y −4[1 − e−2α(Y ′)2 + e−2γ(Ẏ )2]2

+[e−2γ(−α̈ − α̇2 + α̇γ̇) + e−2α(γ′′ + γ′2 − α′γ′)]2
}

+8Y −2
{

e−4α[−Y ′′ + α′Y ′ + e2(α−γ)α̇Ẏ ]2

+e−4γ [−Ÿ + γ̇Ẏ + e2(γ−α)γ′Y ′]2
}

−16Y −2e−2(α+γ)[Ẏ ′ − α̇Y ′ − γ′Ẏ ]2.

(5.132)

By (5.130), (5.131), (5.114), and (5.115), the Ricci tensor components are
given by

R11 = 2Y −1Y ′′ + γ′′ + (γ′)2 − 2α′Y −1Y ′ − α′γ′

+e2(α−γ)[−α̈ − (α̇)2 − 2α̇Y −1Ẏ + α̇γ̇],
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R22 = −1 + e−2α[Y Y ′′ + (Y ′)2 + (γ′ − α′)Y Y ′]

+e−2γ [−Y Ÿ − (Ẏ )2 + (γ̇ − α̇)Y Ẏ ],

R33 = (sin x2)2R22,

R44 = 2Y −1Ÿ + α̈ + (α̇)2 − α̇γ̇ − 2γ̇Y −1Ẏ

+e2(γ−α)[−γ′′ − (γ′)2 + α′γ′ − 2γ′Y −1Y ′],

R14 = R41 = 2Y −1[Ẏ ′ − α̇Y ′ − γ′Ẏ ],

(5.133)

R(1)(1) = e−2α[2Y −1Y ′′ + γ′′ + (γ′)2 − 2α′Y −1Y ′ − α′γ′]

+e2γ [−α̈ − (α̇)2 − 2α̇Y −1Ẏ + α̇γ̇],
R(2)(2) = R(3)(3) = −Y −2 + e−2α[Y −1Y ′′ + (Y −1Y ′)2 + (γ′ − α′)Y −1Y ′]

+e−2γ [−Y −1Ÿ − (Y −1Ẏ )2 + (γ̇ − α̇)Y −1Ẏ ],

R(4)(4) = e−2γ [2Y −1Ÿ + α̈ + (α̇)2 − α̇γ̇ − 2γ̇Y −1Ẏ ]
+e−2α[−γ′′ − (γ′)2 + α′γ′ − 2γ′Y −1Y ′],

R(1)(4) = R(4)(1) = 2Y −1e−2(α+γ)[Ẏ ′ − α̇Y ′ − γ′Ẏ ].

The scalar invariant is obtained from (5.116), (5.117), and (5.133) as

R(x) = −2Y −2 + 2e−2α[2Y −1Y ′′ + (Y −1Y ′)2

+γ′′ + (γ′)2 − α′γ′ + 2(γ′ − α′)Y −1Y ′] (5.134)

+2e−2γ [−2Y −1Ÿ − (Y −1Ẏ )2 − α̈ − (α̇)2 + α̇γ̇ + 2(γ̇ − α̇)Y −1Ẏ ].

The Einstein tensor components are furnished by (5.119), (5.120), (5.133),
and (5.134) as

G1
1 = G(1)

(1) = Y −2 + e−2α[(Y −1Y ′)2 + 2γ′Y −1Y ′]

+e−2γ [2Y −1Ÿ + (Y −1Ẏ )2 − 2γ̇Y −1Ẏ ],

G2
2 = G(2)

(2) = G3
3 = G(3)

(3) =

e−2α[−Y −1Y ′′ − γ′′ − (γ′)2 + α′γ′ + (α′ − γ′)Y −1Y ′]

+e−2γ [Y −1Ÿ + α̈ + (α̇)2 − α̇γ̇ + (α̇ − γ̇)Y −1Ẏ ],

G4
4 = G(4)

(4) = Y −2 + e−2α[−2Y −1Y ′′ − (Y −1Y ′)2 + 2α′Y −1Y ′]

+e−2γ [(Y −1Ẏ )2 + 2α̇Y −1Ẏ ],

e2αG1
4 = −e2γG4

1 = 2Y −1[Ẏ ′ − α̇Y ′ − γ′Ẏ ],

G(1)
(4) = −G(4)

(1) = 2Y −1e−(α+γ)[Ẏ ′ − α̇Y ′ − γ′Ẏ ]. (5.135)
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The second contracted Bianchi differential identities (5.123) and (5.124) yield
by the metric in (5.125) the following identities:

∂1G
1
1 + (2 ln |Y | + γ)′G1

1 + ∂4G
4
1 + (α + 2 ln |Y | + γ)·G4

1

−γ′G4
4 − 2(ln |Y |)′G2

2 ≡ 0,

∂1G
1
4 + (α + 2 ln |Y | + γ)′G1

4 − [α̇G1
1 + 2(ln |Y |)·G2

2]

+∂4G
4
4 + (α + 2 ln |Y |)·G4

4 ≡ 0.

(5.136)

This example is important in the spherically symmetric gravitational fields
that govern the space-time geometry of spherical stars and black holes according
to Einstein’s theory of general relativity. (See Das & Aruliah [9].) �

Now, we shall express Cartan’s structural equations and Bianchi identities
in terms of the connection 1-forms and the curvature 2-forms. By the torsion-
free condition (5.32), the general Cartan structural equations (4.80) and (4.81)
reduce to

dẽp(x) + w̃p
q(x) ∧ ẽq(x) = O.. (x), (5.137)

Ωp
q..(x) = dw̃p

q(x) + w̃p
u(x) ∧ w̃u

q(x). (5.138)

Equation (5.127) is a consequence of (5.137). Moreover, (5.138) can be used to
compute N-tuple components of the curvature tensor. (Equations (5.131) can
be derived in such a manner.)

The Bianchi identities (4.83) and (4.84) reduce to

Ωp
q..(x) ∧ ẽq(x) = O... (x), (5.139)

dΩp
q..(x) = Ωp

u..(x) ∧ w̃u
q(x) − w̃p

u(x) ∧ Ωu
q..(x). (5.140)

The identities (5.139) and (5.140) are equivalent to (5.103) and (5.108), respec-
tively.

Example 5.2.16 Consider a thrice-differentiable two-dimensional metric field
given by

g.. (x) =
[

h(1)(x)
]2

dx1 ⊗ dx1 +
[

h(2)(x)
]2

dx2 ⊗ dx2,

g.. (x) = δabẽa(x) ⊗ ẽb(x).

Thus, we can derive the 2-forms

dẽ(1)(x) =
[

∂2h(1)

]

dx2 ∧ dx1, dẽ(2)(x) =
[

∂1h(2)

]

dx1 ∧ dx2.

The non-zero connection 1-forms are furnished by

w̃(1)
(2) = w̃(1)(2) = −w̃(2)(1) = −w̃(2)

(1)

=
[

∂(2)h(1)

]

dx1 −
[

∂(1)h(2)

]

dx2.
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Now, the wedge products are

w̃(1)
(2) ∧ ẽ(2) =

[

h(2)(x)∂(2)h(1)

]

dx1 ∧ dx2

=
[

∂2h(1)

]

dx1 ∧ dx2 = −dẽ(1)(x),

w̃(2)
(1) ∧ ẽ(1) =

[

h(1)(x)∂(1)h(2)

]

dx2 ∧ dx1

=
[

∂1h(2)

]

dx2 ∧ dx1 = −dẽ(2)(x).

Thus, the structural equations (5.137) are explicitly verified. �

Now, we shall discuss the covariant differentiations of the relative and ori-
ented relative tensor fields. The transformation rules are given in (5.58) and
(5.59). The covariant derivative of a relative tensor field of weight w or an
oriented relative tensor field of the same weight are defined by

∇uθp1...pr
q1...qs

:= |g|w/2∇u[|g|−w/2θp1...pr
q1...qs

], (5.141)

∇kθi1...ir
j1...js

= ∂kθi1...ir
j1...js

+
r
∑

α=1

{

iα
kl

}

θi1...iα−1liα+1...ir
j1...js

−
s
∑

β=1

{

l
kjβ

}

θi1...ir
j1...jβ−1ljβ+1...js

−w

{

l
kl

}

θi1...ir
j1...js

, (5.142)

∇cθ
a1...ar

b1...bs
= ∂cθ

a1...ar
b1...bs

−
r
∑

α=1

γaα
dcθ

a1...aα+1daα+1...ar
b1...bs

+
s
∑

β=1

γd
bβcθ

a1...aα
b1...bβ−1dbβ+1...bs

. (5.143)

(Note that |g|−w/2θp1...pr
q1...qs

(x) is an absolute or oriented absolute tensor field.)

Example 5.2.17 Now, sgn[det gij(x)] ≡ sgn(g) is an (absolute) invariant.
Therefore,

∇k[sgn(g)] = ∂k[sgn(g)] ≡ 0. (5.144)

Since g = det[gij(x)] is a relative scalar of weight +2, by (5.141),

∇k(g) = |g|∇k[|g|−1g] ≡ 0. (5.145)

Since
√

|g| and
√

|det dab| is a scalar density (of weight +1), by (5.142) and
(5.143)

∇k

(
√

|g|
)

= ∂k

(
√

|g|
)

−
{

l
kl

}

√

|g| ≡ 0, (5.146)
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∇c

[
√

|det dab|
]

= ∂c(1) ≡ 0. (5.147)

�

Example 5.2.18 Consider the components of the totally antisymmetric, nu-
merical tensor density εi1...iN . By the rules (5.142),

∇kεi1...iN =
N
∑

α=1

{

iα
kl

}

εi1...iα−1liα+1...iN −
{

l
kl

}

εi1...iN .

We can choose Riemann coordinates (in section 5.4) at a point such that
{

i
jk

}

≡ 0. Therefore, in such a coordinate chart,

∇kεi1...iN = 0. (5.148)

Since this is a tensor density equation, it is valid in every coordinate system or
chart. Equation (5.148) implies that

∇bε
a1...aN = 0. (5.149)

Similarly, we can prove that

∇kεi1...iN
= 0, (5.150)

∇bεa1...aN
= 0. (5.151)

Using the Leibnitz rules of covariant derivatives and (5.146) and (5.147), we
prove that

∇kηj1...jN
= ∇k

[

√

|g|εj1...jN

]

=
√

|g|∇kεj1...jN
≡ 0,

∇kηi1...iN ≡ 0.

(5.152)

�

Now, we shall classify differentiable manifolds with metrics and torsion-
free connection into various subclasses. The signature of the metric (in (5.7))
and the curvature tensor R.... (x) will be used for this classification. It has
been mentioned previously that a domain U ⊂ M is called flat provided
R.... (x) ≡ O.... (x) in the corresponding domain D ⊂ R

N . A non-flat or
curved domain is characterized by R.... (x) �≡ O.... (x). For a positive-definite
metric, sgn [g.. (x)] = N . For a Lorentz metric, sgn [g.. (x)] = N − 2. For
(indefinite) non-Lorentz metrics 0 ≤ sgn [g.. (x)] ≤ N − 4. We represent the
classification of the manifolds in the following diagram.
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Manifolds (with metrics)

Riemannian
(+ve def.)

Pseudo-Riemannian
(indefinite)

Euclidean
(flat)

Non-Euclidean
(curved)

Lorentz Non-Lorentz

(Flat) (Curved) (Flat) (Curved)

Remark: In Newtonian physics, a three-dimensional Euclidean manifold (or
space) is used. In the special theory of relativity, four-dimensional flat space-
time with a Lorentz metric is utilized. In Einstein’s theory of gravitation, a four-
dimensional curved space-time manifold with a Lorentz metric is considered.

Now, we shall discuss briefly some integral theorems. Recall the definition
of an oriented volume in (2.143). In a similar approach, we define the oriented
volume of a domain D ⊂ R

N by the integral

V (D) :=
∫

D

N
η(x) = (1/N !)

∫

D

ηi1...iN
(x)dxi1 ∧ · · · ∧ dxiN

=
∫

D

√

|g|ε12...Ndx1 ∧ · · · ∧ dxN =:
∫

D

dNv.

(5.153)

Let the (N − 1)-dimensional, differentiable, orientable, closed boundary ∂D of
D be represented parametrically by (3.82) as

xj = ξj(u) ≡ ξj
(

u1, . . . uN−1
)

,

u ∈ DN−1 ⊂ R
N−1.

(5.154)

Let the Greek letters assume values from {1, 2, . . . , N − 1} . The induced
metric on the boundary ∂D is furnished by

g.. (x)|∂D = gij (ξ(u))
∂ξi(u)
∂uα

∂ξj(u)
∂uβ

duα ⊗ duβ

=: ḡαβ(u)duα ⊗ duβ .

(5.155)

The (N −1)-dimensional volume of ∂D is given by (5.153), (5.154), and (5.155)
as

∫

∂D

dN−1v =
∫

DN−1

√

|ḡ|du1du2 . . . duN−1. (5.156)
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Example 5.2.19 Consider the Euclidean space E 3 and the spherical polar
coordinate chart. (See example 4.3.12.) A spherical surface of radius a > 0 is
given by

S2(a) :=
{

x ∈ R
3 : x1 = a > 0, 0 < x2 < π, −π < x3 < π

}

.

It encloses the spherical domain

D =
{

x ∈ R
3 : 0 < x1 < a, 0 < x2 < π, −π < x3 < π

}

,

∂D = S2(a).

The spherical surface can be parametrized by

x1 = ξ1(u) := a, x2 = ξ2(u) := u1, x3 = ξ3(u) := u2,

D2 :=
{

u ∈ R
2 : 0 < u1 < π, −π < u2 < π

}

.

The three-dimensional metric tensor is given by

g.. (x) = dx1 ⊗ dx1 + (x1)2
[

dx2 ⊗ dx2 + (sin2 x2)dx3 ⊗ dx3
]

,
√

|g| = (x1)2 sin x2 > 0.

Therefore, the volume of the sphere D is given by (5.153) as

V (D) =

a−
∫

0+

π−
∫

0+

π−
∫

−π+

(x1)2(sin x2)dx1dx2dx3 =
4π(a)3

3
.

The induced metric on the spherical surface is given by (5.155) as

g.. (x)|s2(a)
= ḡ..(u) = a2

[

du1 ⊗ du1 + (sin2 u1)du2 ⊗ du2
]

,
√

|ḡ| = a2 sinu1.

Therefore, the surface area of S2(a) by (5.156) is provided by

V (∂D) =: A(S2(a)) =

π−
∫

o+

π−
∫

−π+

a2(sin u1)du1du2

= 4π(a)2. �

Now, we shall introduce the normal vector νj (not necessarily a unit vector)
to the (N − 1)-dimensional boundary ∂D . We define the normal components
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by (5.154) and with the help of (N − 1)-forms as

(N − 1)!μj := εjj2...jN
dxj2 ∧ · · · ∧ dxjN ,

μj|D = νjdu1 ∧ . . . ∧ duN−1,

νj :=
1

(N − 1)!
εjj2...jN

∂(xj2 , . . . xjN )
∂(u1, . . . uN−1)

,

νj
∂ξj(u)
∂uα

=
1

(N − 1)!
εjj2...jN

∂xj

∂uα

∂(xj2 , . . . xjN )
∂(u1, . . . , uN−1)

=
1

(N − 1)!
∂(x1, x2, . . . xN )

∂(uα, u1, . . . , uN−1)
≡ 0.

(5.157)

(In the Jacobian above, two of the rows coincide!) Since ∂ξj(u)
∂uα are components

of a vector that is tangential to the hypersurface ∂D , the last condition indicates
the orthogonality of νj to the hypersurface ∂D .

Now, we can prove by (5.155) and (5.156) that

ḡ := det [ḡαβ(u)] =
[

gjk (ξ(u)) νjνk

]

det [gij (ξ(u))] ,
√

|ḡ| =
√

|g|
√

|gjkνjνk|.
(5.158)

Assuming that the boundary ∂D is nowhere null (i.e., gjkνjνk �= 0), we can
define the unit, outer normal as

nj := νj/
√

|gklνkνl|. (5.159)

Now, we shall state and prove the generalized Gauss’ theorem.

Theorem 5.2.20 Let D∗ be a star-shaped domain in R
N with a continuous,

piecewise-differentiable, orientable, closed, non-null boundary ∂D∗ with unit
normal nj . Moreover, let �A(x) be a differentiable vector field in D∗ ∪ ∂D∗ .
Then the following integral relation holds:

∫

D∗

(

∇jA
j
)

dNv =
∫

∂D∗

Ajnjd
N−1v. (5.160)

Proof. Consider an (N − 1)-form of weight one defined by (5.157) as

ω :=
√

|g|Ajμj ,

dω =
(

∇jA
j
)√

|g|dx1 ∧ · · · ∧ dxN .
(5.161)

Using (5.153) and (5.161), we obtain
∫

D∗

(

∇jA
j
)

dNv =
∫

D∗

dω. (5.162)
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By the Stokes’ theorem 3.4.12 and (5.162), (5.161), (5.157), (5.159), and (5.156),
∫

D∗

dω =
∫

∂D∗

ω

=
∫

DN−1

Aj (ξ(u))

√

|ḡ|
√

|gklνkνl|
νjdu1 ∧ · · · ∧ duN−1

=
∫

∂D∗

Ajnjd
N−1v.

Example 5.2.21 Consider the Newtonian theory of gravitation in the Eu-
clidean space E 3 . The gravitational potential W (x), which is of class piecewise
C2 , satisfies

ΔW =

{

Gρ(x) in D,

0 in R
3 − D.

(5.163)

Here, G is the Newtonian constant of gravitation and, ρ(x) ≥ 0 is the mass
density (which is assumed to be integrable). By Gauss’ theorem 5.2.20, we
obtain

∫

D

ΔWd3v =
∫

D

(∇i∇iW )d3v =
∫

∂D

(∇iW )nid
2v,

Gm := G

∫

D

ρ(x)d3v =
∫

∂D

(∇iW )nid
2v.

(5.164)

Here, m is the total mass of the body in D . Moreover, the integral on the
right-hand side is called the total normal flux of the gravitational field across
the boundary ∂D . �

Now, we shall state and prove the Green’s theorem.

Theorem 5.2.22 Let a domain D ⊂ R
N and its boundary ∂D satisfy the same

conditions as in theorem 5.2.20. Let U,W ∈ C2(D ⊂ R
N ; R) . Then,

∫

D

[U(x)ΔW−W (x)ΔU ] dNv =
∫

∂D

[

U(x)∇iW−W (x)∇iU
]

nid
N−1v. (5.165)

Proof. By Gauss’ theorem 5.2.20, the left-hand side of (5.165) yields
∫

D

∇i

[

U(x)∇iW−W (x)∇iU
]

dNv =
∫

∂D

[

U(x)∇iW−W (x)∇iU
]

nid
N−1v.
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S2
M2

Figure 5.1: Deformation of a cubical surface into a spherical one.

The integrals over a closed, compact manifold M can yield important topo-
logical invariants of the manifold. (See Bocher & Yano [3].) The simplest of
such results is contained in the Gauss-Bonnet theorem for a two-dimensional
surface embedded in a three-dimensional space. To explain briefly the con-
tent of the theorem, consider the boundary surface M2 of a cube in space.
(See fig. 5.1.)

For the cubical surface M2 , we can count the number of vertices v = 8,
the number of edges e = 12, and the number of faces f = 6. Therefore, the
Euler-Poincaré characteristic χ(M2) := v − e + f = 2. The Euler-Poincaré
characteristic χ(M2) happens to be a topological invariant number. There-
fore, this number does not change under a continuous and one-to-one mapping
(homeomorphism). Since a cubical surface can be continuously deformed into a
spherical surface, we expect χ(S2) = 2.

The Euler-Poincaré characteristic number is expressible as an integral over
the surface. The following Gauss-Bonnet theorem precisely states that fact.

Theorem 5.2.23 Let M2 be a closed, compact, orientable, and piecewise-dif-
ferentiable continuous surface. Moreover, let M2 be endowed with a twice-dif-
ferentiable Riemannian metric g.. (x) . Then, the Euler-Poincaré characteristic
is furnished by the integral

χ(M2) =
1
2π

∫

M2

R1212(x) (g)−1/2dx1 ∧ dx2. (5.166)

For the proof, consult the book by B. O’Neill [30].

Example 5.2.24 Consider S2 , the spherical surface of unit radius. In the
spherical polar coordinate chart, the metric is furnished by

g.. (x) = dx1 ⊗ dx1 + (sin x1)2dx2 ⊗ dx2.
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By (4.90) and (5.166), we obtain that

χ(S2) =
1
2π

π
∫

0

π
∫

−π

(sin x1)2(sin x1)−1dx1dx2

= 2.

Thus, the integral yields the expected number. �

Now, we shall state the generalization of the Gauss-Bonnet theorem 5.2.23
for a general hypersurface.

Theorem 5.2.25 Let M be a closed, compact, orientable 2N-dimensional Rie-
mannian manifold with twice-differentiable metric field g.. (x) . When the Euler-
Poincaré characteristic of the manifold is χ(M) , then

2
V2N

∫

M

KT (x) 2N
η = χ(M). (5.167)

Here, V2N is the hyperarea of a 2N-dimensional unit hypersphere and is explic-
itly given by

V2N =
2 (π)N+1/2

Γ
(

N + 1
2

) =
πN22N+1N !

(2N)!
. (5.168)

Moreover, the ‘ total curvature’ KT (x) is defined by

KT (x) :=
[

2N (2N)!
]−1

ηi1...i2N ηj1...j2N ×
×Ri1i2j1j2Ri3i4j3j4 . . . Ri2N−1i2N j2N−1j2N

.
(5.169)

(For the proof of the theorem, see Willmore’s book [39].)

Exercises 5.2

1. Let S
..
(x) be a differentiable, symmetric tensor field. Prove that

∇jS
j
k = (1/

√

|g|)[∂j(
√

|g|Sj
k)] − (1/2)(∂kgij)Sij(x).

2. Consider the flat metric of special relativity furnished by

g.. (x) = dx1 ⊗ dx1 + dx2 ⊗ dx2 + dx3 ⊗ dx3 − dx4 ⊗ dx4.
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(i) Prove that for a twice-differentiable scalar field W (x),

ΔW =
[

∂2

(∂x1)2
+

∂2

(∂x2)2
+

∂2

(∂x3)2
− ∂2

(∂x4)2

]

W =: �W.

(Remark: The symbol � is called the D’Alembertian or the wave
operator.)

(ii) Let f and g be two arbitrary functions of class C2 . Moreover, let k1,
k2, k3 be arbitrary numbers with ν(k1, k2, k3) :=

√

(k1)2+(k2)2+(k3)2.
Show that the function

W (x) := f(k1x
1 + k2x

2 + k3x
3 − νx4) + g(k1x

1 + k2x
2 + k3x

3 + νx4)

solves the wave equation �W = 0.

3. Consider the case where N = 2. Show that there exist (additional) algebraic
identities

(i) Rijmn(x) ≡ (1/2)R(x) [gingjm − gimgjn] ;

(ii) Gij(x) := Rij(x) − (1/2)gij(x)R(x) ≡ 0.

4. Weyl’s conformal curvature tensor for N ≥ 3 is defined by

Cl
ijk(x) := Rl

ijk(x) + (N − 2)−1
[

δl
jRik − δl

kRij + gikRl
j − gijR

l
k

]

+(N − 1)−1(N − 2)−1R(x)
[

δl
kgij − δl

jgik

]

.

Prove that in the case where N = 3, there exist (additional) algebraic identities
Cl

ijk(x) ≡ 0.

5. The symmetrized Riemann tensor S.... (x) is defined by

S.... (x)(�X, �Y, �U, �V) := −(1/3)
[

R.... (�X, �U, �Y, �V) + R.... (�X, �V, �Y, �U)
]

for all vector fields �X(x), �Y(x), �U(x), �V(x). Prove the algebraic identities

Sqpuv(x) ≡ Spquv(x), Spqvu(x) ≡ Spquv(x),
Suvpq(x) ≡ Spquv(x), Spquv(x) + Spuvq(x) + Spvqu(x) ≡ 0.

6. The double Hodge dual tenser of the four-dimensional Riemann-Christoffel
curvature tensor is defined by

∗ ∗ Rpquv(x) :=
(

1
4

)

ηpqrs(x)Rrstw(x)ηtwuv(x).
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(i) Show that ∗∗Rpquv(x) satisfy exactly the same algebraic identities as
Rpquv(x) in (5.100) – (5.107).

(ii) Prove that the single contraction

∗ ∗ Rp
qap(x) = Gqa(x).

7. Prove that for differentiable Ricci rotation coefficients, the following differ-
ential identities hold:

∂c(γc
ab− γc

ba) + ∂aγc
bc−∂bγ

c
ac + γc

dc(γd
ba− γd

ab) + γc
adγ

d
bc− γc

bdγ
d

ac ≡ 0.

8. Suppose that the metric tensor field g.. (x) is of class C4 in D ⊂ R
N .

Show that the following second-order differential identities hold:

∇u∇vRpqrs −∇v∇uRpqrs + ∇q∇pRrsvu −∇p∇qRrsvu

+∇s∇rRvupq −∇r∇sRvupq ≡ 0.

9. Let �U(x) be a differentiable vector field in D ∪ ∂D ⊂ R
N . Let D and

∂D satisfy conditions stated in theorem 5.2.20. Prove the Yano’s integral
formula

∫

D

[

(∇iUj)(∇jU i) − (∇iU
i)2 − Rij(x)U i(x)U j(x)

]

dNv

=
∫

∂D

[

U j(x)∇jU
i − U i(x)∇jU

j
]

nid
N−1v.

10. Let p be an integer such that 2 ≤ p + 2 ≤ N . Let ∂D∗
p+2 be the

closed, orientable, differentiable boundary of a star-shaped domain D∗
p+2 in

R
N . Moreover, let pA(x) be a differentiable p -form in D containing D∗

p+2 .
Prove the integral identity

∮

∂D∗
p+2

[

∇uAq1...qp

]

ẽq1(x) ∧ · · · ∧ ẽqp(x) ∧ ẽu(x) ≡ 0.

5.3 Curves, Frenet-Serret Formulas,
and Geodesics

We introduced the notion of a parametrized curve into a differentiable manifold
in section 3.2. We also defined the parallel transport of tensor fields along a
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differentiable curve in section 4.2. In the present section, we shall deal with all
these concepts in a Riemannian or a pseudo-Riemannian manifold.

Consider a non-degenerate differentiable curve X into D ⊂ R
N correspond-

ing to an open subset U ⊂ M . By (3.22), (3.24), and (4.36), we write

x = X (t),

xj = X j(t),

�X ′(t) =
dX j(t)

dt

[

∂

∂xj

]

|X (t)

= X ′a(t)�ea [X (t)] ,

t ∈ [a, b] ⊂ R.

(5.170)

The covariant derivative of a differentiable vector �V along the image Γ of X
is given by (4.37), (4.39), and (5.85) as

∇ �X ′

[

�V(X (t))
]

=
DV i

dt
(X (t))

[

∂

∂xi

]

|X (t)

=
DV a

dt
(X (t))�ea(X (t)),

DV i

dt
(X (t)) =

[

∇jV
i
]

|X (t)

dX j(t)
dt

=
[

∂jV
i +
{

i
jk

}

V k(x)
]

|..

dX j(t)
dt

,

DV a

dt
(X (t)) = [∇bV

a]|X (t) X ′b(t) = [∂bV
a − γa

cb(x)V c(x)]|.. X ′b(t). (5.171)

Example 5.3.1 Equations (5.171) yield

DV i

dt
(X (t)) =

dV i

dt
(X (t)) +

[{

i
jk

}

V k(x)
]

|X (t)

dX j(t)
dt

.

If we choose the vector field as the tangent vector to the twice-differentiable
curve, then V i(X (t)) = dX i(t)

dt and

DV i (X (t))
dt

=
d2X i(t)

dt2
+
{

i
jk

}

|X (t)

dX j(t)
dt

dX k(t)
dt

. (5.172)

The expression above can be considered as a component of the “generalized
acceleration.” �

The covariant derivative of a differentiable tensor field r
sT(x) along a dif-

ferentiable curve can be obtained from (4.49) and (5.83). It is furnished by

DT i1...ir
j1...js

dt
(X (t)) =

[

∇kT i1...ir
j1...js

]

|X (t)

dX k(t)
dt

=
dT i1...ir

j1...js

dt
(X (t)) +

[

r
∑

α=1

{

iα
kl

}

T i1...iα−1liα+1...ir
j1...js

(5.173)

−
s
∑

β=1

{

l
kjβ

}

T i1...ir
j1...jβ−1ljβ+1...js

]

|X (t)

dX k(t)
dt

.
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The covariant derivatives of products of tensors obey the Leibnitz rules in (4.25).
Therefore, the covariant derivative D

dt of products of tensor components along
a curve will respect the Leibnitz rules of differentiation.

Example 5.3.2 Consider a differentiable tensor field g.. (x) ⊗ g.. (x). The
components are given by gim(x)gjn(x). By (5.173), the covariant derivative
along a curve is provided by

D

dt

[

gim(X (t))gjn(X (t))
]

=
[

∇k

(

gimgjn

)]

|X (t)

dX k(t)
dt

≡ 0.

Thus, we derive the equation

d

dt

[

gim(X (t))gjn(X (t))
]

+
[({

i
kl

}

glm +
{

m
kl

}

gil

)

gjn

−gim

({

l
kj

}

gln +
{

l
kn

}

gjl

)]

|X (t)

dX k(t)
dt

= 0.

These equations are consistent with equations (5.44), (5.45), and (5.46). �

Let us assume that the non-degenerate, differentiable curve X satisfies

g..
[

�X ′(t), �X ′(t)
]

�= 0.

Therefore, the curve is non-null. We shall reparametrize the curve according to
(3.26) and (3.27) as

s = S(t), t = h(s),

x = X#(s) = X (t),

dX#k (s)
ds

= h′(s)
dX k(t)

dt
.

We choose a class of special reparametrizations such that

dS(t)
dt

=

√

∣

∣

∣

∣

gij(X (t))
dX i(t)

dt

dX j(t)
dt

∣

∣

∣

∣

> 0,

σ
[

�X#′(s)
]

=

√

√

√

√

∣

∣

∣

∣

∣

gij(X#(s))
dX#i (s)

ds

dX#j (s)
ds

∣

∣

∣

∣

∣

(5.174)

=

√

[

dS(t)
dt

dh(s)
ds

]2

≡ 1.

In a Riemannian manifold, such a parametrization will be called the arc length
parametrization. In a pseudo-Riemannian manifold, s can be called an arc
separation parameter. (See the book by O’neill[30].)
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Example 5.3.3 Consider E 3 and a Cartesian coordinate chart. A circular
helix X is characterized by

x = X (t) := (a cos t, a sin t, b t); a > 0, b > 0; t > 0.

The separation or length of the tangent vector �X ′(t) is given by

σ
(

�X ′(t)
)

≡ ‖ �X ′(t)‖ =
√

a2 + b2 > 0.

The differential equation (5.174) for the arc length parameter is given by

dS(t)
dt

= ‖ �X ′(t)‖ =
√

a2 + b2.

Integrating the equation above, we obtain

s = S(t) =
(
√

a2 + b2
)

t + s0.

Here s0 is the arbitrary constant of integration. Putting s0 = 0 for simplicity,
the reparametrized curve X#(s) is furnished by

x = X#(s) =
(

a cos
(

s√
a2 + b2

)

, a sin
(

s√
a2 + b2

)

,
bs√

a2 + b2

)

∈ R
3. �

Subsequently, we use this parameter most often. However, we shall drop the
symbol # from X# in the sequel.

Let us denote the tangent vector of a non-null curve X of differentiability
class CN by

λi
(0)(s) :=

dX i(s)
ds

. (5.175)

By (5.174), the vector �λ(0)(s) is a unit vector. Therefore, using (5.173), (5.174),
and (5.175), we get

σ[�λ(0)(s)] ≡ 1, (5.176)

gij(X (s))λi
(0)(s)λj

(0)(s) =: ε(0) = ±1, (5.177)

D

ds

[

gij (X (s)) λi
(0)(s)λj

(0)(s)
]

≡ 0, (5.178)

gij (X (s)) λi
(0)(s)

Dλj
(0)(s)
ds

≡ 0. (5.179)

Equation (5.179) shows that the vector field D�λ(0)(s)

ds is orthogonal to the tan-
gent vector field �λ(0)(s) along the image of the curve. Let us denote the unit

vector field that is codirectional to D�λ(0)(s)

ds by �λ(1)(s). It exists in the case
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where D�λ(0)(s)

ds is not a null vector field. The vector field �λ(1)(s) is called the

first normal and the separation σ
[

D�λ(0)(s)

ds

]

is called the first or principal

curvature κ(1)(s). Assuming κ(1)(s) > 0, we have

Dλi
(0)(s)
ds

= κ(1)(s)λi
(1)(s), (5.180)

gij(X (s))λi
(1)(s)λj

(1)(s) =: ε(1) = ±1, (5.181)

gij (X (s)) λi
(0)(s)λj

(1)(s) ≡ 0. (5.182)

Suppose that

σ

[

D�λ(1)(s)
ds

+ ε(0)ε(1)κ(1)(s)�λ(0)(s)

]

> 0.

In that case, we can define a positive invariant κ(2)(s) and a unit vector �λ(2)(s)
by the following equations:

κ(2)(s) := σ

[

D�λ(1)(s)
ds

+ ε(0)ε(1)κ(1)(s)�λ(0)(s)

]

, (5.183)

λi
(2)(s) :=

[

κ(2)(s)
]−1
[

Dλi
(1)(s)
ds

+ ε(0)ε(1)κ(1)(s)λi
(0)(s)

]

, (5.184)

gij (X (s)) λi
(2)(s)λj

(2)(s) =: ε(2) = ±1, (5.185)

gij (X (s)) λi
(0)(s)λj

(2)(s) ≡ gij (X (s)) λi
(1)(s)λj

(2)(s) ≡ 0. (5.186)

The vector field �λ(2)(s) is called the second normal (or binormal), and the
invariant κ(2)(s) is called the second curvature (or torsion).

In this fashion, we can continue to create more orthonormal vectors along
the curve. But the process must terminate before or at the N th step since
the tangent space TX (s)(RN ) can admit at most N orthonormal vectors. We
summarize the outcome of this process in the Frenet-Serret formulas in the
following theorem.

Theorem 5.3.4 Let X be a parametrized, non-degenerate, non-null curve of
class CN+1

(

[s1, s2] ⊂ R; RN
)

. Let s be the arc separation parameter for X .
Moreover, let there exist a finite sequence of N non-null vector fields, recursively
defined, along the curve:

κ(A)(s)λi
(A)(s) :=

Dλi
(A−1)(s)
ds

+ ε(A−2)ε(A−1)κ(A−1)(s)λi
(A−2)(s),

κ(0)(s) = κ(N)(s) ≡ 0,

gij (X (s)) λi
(A−1)(s)λj

(A−1)(s) =: ε(A−1) = ±1,

A ∈ {1, 2, . . . , N} .

(5.187)



162 5. Riemannian and Pseudo-Riemannian Manifolds

Then the set of vectors
{

�λ(A−1)(s)
}N

1
is an orthonormal basis set for TX (s)(RN ) .

The proof is left to the reader.

Caution: If any of the vectors D�λ(A−1)(s)

ds +ε(A−2)ε(A−1)κ(A−1)(s)�λ(A−2)(s) becomes
null, the procedure breaks down in the next step.

Example 5.3.5 Let us choose E 3 and a Cartesian coordinate chart. We
denote the alternate symbols by

T i(s) := λi
(0)(s), N i(s) := λi

(1)(s), Bi(s) := λi
(2)(s),

κ(s) := κ(1)(s), τ(s) := κ(2)(s).

The Frenet-Serret formulas (5.187) yield the well-known equations

dT i(s)
ds

= κ(s)N i(s),

dN i(s)
ds

= −κ(s)T i(s) + τ(s)Bi(s),

dBi(s)
ds

= −τ(s)N i(s).

(5.188)

Let us choose a circular helix furnished by

X (s) :=
(

cos(s/
√

2), sin(s/
√

2), s/
√

2,
)

,

s ∈ [0,∞).

(See fig. 5.2.) In this case, we compute explicitly

�T(s) = −
(

1/
√

2
)

sin
(

s/
√

2
)

(

∂

∂x1

)

|X(s)

+
(

1/
√

2
)

cos
(

s/
√

2
)

(

∂

∂x2

)

|..

+
(

1/
√

2
)

(

∂

∂x3

)

|..
,

�N(s) = − cos
(

s/
√

2
)

(

∂

∂x1

)

|..
− sin

(

s/
√

2
)

(

∂

∂x2

)

|..
,

�B(s) = (1/
√

2) sin
(

s/
√

2
)

(

∂

∂x1

)

|..
− (1/

√
2) cos

(

s/
√

2
)

(

∂

∂x2

)

|..

+
(

1/
√

2
)

(

∂

∂x3

)

|..
,

κ(s) ≡ (1/2), τ(s) ≡ (1/2) . �
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Figure 5.2: A circular helix in R
3 .
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Example 5.3.6 Consider the four-dimensional space-time manifold of a
Lorentz metric. Consider a timelike curve X of class C5 . Therefore, we must
have

−ε(0) = ε(1) = ε(2) = ε(3) = 1.

The Frenet-Serret formulas (5.187) yield

Dλi
(0)(s)
ds

= κ(1)(s)λi
(1)(s),

Dλi
(1)(s)
ds

= κ(2)(s)λi
(2)(s) + κ(1)(s)λi

(0)(s),

Dλi
(2)(s)
ds

= κ(3)(s)λi
(3)(s) − κ(2)(s)λi

(1)(s),

Dλi
(3)(s)
ds

= −κ(3)(s)λi
(2)(s).

(5.189)

The set of vectors
{

�λ(0)(s), �λ(1)(s), �λ(2)(s), �λ(3)(s)
}

is the orthonormal Frenet-
Serret tetrad along the curve.

A hyperbola of constant curvature in space-time is characterized by κ(1)(s) =
b = const. , κ(0)(s) = κ(3)(s) ≡ 0.

In a flat metric, using a Minkowskian or pseudo-Cartesian coordinate
system and the Lorentz metric gij(x) = dij , equations (5.189) for a hyperbola
with constant curvature can be integrated. The general solution is characterized
by

xj = X j(s) = (b)−1cj sinh
[

b
(

s − sj
(0)

)]

+ xj
(0).

Here, cj, sj
(0), and xj

(0) are twelve arbitrary constants of integration. �

Now, we shall derive Frenet-Serret formulas (5.187) in an alternate form.
We change the notations

(

�λ(0)(s), �λ(1)(s), . . . , �λ(N−1)(s)
)

to
(

�λ(1)(s), �λ(2)(s), . . . , �λ(N)(s)
)

.

Then, (5.187) can be expressed as

Dλi
(a)(s)
ds

= κ(a)(s)λi
(a+1)(s) − ε(a−1)ε(a)κ(a−1)(s)λi

(a−1)(s),

κ(0)(s) = κ(N)(s) ≡ 0,

gij (X (s)) λi
a(s)λj

b(s) = dab,

ε(1) := d11, ε(2) := d22, . . . , ε(N) := dNN .

(5.190)
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Using (5.171), (5.54), and (5.19), we obtain

Dλi
(a)(s)
ds

=
[

∇kλi
a(s)
] DX k(s)

ds
= dbdγabc(x)

[

μc
k(x)

DX k(s)
ds

]

λi
d(x)

= ddbγabc(x)X ′c(s)λi
d(x)

=
N
∑

d=1

ε(d) [γadc(x)X ′c(s)] λi
d(x). (5.191)

(Here, we have suspended the summation convention partly!) Comparing (5.191),
with (5.190), we conclude that for a Frenet-Serret orthonormal basis (or frame)
we must have

γadc(x)X ′c(s) ≡ 0 for d �= a ± 1,

γ(a)(a+1)c(x)X ′c(s) = −γ(a+1)(a)c(x)X ′c(s)

= ε(a+1)κ(a)(s).

(5.192)

We shall now define the parallel transport of tensor fields along a differential
curve X . By (4.38), (4.47), (4.48), (4.49), and (5.173), the rules for parallel
transport are provided by

∇ �X ′ [rsT(X (t))] = r
sO(X (t)), (5.193)

DT i1...ir
j1...js

dt
(X (t)) =

[

∇kT i1...ir
j1...js

]

|X(t)

dX k(t)
dt

= 0, (5.194)

DT a1...ar
b1...bs

dt
(X (t)) = [∇cT

a1...ar
b1...bs

]|X(t)
X ′c(t) = 0. (5.195)

Here, the covariant derivatives ∇k and ∇c are provided by (5.83) and (5.84).

Example 5.3.7 By (5.172) and (5.194), a differentiable vector field �V(x) is
parallelly propagated along a curve X provided

DV i(X (t))
dt

=
[

∂jV
i +
{

i
jk

}

V k(x)
]

|X(t)

dX j(t)
dt

= 0, (5.196)

DV a(X (t))
dt

= [∂bV
a − γa

cb(x)V c(x)]|X(t)
X ′b(t) = 0. (5.197)

Let another vector field �W(x) also be parallelly propagated so that

DW j(X (t))
dt

= 0.

Thus, by the Leibnitz rules, (5.86), (5.196), and (5.197), we get

D

dt

[

gij(x)V i(x)W j(x)
]

|X(t)
=

D

dt

[

dabV
a(x)W b(x)

]

|X(t)
≡ 0, (5.198)



166 5. Riemannian and Pseudo-Riemannian Manifolds

D

dt

[

σ(�V(x))
]

|X(t)

=
D

dt

[

σ( �W(x))
]

|X(t)

≡ 0. (5.199)

Therefore, an orthonormal basis field (or frame) {�ea(x)}N
1 , which is parallelly

propagated, remains an orthonormal frame. �

An affine geodesic curve and an affine parameter have been defined in (4.40),
(4.43), and (4.46), respectively. Thus, we are motivated to express the geodesic
equations in terms of an affine parameter as

d2X i(τ)
dτ2

+
{

i
jk

}

|X(τ)

dX j(t)
dτ

dX k(τ)
dτ

= 0, (5.200)

X ′b(τ) [∂bX ′a(τ) − γa
cb(X (τ))X ′c(τ)] = 0. (5.201)

As a consequence of (5.41), (5.47), and (5.200) we obtain

d

dτ

[

gjk(X (τ))
dX j(τ)

dτ

dX k(τ)
dτ

]

= 2gjk
dX j

dτ

d2X k

dτ2
+ (∂igjk)

dX i

dτ

dX j

dτ

dX k

dτ

= 2
{

gjk
d2X k

dτ2
+ [i k, j]

dX i

dτ

dX k

dτ

}

dX j

dτ

≡ 0.

Therefore, in terms of an affine parameter τ , the geodesic equations (5.200) and
(5.201) admit a first integral

gjk(X (τ))
dX j(τ)

dτ

dX k(τ)
dτ

≡ c = const. (5.202)

In the case of a Riemannian manifold, c > 0. Thus, we can reparametrize
s =

√
cτ to express the geodesic equation in terms of the arc length parameter

s in (5.174). In the case of a Lorentz metric, (i) c = 0 implies that the geodesic
is null, (ii) c > 0 implies that the geodesic is spacelike, and (iii) c < 0
implies that the geodesic is timelike. In the case of non-null geodesics, we can
reparametrize s =

√

|c|τ to obtain an arc separation parameter s . In such a
case, (5.200), (5.201), and (5.202) reduce to

d2X i(s)
ds2

+
{

i
jk

}

|X(s)

dX j(s)
ds

dX k(s)
ds

= 0,

X ′b(s) [∂bX ′a − γa
cb(X (s))X ′c(s)] = 0, (5.203)

dabX ′a(s)X ′b(s) = gjk(X (s))
dX j(s)

ds

dX k(s)
ds

≡ ε := ±1.
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A null geodesic is characterized by (5.200), (5.201), and (5.202) as

d2X i(τ)
dτ2

+
{

i
jk

}

|X(τ)

dX j(τ)
dτ

dX k(τ)
dτ

= 0,

X ′b(τ) [∂bX ′a − γa
cb(X (τ))X ′c(τ)] = 0, (5.204)

dabX ′a(τ)X ′b(τ) = gjk(X (τ))
dX j(τ)

dτ

dX k(τ)
dτ

≡ 0.

If we write the unit tangent vector along a non-null geodesic as λi
(0)(s) :=

dX i(s)
ds , then the first equation of the Frenet-Serret formulas (5.187) and (5.196)

yields for the first curvature
κ(1)(s) ≡ 0. (5.205)

The remaining Frenet-Serret formulas in (5.187) are undefined for a geodesic.

Let us consider an orthonormal basis field
{

�λa(x)
}N

1
. Let us restrict the

basis field over a non-null geodesic X and thus obtain the basis
{

�λa(X (s))
}N

1

(which need not be the Frenet-Serret frame.) If λi
c(X (s)) = dX i(s)

ds is tangential
to the geodesic, we obtain by (5.194), (5.197), and (5.54) that

0 =
Dλl

c(X (s))
ds

= λl
c(X (s))

[

∇iλ
l
c

]

=
[

gjl(x)γcbc(x)μb
j(x)

]

|X(s)
.

Here, the (down) index c is not summed, but the index b is summed! Thus, we
derive the conditions for a geodesic as

γbcc(X (s)) ≡ 0,

b ∈ {1, 2, . . . , N} .
(5.206)

We already discussed a geodesic in example 4.2.3. We shall provide another
example presently.

Example 5.3.8 Let the metric tensor field of a two-dimensional surface em-
bedded in E 3 be given by

g..(u) = E(u1)du1 ⊗ du1 + G(u1)du2 ⊗ du2,

E(u1) > 0, G(u1) > 0,

(u1, u2) ∈ D ⊂ R
2.

(5.207)

(Remark: A plane, sphere, helicoid, or surface of revolution is characterized by
the special case of the metric in (5.207).)
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By (5.207), we obtain for non-zero components of Christoffel symbols
{

1
11

}

= (1/2)∂1(ln E),
{

2
12

}

≡
{

2
21

}

= (1/2)∂1(ln G),

{

1
22

}

= −(1/2)
[

E(u1)
]−1

∂1G. (5.208)

The geodesic equations (5.203) reduce to

d2U1(s)
ds2

+

{

[

2E(u1)
]−1

[

(∂1E)
(

dU1

ds

)2

− (∂1G)
(

dU2

ds

)2
]}

|U(s)

= 0, (5.209)

d2U2(s)
ds2

+ (∂1 ln G)|U(s)

dU1

ds

dU2

ds

= [G(U1(s))]−1 d

ds

[

G(U1(s))
dU2(s)

ds

]

= 0.

(5.210)

Integrating (5.210), we obtain a first integral

G
(

U1(s)
) dU2(s)

ds
= h = const. (5.211)

Instead of integrating (5.209), we can integrate the first integral in (5.203) by
(5.207) to derive

E
(

U1(s)
)

[

dU1(s)
ds

]2

+ G
(

U1(s)
)

[

dU2(s)
ds

]2

= 1. (5.212)

Eliminating dU2(s)
ds from above by (5.211) for the case h �= 0, we get

[

dU1(s)
ds

/dU2(s)
ds

]2

=
{

G(u1)
(

G(u1) − h2
) /

h2E(u1)
}

|U1(s)
.

Reparametrizing the curve, we obtain from the equation above:

dU#2(u1)
du1

= ± h
√

E(u1)
√

G(u1)[G(u1) − h2]
. (5.213)

Integrating the above, we get the solution

u2 = U#2(u1) = ±h

u1
∫

u0

√

E(x)
√

G(x)[G(x) − h2]
dx. (5.214)

(We have tacitly assumed that G(x) > (h)2 .) �
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We shall now derive the geodesic equation (5.200) by the variational
method. The separation along a non-degenerate, non-null, differentiable
curve X is defined by

s = Σ(X ) :=

t2
∫

t1

σ
[

�X ′(t)
]

dt

=

t2
∫

t1

√

∣

∣

∣

∣

gij(X (t))
dX i(t)

dt

dX j(t)
dt

∣

∣

∣

∣

dt

=:

t2
∫

t1

L(x, u)

∣

∣

∣

∣

∣

x=X (t)

u=
dX(t)

dt

dt; (5.215)

L(x, u) =
√

|gij(x)uiuj | > 0,

L(x, u)

∣

∣

∣

∣

∣

x=X (t)

u=
dX(t)

dt

≡ dS(t)
dt

.

In a Riemannian manifold with a positive-definite metric, the separation above
coincides exactly with the arc length of the curve X . The critical values of
the integral (5.215) under the variation of X (together with zero boundary
variations) is furnished by the Euler-Lagrange equations

∂L(x, u)
∂xk

∣

∣

∣

∣

∣

x=X (t)

u=
dX(t)

dt

− d

dt

{

[

∂L(..)
∂uk

]

|..

}

= 0. (5.216)

(See the book by Lovelock and Rund [26].) Now, by the Lagrangian L in
(5.215), we have

∂L(x, u)
∂xk

= [2L(..)]−1 (∂kgij) uiuj ,

∂L(..)
∂uk

= [L(..)]−1
gkj(x)uj .

(5.217)

By (5.217) and (5.215), the Euler-Lagrange equations (5.216) yield

0 =
[

2
dS(t)

dt

]−1
[

(∂kgij)uiuj
]

|.. −
d

dt

{

[

dS(t)
dt

]−1
[

gkju
j
]

|..

}

,

or (5.218)

d2X k(t)
dt2

+
{

k
ij

}

|x=X (t)

dX i(t)
dt

dX j(t)
dt

=
dX k(t)

dt

d

dt

{

ln
∣

∣

∣

dS(t)
dt

∣

∣

∣

}

.
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Choosing the parameter t = s , the arc separation parameter, we get back
equation (5.203). Let us consider the alternate Lagrangian

L2(x, u) := (1/2)
[

gij(x)uiuj
]

,

∂L2(x, u)
∂xk

= (1/2) (∂kgij) uiuj ,

∂L2(x, u)
∂uk

= gkj(x)uj ,

∂2

∂ui∂uj
[L2(x, u)] = gij(x).

(5.219)

The Euler-Lagrangian equations (5.216) from the alternate Lagrangian (5.171)
yield again the geodesic equation (involving an affine parameter)

d2X k(τ)
dτ2

+
{

k
ij

}

|x=X (τ)

dX i(τ)
dτ

dX j(τ)
dτ

= 0.

Remark: The Euler-Lagrange equations from the alternate Lagrangian (5.219)
can be used to compute Christoffel symbols

{

k
ij

}

.

Since the geodesic equation was derived by the variational methods from the
Lagrangian (5.215) and (5.217), we can conclude that the separation along the
geodesic X is critical-valued. In other words, for a geodesic X joining two
points X (τ1) and X (τ2), the separation is maximum, minimum, or station-
ary compared with that of any neighboring non-geodesic curve joining the same
two points.

From the equation
[

dS(τ)
dτ

]2

=
∣

∣

∣

∣

gij(X (τ))
dX i(τ)

dτ

dX j(τ)
dτ

∣

∣

∣

∣

in (5.215), the first fundamental form, metric form, or line element

ds2 = gijdxidxj (5.220)

has been invented.

Example 5.3.9 Let us choose a flat manifold and a Cartesian, or a pseudo-
Cartesian, chart. The metric tensor field and the Christoffel symbols are given
by

g.. (x) = dijdxi ⊗ dxj ,
{

i
jk

}

≡ 0.
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Equation (5.203) for a non-null geodesic implies that

d2X k(s)
ds2

= 0,

xk = X k(s) = cks + xk
0.

(5.221)

Here ck and xk
0 are 2N constants of integration. Thus, the geodesics are

straight lines in R
N .

Equations (5.203) and (5.221) yield

∣

∣dijc
icj
∣

∣ = 1.

Therefore, there exists one second-degree constraint on N constant ci ’s.
The separation Σ(X ) in (5.215) along the geodesic in (5.221) is given by

Σ(X ) =

τ2
∫

τ1

dS(τ)
dτ

dτ =

s2
∫

s1

ds = (s2 − s1) =
√

|dijcicj | (s2 − s1)

=
√

|dij [ci(s2 − s1)] [cj(s2 − s1)]|

=
√

|dij(xi
2 − xi

1) (xj
2 − xj

1)|,

s2 = [Σ(X )]2 = |dij(xi
2 − xi

1) (xj
2 − xj

1)|. (5.222)

The equation above is the generalization of the usual Pythagorean theo-
rem. �

Now we shall derive the equations for the geodesic deviation. Consider a
two-dimensional parametric surface ξ into D ∈ R

N given by

x = ξ(τ, v)

ξ ∈ C3(D ∈ R
2; RN ),

Rank
[

∂ξi

∂τ
,
∂ξi

∂v

]

= 2.

(5.223)

(See figure 5.3.)
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2

ξ

v

x0

(τ
0

,v0
)

(τ
0

,v1
)

(τ,v1
)

(τ,v0
)

τ

N

�

Figure 5.3: Two-dimensional surface generated by geodesics.

Let a typical parametric curve ξ(τ, v0) be a geodesic in D ⊂ R
N with τ as

an affine parameter. Therefore, we have

ξ′i(τ, v) :=
∂ξi

∂τ
(τ, v),

�ξ′(τ, v) := ξ′i(τ, v)
(

∂

∂xi

)

|ξ(τ,v)

= ξ′a(τ, v)�ea(ξ(τ, v)),

Dξ′i

∂τ
(τ, v) =

∂

∂τ
ξ′i(τ, v) +

{

i
jk

}

|ξ(τ,v)

ξ′j(τ, v)ξ′k(τ, v) = 0,

gij(ξ(τ, v))ξ′i(τ, v)ξ′j(τ, v) = dabξ
′a(τ, v)ξ′b(τ, v) ≡ c = const.

(5.224)

The tangent vector �ξ′(τ, v0) is parallelly transported along the geodesic x =
ξ(τ, v0). Let us consider the other coordinate curve, x = ξ(τ0, v). This curve is
non-degenerate, differentiable, and need not be a geodesic. Thus, ξ(τ, v) defines
a one-parameter congruence of geodesics spanning a two-dimensional surface in
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D ⊂ R
N . The tangent vector along ξ(τ0, v) is given by

ηi(τ, v) :=
∂ξi

∂v
(τ, v),

�η(τ, v) := ηi(τ, v)
(

∂

∂xi

)

|ξ(τ,v)

= ηa(τ, v)�ea(ξ(τ, v)),

ξi(τ0, v1) − ξi(τ0, v0) = (v1 − v0)ηi(τ0, v0) + (1/2)
[

∂ηi

∂v

]

|v#

(v1 − v0)2,

v# := v0 + θ(v1 − v0),

0 < θ < 1. (5.225)

Therefore, |v1−v0|σ[�η(τ0, v0)] is the first-order approximation of the separation
between two neighboring geodesics, ξ(τ, v0) and ξ(τ, v1), at τ0 . We can deduce
from (5.224) and (5.225) that

∂

∂τ
ηi(τ, v) =

∂2ξi(τ, v)
∂τ∂v

=
∂2ξi(τ, v)

∂v∂τ
=

∂

∂v
ξ′i(τ, v),

Dηi

∂τ
(τ, v) =

∂ηi

∂τ
(τ, v) +

{

i
jk

}

|ξ(τ,v)

ηj(τ, v)ξ′k(τ, v), (5.226)

Dξ′i

∂v
(τ, v) =

∂ξ′i(τ, v)
∂v

+
{

i
jk

}

|ξ(τ,v)

ξ′j(τ, v)ηk(τ, v) =
Dηi(τ, v)

∂τ
.

The vector field (v1−v0)D�η
∂τ (τ, v0) is the approximate “relative velocity” between

two neighboring geodesics, ξ(τ, v0) and ξ(τ, v1). Similarly, the approximate
“relative acceleration” between the same two geodesics is furnished by (v1 −
v0)D2�η

∂τ2 (τ, v0). We would like to investigate the “relative acceleration.” Now,
by (5.110), (5.111), and (5.173), we obtain for a twice-differentiable vector field
�T(x) restricted to a smooth surface the following commutation relation:

D2T i

∂τ∂v
(ξ(τ, v)) − D2T i

∂v∂τ
(ξ(τ, v))

= Ri
lkj(ξ(τ, v))T �(ξ(τ, v))ξ′k(τ, v)ηj(τ, v).

(5.227)

By (5.224), (5.226), and (5.227) we can derive that

D2ηi

∂τ2
(τ, v) =

D2ξ′i

∂τ∂v
(τ, v) =

D2ξ′i

∂v∂τ
(τ, v) + Ri

lkj(ξ(τ, v))ξ′�(τ, v)ξ′k(τ, v)ηj(τ, v)

= Ri
lkj(ξ(τ, v))ξ′�(τ, v)ξ′k(τ, v)ηj(τ, v).

The equation above is exact. We have essentially proved the following theorem
due to Synge. (See Synge & Schild [37].)



174 5. Riemannian and Pseudo-Riemannian Manifolds

Theorem 5.3.10 Let D ⊂ R
N correspond to an open subset of a C3 -differenti-

able manifold with a metric. Let ξ ∈ C3(D ⊂ R
2; RN ) be a two-dimensional,

non-degenerate parametric surface into R
N . Let the parametric surface ξ be

generated by the one-parameter geodesic congruence x = ξ(τ, v) (with Dξi(τ,v)
∂τ =

0). Then, the geodesic deviation vector components ηi(τ, v) := ∂ξi

∂v (τ, v) must
satisfy

D2ηi(τ, v)
(∂τ)2

(ξ(τ, v)) + Ri
ljk(ξ(τ, v))ξ′�(τ, v)ηj(τ, v)ξ′k(τ, v) = 0, (5.228)

ξ′c(τ, v)
[

∇c(ξ′b∇bη
a)
]

+ Ra
bcd(ξ(τ, v))ξ′b(τ, v)ηc(τ, v)ξ′d(τ, v) = 0. (5.229)

Remark: The equations (5.228) and (5.229) are called the geodesic deviation
equations.

Example 5.3.11 Consider a locally flat manifold and a Cartesian, or a pseudo-
Cartesian, chart with Ri

jkl(x) ≡ 0. By (5.221), a one-parameter family of
straight lines (or geodesics) spanning a ruled surface is provided by

xi = ξi(τ, v) = τF i(v) + Gi(v),
N
∑

i=1

[

F i(v)
]2

> 0, dijF
i(v)F j(v) ≡ const.,

ξ′i(τ, v) = F i(v), ηi(τ, v) = τF ′i(v) + G′i(v),

Dηi

∂τ
(τ, v) = F ′i(v),

D2ηi

∂τ2
(τ, v) ≡ 0.

(5.230)

Thus, the geodesic deviation equations (5.228) are identically satisfied. �

Example 5.3.12 Consider the surface S2 of the unit sphere embedded in R
3 .

(See examples 4.3.12, 4.3.13, 5.1.8, and 5.2.19.)
The metric tensor, the non-zero Christoffel symbols, and the non-zero Rie-

mann tensor components are furnished by

g..(x) = dx1 ⊗ dx1 + (sin x1)2dx2 ⊗ dx2

≡ dθ ⊗ dθ + (sin θ)2dφ ⊗ dφ,

{

1
22

}

= − sin θ cos θ,

{

2
12

}

=
{

2
21

}

= cot θ,

R1
212 = −R1

221 = sin2 θ,

R2
112 = −R2

121 = −1.
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Consider the one-parameter family of geodesic congruence (or great circles)
provided by the longitudes as

ξ(θ, φ0) := (θ, φ0), (θ, φ) ∈ (0, π) × (−π, π) ⊂ R
2;

ξ′i(θ, φ) :=
∂ξi

∂θ
(θ, φ) = δi

(1), ηi(θ, φ) :=
∂ξi(θ, φ)

∂φ
= δi

(2),

gij(ξ(θ, φ))ξ′i(θ, φ)ξ′j(θ, φ) ≡ 1, gij(ξ(θ, φ))ηi(θ, φ)ηj(θ, φ) = sin2 θ,

gij(ξ(θ, φ))ξ′i(θ, φ)ηj(θ, φ) ≡ 0.

(See fig. 5.4.) Obviously, θ is the arc length parameter along a longitude.
The geodesic conditions (5.224) can be checked explicitly as

S2

TR2

ξ

θ

(π, π)

N

S

φ

(π,−π)

Figure 5.4: Geodesic deviation between two neighboring longitudes.

Dξ′1

∂θ
(θ, φ) = 0 +

{

1
22

}

[

δ2
(1)

]2 ≡ 0,

Dξ′2

∂θ
(θ, φ) = 0 + 2

{

2
12

}

[

δ2
(1)

]2 ≡ 0.

The geodesic deviation equations (5.228) reduce to

D2δi
(2)

∂θ2
+ Ri

121 =
D

∂θ

[{

i
12

}]

+ Ri
121 = ∇1

[

(cot θ)δi
(2)

]

+ Ri
121

= [∂1(cot θ)] δi
(2) +

{

i
1k

}

δk
(2) cot θ + R2

121δ
i
(2)

= δi
(2)

[

− cosec2θ + cot2 θ + 1
]

≡ 0.
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Thus, the geodesic deviation equations are identically satisfied by ηi(θ, φ). In
this example,

‖�η(θ, φ)‖ := σ(�η(θ, φ)) = sin θ, lim
θ→0+

‖�η(θ, φ)‖ = lim
θ→π−

‖�η(θ, φ)‖ = 0.

(Longitudinal geodesics do meet at the north and south poles, which are not
covered by the coordinate chart.) �

The solution ηi(τ, v0) of (5.228) along the geodesic ξi(τ, v0) is also called a
Jacobi field (from the viewpoint of the second variation). (See the book by
Hawking and Ellis [18].) If the Jacobi field �η(τ, v0) is not an identically zero
vector field but vanishes at two points (ηi(τ1, v0) = ηi(τ2, v0) = 0), the points
ξ(τ1, v0) and ξ(τ2, v0) are called conjugate points on the geodesic ξ(τ, v0).
In example 5.3.12, the north and south poles are conjugate points on every lon-
gitudinal geodesic on S2 .

Now we shall discuss briefly geodesic completeness of a differentiable
manifold. Recall that the completeness of the set of real numbers R is one of
the corresponding axioms. It is equivalent to the condition that every Cauchy
sequence converges. (Completeness is also one of the axioms for the Hilbert
space that is applicable in quantum mechanics.) Consider a Riemannian mani-
fold (endowed with a positive-definite metric). In a coordinate chart, the dis-
tance between two points q1 and q2 in M along the image of a curve γ is given
by (5.215) as

l(γ) := Σ(X ) =

t2
∫

t1

√

gij(X (t))
dX i(t)

dt

dX j(t)
dt

dt,

x1 = X (t1), x2 = X (t2),

q1 = χ−1(x1), q2 = χ−1(x2).

(5.231)

We define the distance function ρ(q2, q1) by the greatest of lower bounds for
lengths of all C1 -curves joining q1 and q2 . The distance function ρ(q2, q1)
satisfies the axioms of a metric space. Consider a sequence of points {qn}∞1
in M . This sequence is Cauchy provided that for every ε > 0 there exists an
integer N(ε) > 0 such that ρ(qm, qn) < ε for all m,n > N(ε). In the case where
every Cauchy sequence in M converges, the manifold M is called complete.
As an example, consider the Euclidean plane E 2 and a Cartesian chart. We
choose the usual distance function

d(q1, q2) = d
[

χ−1(x1), χ−1(x2)
]

:=
√

(x1
1 − x1

2)2 + (x2
1 − x2

2)2.

By the completeness of real numbers, we can prove that every Cauchy sequence
{xn}∞1 corresponding to {qn}∞1 converges. Thus, the space E 2 is complete.
Now, let us excise one point (corresponding to the origin) from E 2 . Consider
the sequence {qn}∞1 corresponding to {xn}∞1 := {(0, 1/n)}∞1 . It is a Cauchy
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sequence that does not converge in R
2 − {(0, 0)} . Therefore, such a differen-

tiable manifold is not complete. Moreover, in this case, two points, (a, a) and
(−a,−a), in R

2 cannot be joined by a straight line (or a geodesic) lying entirely
in R

2 − {(0, 0)} . (See fig. 5.5.)

x2

(0, 1)

(0, 1/2)

(0, 1/n)

(a, a)

(0, 0)
x1

(-a, -a)

2

Figure 5.5: An incomplete manifold R
2 − {(0, 0)} .

We can use for the positive-definite metric either of the following two equiv-
alent criteria for the completeness.

(i) Every Cauchy sequence of points {qn}∞1 in M is convergent.

(ii) Every geodesic in M can be extended for all real values of an affine pa-
rameter.

The second criterion is called the geodesic completeness for a Rieman-
nian manifold. In a pseudo-Riemannian manifold, the concept of geodesic com-
pleteness is more subtle because of the existence of timelike, spacelike, and null
geodesics. Nevertheless, such concepts are useful in the study of singularity
theorems in general relativity.

Another relevant concept associated with geodesics is the idea of a world
function Ω (introduced by Synge [38]). Let a twice-differentiable geodesic X
in a coordinate chart be expressed in terms of an affine parameter τ as

x = X (τ) ∈ D ⊂ R
N ,

τ ∈ [τ1, τ2] ⊂ R.
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The world function Ω is defined by

Ω(X (τ2),X (τ1)) := (1/2)(τ2 − τ1)

τ2
∫

τ1

gij(X (τ))
dX i(τ)

dτ

dX j(τ)
dτ

dτ. (5.232)

Since gij(X (τ))dX i(τ)
dτ

dX j(τ)
dτ is constant-valued along the geodesic, the world

function Ω in (5.232) can also be expressed as

Ω(X (τ2),X (τ1)) = (1/2)(τ2 − τ1)2gij(X (τ))
dX i(τ)

dτ

dX j(τ)
dτ

,

τ ∈ [τ1, τ2].
(5.233)

Caution: The function Ω above is not to be confused with the curvature 2-form
Ω.. .

Using (5.174), (5.215), (5.232), and (5.233), we obtain

Ω(x2, x1) = Ω(X (τ2),X (τ1)) = (1/2)
[

dS(τ)
dτ

(τ2 − τ1)
]2

= (1/2) [Σ(X )]2 .

(5.234)

Here, Σ(X ) is the arc separation along the (unique) geodesic joining the points
x1 = X (τ1) and x2 = X (τ2).

Example 5.3.13 Let M be an N -dimensional flat manifold. In a pseudo-
Cartesian chart, the metric tensor is expressed as

g.. (x) = dijdxi ⊗ dxj .

Equations (5.222) and (5.234) yield

Ω(x2, x1) = (1/2)dij(xi
2 − xi

1)(x
j
2 − xj

1),

∂Ω(x2, x1)
∂xi

2

= dij(x
j
2 − xj

1),

∂Ω(x2, x1)
∂xi

1

= −dij(x
j
2 − xj

1),

lim
x1→x2

Ω(x2, x1) = 0,

lim
x1→x2

∂Ω(x2, x1)
∂xi

2

= lim
x1→x2

∂Ω(x2, x1)
∂xi

1

= 0. �
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Exercises 5.3

1. Consider S2 , the surface of a unit sphere and the spherical polar coordinate
chart characterized by

g..(θ, φ) = dθ ⊗ dθ + sin2 θ dφ ⊗ dφ.

Integrate the corresponding (non-degenerate) geodesic equations to obtain

c1 sin θ cos φ + c2 sin θ sin φ + c3 cos θ = 0,

where the constants satisfy c2
1 + c2

2 + c2
3 > 0.

2. Consider a three-dimensional pseudo-Riemannian manifold and the metric
field

g.. (x) =
[

f(x3)
]2 [

dx1 ⊗ dx1 + dx2 ⊗ dx2
]

− dx3 ⊗ dx3.

Here f ∈ C1(D ⊂ R; R) and f(x3) �= 0. Integrate the equations for a non-
degenerate null geodesic.

3. Let a four-dimensional metric field be furnished by

g.. (x) = δαβdxα ⊗ dxβ − (1 + x1)2dx4 ⊗ dx4.

Show that the solutions of timelike geodesic equations with initial conditions
Xα(0) = 0, dXα

dx4 |x4=0
= 0, are provided by

X 1(x4) = sech (x4) − 1, X 2(x4) = X 3(x4) ≡ 0.

4. Prove that the arc separation function

Σ(X ) :=

t2
∫

t2

√

∣

∣

∣

∣

gij(X (t))
dX i(t)

dt

dX j(t)
dt

∣

∣

∣

∣

dt

for a differentiable curve X into R
N is invariant under a reparametrization.

5. Consider the Euclidean space E 3 and a Cartesian coordinate chart. Let X
be a thrice-differentiatle curve from the arc length parameter s into R

3 . Assum-
ing κ(s) ≡ κ(1)(s) > 0, prove that X is a plane curve if and only if τ(s) ≡ κ(2)(s)
≡ 0.

6. Consider a flat four-dimensional pseudo-Riemannian manifold and a pseudo-
Cartesian (or Minkowskian) coordinate chart. A timelike helix satisfies the
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following Frenet-Serret equations:

dλi
(0)(s)

ds
= c(1)λ

i
(1)(s),

dλi
(1)(s)

ds
= c(2)λ

i
(2)(s) + c(1)λ

i
(0)(s),

dλi
(2)(s)

ds
= −c(2)λ

i
(1)(s),

dλi
(3)(s)

ds
≡ 0.

Here, the constants satisfy c(1) > 0 and c(2) �= 0. Prove that the curve (with
a > 0, s > 0) defined by

X (s) := (sin [(sinha)s] , cos [(sinha)s] , 0, (cosha)s)

is a timelike helix.

7. Recall the symmetrized Riemann tensor S.... (x) in problem 5 of exercises
5.2. Prove that the geodesic deviation equation (5.228) can be cast into the
form

D2ηi(τ, v)
∂τ2

+ 3Si
klj (ξ(τ, v)) ξ′k(τ, v)ξ′l(τ, v)ηj(τ, v) = 0.

8. Investigate the spacelike geodesics in an Anti-De Sitter space character-
ized by

g.. (x) = e−2t
[

δαβdxα ⊗ dxβ
]

− dt ⊗ dt,

α, β ∈ {1, 2, · · · , N − 1} .

(i) Deduce that the first integrals

exp[−2T (s)]δαβ
dX β(s)

ds
= kα = const.,

exp[2T (s)](δμνkμkν) −
[

dT (s)
ds

]2

= 1,

exist locally.

(ii) Prove that the world function is furnished by

Ω(x, x0) = (1/2)
[

Arctan
√

e2(t−t0) − 1
]2

×
{[

e2(t−t0)/(e2t − e2t0)
]

δμν(xμ − xμ
0 )(xν − xν

0) − e2(t−t0) + 1
}

,

−π

2
< Arctan x <

π

2
,

0 < s0 < s <
π

2
+ s0.
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5.4 Special Coordinate Charts

Consider a particular point p0 ∈ U ⊂ M . In a coordinate chart (χ,U), the
corresponding image is x0 = χ(p0) ∈ D ⊂ R

N . The metric field at that point
is given by

g.. (x0) = gij(x0)dxi ⊗ dxj =: sijdxi ⊗ dxj . (5.235)

Here, the N × N matrix [S] := [sij ] is symmetric with p positive eigenvalues
and n negative eigenvalues. Let us consider a coordinate transformation by
(3.2) and the tensor transformation rules (3.48) to obtain

ŝij := ĝij(x̂0) =
[

∂Xk(x̂)
∂x̂i

∂X l(x̂)
∂x̂j

]

|x̂0

gkl(x0) =: λk
iλ

l
jskl,

[̂S] = [λ]T [S][λ].

(5.236)

In linear algebra, there is a theorem asserting the existence of an N ×N matrix
[λ] such that

[̂S] = [D] = [dij ]. (5.237)

(See the book by Hoffman and Kunze [21].) Therefore, we seek a coordinate
transformation satisfying first-order differential equations

∂ ̂Xk(x0)
∂xi

= μk
i,

[μ] := [λ]−1.

(5.238)

Thus, we can have coordinates so that at a particular point x̂0 ,

ĝij(x̂0)dx̂i ⊗ dx̂j = dijdx̂i ⊗ dx̂j .

Example 5.4.1 Consider the metric tensor field in a two-dimensional mani-
fold given by

g.. (x) = e−x2
dx1 ⊗ dx1 − dx2 ⊗ dx2.

At the particular point x0 = (0, 1) ∈ D ⊂ R
2 , we have

g.. (x0) ≡ g..(0, 1) = e−1dx1 ⊗ dx1 − dx2 ⊗ dx2,

[S] ≡ [sij ] =
[

e−1, 0
0, −1

]

,

[λi
j ] =

[

e1/2, 0
0, 1

]

, [μi
j ] =

[

e−1/2, 0
0, 1

]

.
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Therefore, the differential equations (5.238) reduce to

∂ ̂X1(x)
∂x1|(0,1)

= e−1/2,
∂ ̂X1(x)
∂x2|(0,1)

= 0,

∂ ̂X2(x)
∂x1|(0,1)

= 0,
∂ ̂X2(x)
∂x2|(0,1)

= 1.

A general class of solutions is furnished by

̂X1(x) = e−1/2x1 + (x1)2f(x),

̂X2(x) = (1/2)(x2)2 + (x2 − 1)2g(x).

Here, f and g are arbitrary functions of class C1 . �

Remarks: Note that in the construction above, simplification of the metric
tensor occurs at a single point. Moreover, the transformation is not unique.

We would now like to simplify the metric tensor and also the connection coef-
ficients at a point. For that purpose, we introduce the exponential mapping.
Consider the geodesic equations (5.200) in terms of an affine parameter τ . The
equivalent first-order system of ordinary differential equations is provided by

dX i(τ)
dτ

= V i(τ),
(5.239)

dV i(τ)
dτ

= −
{

i
jk

}

|X(τ)

V j(τ)V k(τ).

The system of equations above possesses unique solutions to an initial-value
problem provided the coefficients

{

i
jk

}

satisfy Lipschitz conditions. Let the
initial values be presented by and the corresponding geodesic be furnished by

X i(0) = xi
0,

dX i(τ)
dτ |τ=0

= W i,

xi = X i
W (τ), τ ∈ [−δ, δ];

XW : [−δ, δ] −→ R
N ,

XW (0) = x0, �X ′
W (0) = �Wx0 = W i ∂

∂xi |x0

∈ Tx0(R
N ).

(5.240)

The geodesic above may or may not be extendible for the interval τ ∈
[−1, 1]. In a geodesically complete manifold, every geodesic passing through
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x0 can be extended for all τ ∈ R . In the present context, we assume that the
unique geodesic in (5.240) exists for the whole interval τ ∈ [−1, 1]. We define
the exponential mapping expx0

: Tx0(R
N ) → R

N by the rule expx0
[ �Wx0 ] :=

XW (1). (See fig. 5.6.)

Wx0

Wx0

x0

x

expx0

-1 0 1τ Tx0
(     )

D

�w(1)

�w

N

N

Figure 5.6: The exponential mapping.

Now, τ appearing in (5.240) is an affine parameter. Therefore, by (4.46),
x = XW (κτ) (with κ �= 0) yields another geodesic having a common segment
with the original geodesic x = XW (τ). The new geodesic has the initial values
XW (κτ)|τ=0 = x0 and dX i

W (κτ)
dτ |τ=0

=
[

d(κτ)
dτ

dX i
W (κτ)

d(κτ)

]

|τ=0

= κW i . Thus, we

conclude that
XW (κτ) = XκW (τ),

expx0

[

κ �Wx0

]

= XκW (1) = XW (κ),

expx0

[

τ �Wx0

]

= XW (τ).

(5.241)

Example 5.4.2 We choose a flat N -dimensional manifold with

g.. (x) = dijdxi ⊗ dxj ,
{

k
ij

}

≡ 0.

The geodesic equations (5.239) yield

V i(τ) = Ai,

X i(τ) = Aiτ + Bi,

τ ∈ R.

Here, Ai ’s and Bi ’s are arbitrary constants of integration (with
N
∑

i=1

|Ai| > 0).
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The initial values can be incorporated by

xi
0 ≡ Bi,

dX i(τ)
dτ |τ=0

≡ Ai,

�X ′(0) = Ai ∂

∂xi
0

= �Wx0 .

Therefore, (5.240) yields

X i
W (τ) = Aiτ + Bi = W iτ + xi

0,

πi ◦ expx0

[

�Wx0

]

= X i
W (1) = W i + xi

0,

πi ◦ expx0

[

τ �Wx0

]

= τW i + xi
0 = X i

W (τ). �

We have already tacitly assumed for the geodesic that XW ∈ C2([−1, 1] ⊂
R; RN ). Let us make a much stronger assumption that X i = πi ◦ X are real-
analytic functions. In that case, we obtain the Taylor series

xi = πi ◦ exp
[

τ �Wx0

]

= X i
W (τ)

=
∞
∑

n=0

(1/n!)
[

dnX i
W (τ)

dτn

]

|τ=0

τn

= xi
0 + τW i − (1/2)τ2

{

i
jk

}

|x0

W jW k + τ3ci
jklW

jW kW l + . . . ;

|τ | < 1, 0 < δijW
iW j < r2

0. (5.242)

By the repeated use of the geodesic equations, each term in the series above
is of the type (τ)ji+..+jlci

ji+..+jl
W ji ..W jl . We now introduce a coordinate

transformation in a convex neighborhood of x0 by imitating the series in (5.242).
The transformation is given by

xi = Xi(x̂) := xi
0 + x̂i − (1/2)

{

i
jk

}

|x0

x̂j x̂k + ci
jklx̂

j x̂kx̂l + . . . ,

∂Xi(x̂)
∂x̂j

= δi
j −
{

i
jk

}

|x0

x̂k + O(x̂2), (5.243)

det
[

∂Xi(x̂)
∂x̂j |x̂=0

]

= 1.

We conclude from (5.243) that the transformation is one-to-one in the neigh-
borhood of the origin x̂0 ≡ (0, . . . , 0). Therefore, by (5.243), we get

X(x̂0) := X(0, . . . , 0) = x0. (5.244)
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The hatted coordinate system is called the Riemann normal coordinate
chart.

We notice that the curve

x̂ = ̂X (τ) := W iτ (5.245)

has for the pre-image (by (5.242)) the geodesic

x = XW (τ).

Since the geodesic equation (5.239) is a vector equation, the coordinate trans-
formation (5.243) yields the corresponding geodesic equation (5.245) in the Rie-
mann normal coordinates. However, this geodesic is a straight line passing
through the origin x̂0 = (0, . . . , 0). Moreover, on every point of this geodesic,
we have

d2
̂X i(τ)
dτ2

≡ 0,

̂
{

i
jk

}

|x̂(τ)

d ̂X j(τ)
dτ

d ̂X k(τ)
dτ

≡ 0, (5.246)

̂
{

i
jk

}

|(0,...,0)

W jW k = 0.

At a point x̂ = ̂X (τ) away from the origin, other geodesics (not passing through
the origin) will intersect the particular geodesic in (5.245). For other geodesics,

equations d2
̂X i(τ)
dτ2 = 0 and

̂

{

i
jk

}

|X(τ)

d ̂X j(τ)
dτ

d ̂Xk(τ)
dτ = 0 may not hold. However,

every straight-line geodesic in (5.245) intersecting at the origin must satisfy

̂
{

i
jk

}

|(0,...,0)

W jW k = 0,

(5.247)
{

(W 1, . . . ,WN ) ∈ R
N ; 0 < δijW

iW j < r2
0

}

.

Therefore, we obtain

(1/2)
∂2

∂W j∂W k

[

̂
{

i
lm

}

|(0,...,0)

W lWm

]

=
̂
{

i
jk

}

|(0,...,0)

= 0,

[̂jk, i]|(0,...,0)
= 0, (5.248)

∂ĝjk(x̂)
∂x̂i |(0,0...,0)

= 0.
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Thus, at the origin of the Riemann normal coordinates, we can replace covariant
derivatives by partial derivatives. Moreover, by (5.93) and (5.95), we have

̂Ri
jkl(0, . . . , 0) =

[

∂k

{

i
lj

}

− ∂l

{

i
kj

}]

|(0,...,0)

,

(5.249)

̂Rijkl(0, . . . , 0) =
1
2

[

∂2ĝil(x̂)
∂x̂j∂x̂k

+
∂2ĝjk(x̂)
∂x̂i∂x̂l

− ∂2ĝik(x̂)
∂x̂j∂x̂l

− ∂2ĝjl(x̂)
∂x̂i∂x̂k

]

|(0,...,0)

.

The equations above can be utilized to prove the algebraic identities the and
Bianchi’s identities of the Riemann-Christoffel curvature tensor in (5.108), and
(5.109), (5.100) – (5.107).

Example 5.4.3 Consider a metric field given by

g.. (x) = (x1)4dx1 ⊗ dx1 + (x2)4dx2 ⊗ dx2,

D := R
2 − {(0, 0)} .

The non-zero Christoffel symbols are furnished by

{

1
11

}

=
2
x1

,

{

2
22

}

=
2
x2

.

We choose the initial point x0 := (1, 1). The unique geodesic with

x0 = XW (0) = (1, 1), �X ′
W (0) = �Wx0 = W i ∂

∂xi |(1,1)
,

is provided by

X i
W (s) = πi ◦ XW (s) = (1 + 3W is)1/3.

The functions above are real-analytic and admit Taylor’s expansions

X 1
W (s) = 1 + sW 1 − (sW 1)2 + . . .

= 1 + sW 1 − s2

2

{

1
11

}

(1,1)

(W 1)2 + . . . ,

X 2
W (s) = 1 + sW 2 − (sW 2)2 + . . .

= 1 + sW 2 − s2

2

{

2
22

}

(1,1)

(W 2)2 + . . . ,

|sW i| <
1
3
.
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The Riemann normal coordinates are provided by

xi = (1 + 3x̂i)1/3,

x̂i = (1/3)
[

(xi)3 − 1
]

,

x̂0 = (0, 0),

ĝ..(x̂) = δijdx̂i ⊗ dx̂j , ̂Ds := R
2 −
{(

−1
3
,−1

3

)}

,

̂
{

i
jk

}

|(0,0)

≡ 0. �

Let a function f : D ⊂ R
N be differentiable so that we can obtain a 1-form

by (3.15),
df(x) = (∂jf)dxj = (∂af)êa(x). (5.250)

We assume that

df(x) �= õ(x),

N
∑

i=1

(∂if)2 > 0.
(5.251)

The separation of the 1-form can be defined from (2.137) as

σ(df) :=
√

|g..(x)(df, df)|. (5.252)

For a Riemannian manifold, (5.251) and (5.252) yield that σ(df) > 0. How-
ever, for a pseudo-Riemannian manifold, g.. (x)(df, df) can have positive, neg-
ative, or zero values. Now, consider an equation of the type

f(x) ≡ f(x1, . . . , xN ) = c = const.,

x ∈ D ⊂ R
N .

(5.253)

An equation like (5.253) may have no solution, or infinitely many solutions
constituting one or more (N − 1)-dimensional hypersurfaces. For example,
consider E 3 and a Cartesian coordinate chart. An equation f(x) := (x1)2 +
(x2)2 + (x3)2 + 2 = 0 has no solution. An equation f(x) := x1 + x2 + x3 = 0
yields one two-dimensional plane passing through the origin.

Another example is given by f(x) := (x1 + x2 − x3)(x1 − x2 + x3) = 0.
Solutions lie on two planes x1 +x2 −x3 = 0 and x1 −x2 +x3 = 0. Thus planes
intersect on the line given by x1 = 0 and x2 = x3. The solution x0 := (1, 1, 2) is
on the plane x1+x2−x3 = 0 but not on the other plane x1−x2+x3 = 0. There
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is another example in f(x) := (x1x2 + x3)2 − (x1x2)2 − 2x1x2x3 − (x3)2 ≡ 0.
This is an identity and is satisfied by every (x1, x2, x3) ∈ R

3 . We assume that
(5.252) yields only one (N − 1)-dimensional hypersurface DN−1 ⊂ D ⊂ R

N

and the point x0 ∈ DN−1 . We classify the hypersurface DN−1 according to

σ(df)|x0
> 0 −→ spacelike or timelike,

σ(df)|x0
= 0 −→ null.

(5.254)

A null hypersurface DN−1 can also be expressed as

gij(x)(∂if)(∂jf) = 0,

dab(∂af)(∂bf) = 0.
(5.255)

Consider two differentiable non-null hypersurfaces given by f(x) = c and
h(x) = k . In the case where these hypersurfaces intersect orthogonally at x0 ,
we must have

g.. (x)(df, dh)|x0
= 0,

[

gij(x)(∂if)(∂jh)
]

|x0
= 0,

dab [(∂af)(∂bh)]|x0
= 0.

(5.256)

The first-order partial differential equation

gij(x)(∂if)(∂jh) = 0

for a prescribed differentiable function f (with σ(df) > 0) locally admits N − 1
independent solutions h1(x), . . . , hN−1(x). We make a coordinate transforma-
tion

x̂α = ̂Xα(x) := hα(x),

x̂N = ̂XN (x) := f(x),
α ∈ {1, . . . , N − 1} .

(5.257)

The transformed components of the contravariant metric tensor satisfy

ĝNα(x̂) =
∂f(x)
∂xi

∂hα(x)
∂xj

gij(x) = g.. (x) (df, dhα) = 0,

∣

∣ĝNN (x̂)
∣

∣ =
∣

∣

∣

∣

∂f(x)
∂xi

∂f(x)
∂xj

gij(x)
∣

∣

∣

∣

= [σ(df)]2 > 0.

(5.258)

The equations above yield for the metric field

ĝ..(x̂) = ĝαβ(x̂)dxα ⊗ dxβ + ĝNN (x̂)dx̂N ⊗ dx̂N ,

ĝNN (x̂) �= 0.
(5.259)
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Here, the coordinate x̂N is called a normal or hypersurface orthogonal co-
ordinate.

The geometrical interpretation of these results is that the image of the coor-
dinate curve for x̂N intersects orthogonally each of the other coordinate curves
for x̂α contained in a hypersurface DN−1 . (See fig. 5.7.)

- coordinate
    curve

= C2

= C1

xN

xN

xN

Figure 5.7: A normal coordinate x̂N .

Example 5.4.4 Consider a two-dimensional differentiable manifold such that
the conjugate metric field is furnished by

g..(x) :=
∂

∂x1
⊗ ∂

∂x1
+
{

exp
[

(x1)2 + x2
]}

(

∂

∂x1
⊗ ∂

∂x2
+

∂

∂x2
⊗ ∂

∂x1

)

+
[

exp(x1)2
] ∂

∂x2
⊗ ∂

∂x2
,

D :=
{

(x1, x2) ∈ R
2 : (x1)2 + 2x2 < 0

}

.

Let a differentiable function be chosen as f(x) := 2x2 . We verify the condition

[σ(df)]2 = 4[exp(x1)2] > 0.

The partial differential equation in (5.256) reduces to

[exp(x2)]∂1h + ∂2h = 0.

A particular solution is provided by

h(x1, x2) = x1 − exp(x2).

We make a coordinate transformation

x̂1 = x1 − ex2
, x̂2 = 2x2.
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The metric tensor components in the hatted coordinates are given by

ĝ..(x̂) =
{

1 − x̂2 + exp
[

(

x̂1 + ex̂2/2
)2
]}−1

dx̂1 ⊗ dx̂1

+(1/4) exp
[

−
(

x̂1 + ex̂2/2
)2
]

dx̂2 ⊗ dx̂2.

In the metric tensor above, the coordinate x̂2 is a normal or hypersurface or-
thogonal. �

We now drop hats from a normal coordinate chart. Consider an (N − 1)-
dimensional hypersurface given by

DN−1 :=
{

x ∈ D ⊂ R
N : xN = c

}

(5.260)

in the normal coordinate chart. The metric field in (5.259) (with dropped hats)
restricted to the hypersurface DN−1 can be expressed as

g.. (x)|DN−1 = gμν(x, c)dxμ ⊗ dxν =: ḡμν(x)dxμ ⊗ dxν ,

x ≡ (x1, . . . , xN−1, xN ) =: (x, xN ), x := (x1, . . . , xN−1),

μ, ν ∈ {1, . . . , N − 1} .

(5.261)

Caution: The bar does not indicate the complex conjugation!

By (5.41), (5.259), and (5.261), we derive that

{

ρ
μν

}

|xN =c

=
{

ρ
μν

}

,

{

ρ
Nσ

}

= (1/2)gρμ∂Ngμσ,

{

N
ρσ

}

= − (1/2gNN ) ∂Ngρσ,

(5.262)
{

N
Nρ

}

= (1/2gNN ) ∂ρgNN ,

{

ρ
NN

}

= −(1/2)gρμ(x)∂ρgNN ,

{

N
NN

}

= (1/2gNN ) ∂NgNN .

Consider components T i1...ir
j1,...,js

(x) of an (r + s)th-order tensor field rel-
ative to a normal coordinate chart. We introduce a coordinate transformation
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to another normal coordinate chart by

x#α = X#α(x1, x2, . . . , xN−1) ≡ X#α(x),

x#N = X#N (x) := xN ,

∂X#α(x)
∂xN

≡ 0,
∂X#N (x)

∂xN
≡ 1,

det
[

∂x#α(x)
∂xβ

]

�= 0.

(5.263)

By the transformation rules (3.40), (3.49), and (5.263), we obtain

T#α1...αpN...N
β1...βqN...N (x#, x#N ) =

∂X#α1

∂xγ1
. . .

∂X#αp

∂xγp

∂X#μ1

∂x#β1

. . .
∂X#μq

∂x#βq
T γ1...γρN...N

μ1...μqN...N (x, xN ).

(5.264)

This is a transformation rule for a subtensor field of order (p + q) defined on the
hypersurface DN−1 with xN = c under the restricted coordinate transformation
in (5.263). We can generate new subtensors in DN−1 by covariant derivatives
with Christoffel symbols in (5.262). For example, let us compute the covariant
derivative of a 1-form Ti(x)dxi = Tα(x)dxα + TN (x)dxN . We obtain from
(5.83) and (5.262)

∇αTβ|
xN =c

=
[

∇̄αTβ +
(

1
2

)

(∂Ngαβ)
(

gNNTN

)

]

|xN =c

, (5.265)

∇αTN|
xN =c

=
[

∂αTN −
(

1
2

)

(∂Ngμα)
(

gμβTβ

)

−
(

1
2

)

(∂gNN )
(

gNNTN

)

]

|xN =c

,
(5.266)

∇NTα|
xN =c

=
[

∂NTα −
(

1
2

)

(∂Ngαμ)
(

gμβTβ

)

−
(

1
2

)

(∂αgNN ) (gNNTN )
]

|xN =c

,
(5.267)

∇NTN|
xN =c

=
[

∂NTN +
1
2

(∂βgNN )
(

gμβTμ

)

−
(

1
2

)

(∂NgNN )
(

gNNTN

)

]

|xN =c

.
(5.268)

The expressions on the right-hand side of (5.265)–(5.268) yield one subtensor,
two subcovectors, and one subinvariant, respectively, in DN−1 (under the re-
stricted transformation (5.263)).
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Let us go back to the metric form for a normal coordinate chart in (5.259)
(with dropped hats). Corresponding orthonormal N -tuples must satisfy by (5.18)

�eα(x) = λi
(α)(x)

∂

∂xi
= λβ

(α)(x)
∂

∂xβ
,

λN
(α)(x) ≡ 0,

�eN (x) = λi
(N)(x)

∂

∂xi
= ±

√

dNNgNN (x) δi
(N)

∂

∂xi

= ±
√

εNgNN (x)
∂

∂xN
,

λα
(N)(x) ≡ 0,

ḡμν(x)
[

λμ
(α)(x)λν

(β)(x)
]

|xN =c

= d(α)(β). (5.269)

We can derive necessary conditions for Ricci rotation coefficients in a normal
coordinate chart. Suppose that xN is a normal or hypersurface orthogonal
coordinate. Therefore, (5.269) holds. By (5.52) with j = N , we obtain that

0 = λi
(α)(x)

[

∂iλ
N
(β)

]

− λk
(β)(x)

[

∂kλN
(α)

]

=
[

γN
αβ(x) − γN

βα(x)
]

λN
(N)(x),

or
γ

Nαβ
(x) = γ

Nβα
(x).

(5.270)

There exists a special type of normal coordinate chart, namely a geodesic
normal coordinate chart (or a Gaussian normal coordinate chart ). The
corresponding metric field is furnished by

g.. (x) = gαβ(x)dxα ⊗ dxβ + dNNdxN ⊗ dxN

≡ gαβ(x)dxα ⊗ dxβ + εNdxN ⊗ dxN

g.. (x)|xN =c
= gαβ(x, c)dxα ⊗ dxβ =: ḡαβ(x)dxα ⊗ dxβ .

(5.271)

By (5.271) and (5.262), we can obtain non-zero Christoffel symbols
{

ρ
μν

}

|xN =c

=
{

ρ
μν

}

,

{

ρ
Nσ

}

= (1/2)gρμ(x) (∂Ngμσ) ,

(5.272)
{

N
ρσ

}

= (εN/2)∂Ngρσ.

An xN -coordinate curve
xα = Xα(τ) := κα = const.,

xN = XN (τ) := τ,
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satisfies the geodesic equation (5.200). Thus, each of the xN -coordinate curves
is a non-null geodesic. Moreover, the (N − 1)-dimensional hypersurfaces xN =
c1 and xN = c2 are called geodesically parallel.

We can compute curvature tensor components and related tensor compo-
nents restricted to the (N − 1)-dimensional hypersurface xN = c from (5.271),
(5.95), and (5.272). The results are exhibited in the following equations:

ġαβ(x) := ∂Ngαβ|
xN =c

, g̈αβ(x) := ∂N∂Ngαβ|
xN =c

, (5.273)

Rλρμν(x)|xN =c
= Rλρμν(x) + (εN/4) [ġρμġλν − ġρν ġλμ] , (5.274)

2RNρμν(x, c) = ∇ν ġρμ −∇μġρν , (5.275)

RNρμN (x, c) = (1/2)g̈ρμ(x) − (1/4)gαβ(x)ġαρġβμ, (5.276)

Gμν(x)|xN =c
= Gμν(x) + (εN/2)g̈μν(x) + (εN/4)gρσ(x)ġρσ(x)ġμν(x)

−(εN/2)gαβ(x)ġμα(x)ġνβ(x) − (εN/2)gμν(x)

×
[

(1/4) (gρσ(x)ġρσ(x))2 − (3/4)gρσ(x)gαλ(x)ġαρ(x)ġλσ(x)

+gρσ(x)g̈ρσ(x)] , (5.277)

GμN (x)|xN =c
= RμN (x) = (1/2)gρσ(x)

[

∇μġρσ −∇ρġσμ

]

, (5.278)

GNN (x)|xN =c
= −(εN/2)R(x) − (1/8) [gμν(x)ġμν(x)]2

+(1/8)gμρ(x)gνλġρν(x)ġλμ(x).
(5.279)

Example 5.4.5 Consider the four-dimensional space-time manifold with the
metric field

g.. (x) = [A(τ)]2g#
αβ(x)dxα ⊗ dxβ − dτ ⊗ dτ,

α, β ∈ {1, 2, 3},
x := (x1, x2, x3), x4 ≡ τ,

x ∈ D ⊂ R4; A(τ) > 0, Ȧ(τ) :=
dA(τ)

dτ
,

sgn [g.. (x)] = +2.

(5.280)

Here, we have

gαβ(x) = [A(τ)]2g#
αβ(x), gα4(x) ≡ 0, g44(x) = d44 ≡ ε4 = −1,

gαβ(x)|τ=c
= [A(c)]2g#

αβ(x) =: gαβ(x), ġαβ(x) := ∂4gαβ|τ=c

= 2[A(τ)Ȧ(τ)]|τ=c
g#

αβ(x),
{

α
βγ

}

=
{

α
βγ

}#

. (5.281)
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By (5.273)–(5.279), we obtain that

Gμν(x)|τ=c
= Gμν(x) +

[

2A(τ)Ä(τ) + (Ȧ(τ))2

(A(τ))2

]

|τ=c

gμν(x),

Gμν(x)|τ=c
= G#

μν(x) +
[

2A(τ)Ä(τ) + (Ȧ(τ))2
]

|τ=c

g#
μν(x),

Gμ4(x) ≡ 0,

G44(x)|τ=c
= (1/2)R(x) − 3

[

Ȧ(τ)/A(τ)
]2

|τ=c

,

G44(x)|τ=c
= [A(τ)]−2

[

(1/2)R#(x) − 3(Ȧ(τ))2
]

|τ=c

.

(5.282)

The equations above are relevant to the relativistic cosmology. The physical
terminology for the chart inherent in (5.280) is the comoving, synchronous
coordinate system. �

Now, we shall introduce the orthogonal coordinate chart. Suppose that
there exist N differentiable functions f(i)(x) such that

g..(x)
[

df(i), df(j)

]

= 0 for i �= j,

gkl(x)
(

∂kf(i)

) (

∂lf(j)

)

= 0 for i �= j,

gkl(x)
(

∂kf(i)

) (

∂lf(i)

)

�= 0.

(5.283)

The system above comprises N(N +1)/2 coupled, non-linear, first-order partial
differential equations. The solution of this overdetermined system may not
exist for N > 3 cases. If the solution exists locally, the non-null hypersurface
f(i)(x) = c(i) and f(j)(x) = c(j) intersect orthogonally for i �= j . We make a
coordinate transformation

x̂i = ̂Xi(x) := f(i)(x).

By (5.283), we obtain for i �= j

ĝij(x̂) =
∂ ̂Xi(x)

∂xk

∂ ̂Xj(x)
∂xl

gkl(x) = gkl(x)(∂kf(i))(∂lf(j)) ≡ 0,

ĝ11(x̂) �= 0, ĝ22(x̂) �= 0, . . . , ĝNN (x̂) �= 0. (5.284)

Therefore, the metric field reduces to

ĝ..(x̂) = ĝ11(x̂)dx̂1 ⊗ dx̂1 + ĝ22(x̂)dx̂2 ⊗ dx̂2 + · · · + ĝNN (x̂)dx̂N ⊗ dx̂N ,

ĝ11(x̂) �= 0, ĝ22(x̂) �= 0, . . . , ĝNN (x̂) �= 0. (5.285)

Every coordinate curve x̂i intersects the other (N − 1) coordinate curves of
x̂j(i �= j) orthogonally. Let us drop the hats from the orthogonal coordinates
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in the sequel. We also suspend the summation convention for the orthogonal
coordinates. With this understanding, we rewrite (5.285) as

g.. (x) =
N
∑

i=1

N
∑

j=1

[

h(i)(x)
]2

dijdxi ⊗ dxj =
N
∑

i=1

ε(i)

[

h(i)(x)
]2

dxi ⊗ dxi,

h(i)(x) > 0,

gij(x) =
[

h(i)(x)
]2

dij , gij(x) =
[

h(i)(x)
]−2

dij , (5.286)

g ≡ det [gij(x)] =

{

N
∏

i=1

[

h(i)(x)
]2

}

det [dij ] ,

√

|g| =
N
∏

i=1

[

h(i)(x)
]

.

For a corresponding orthonormal basis (or orthonormal frame), we can deduce
from (5.286) that

ẽa(x) =
∑

i

h(i)(x)δa
i dxi, �ea(x) =

∑

i

[

h(i)(x)
]−1

δi
a

∂

∂xi
,

λi
a(x) =

[

h(i)(x)
]−1

δi
a, μa

i(x) = h(i)(x)δa
i.

(5.287)

Denoting by i, j, k only distinct indices for N ≥ 3, the Christoffel symbols from
(5.286), (5.40), and (5.41) are computed as

[ij, k] ≡ 0, [ij, i] = −[ii, j] = diih(i)(x)∂jh(i),

[ii, i] = diih(i)(x)∂ih(i),
(5.288)

{

i
jk

}

≡ 0,

{

j
ii

}

= −diid
jjh(i)(x)

[

h(j)(x)
]−2

∂jh(i),

{

i
ij

}

= ∂j ln h(i)(x),
{

i
ii

}

= ∂i ln h(i)(x).

The Ricci rotation coefficients are provided by (5.287) and (5.53) (with
a, b, c as distinct indices ) as

γabc(x) ≡ 0,

γaba(x) = −daa [hb(x)]−1 ∂

∂xb

[

ln h(a)(x)
]

≡ −daa∂b ln [ha(x)] ≡ −γbaa(x),

γaaa(x) ≡ 0. (5.289)

The connection 1-forms from (5.55) and (5.289) are furnished as

w̃ab(x) = daa

[

∂bh(a)

]

dxa − dbb

[

∂ah(b)

]

dxb

= daa

[

∂b ln h(a)

]

ẽa(x) − dbb

[

∂a ln h(b)

]

ẽb(x) ≡ −w̃ba(x).
(5.290)
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The covariant divergence of a differentiable vector field provided by (5.85)
and (5.286) is

N
∑

i=1

∇iA
i =
[

h(i)h(i) · · ·h(N)

]−1 ∂

∂xi

{[

h(1)h(2) · · ·h(N)

]

Ai
}

≡
N
∑

b=1

∇bA
b. (5.291)

The invariant Laplacian is given by (5.90), (5.91), (5.286), and (5.289) as

ΔV =
∑

i

∑

j

{

[

h(1)h(2) · · ·h(N)

]−1
∂i

[

(

h(i) · · ·h(N)

)

· h−2
(j)d

ij∂jV
]}

. (5.292)

Now, we shall compute the Riemann tensor components from (5.95), (5.286),
and (5.288). (We restrict the dimensions to N ≥ 4 and denote by h, i, j, k only
distinct indices.) Long calculations yield

Rhijk(x) ≡ 0,

Rhiik(x) = diih(i)(x)
{

∂h∂kh(i) −
[

∂hh(i)

] [

∂k ln h(h)

]

−
[

∂kh(i)

] [

∂h ln h(k)

]}

,

Rkiik(x) = diidkkh(i)(x)h(k)(x)
{

dii∂i

[

h−1
(i) ∂ih(k)

]

+ dkk∂k

[

h−1
(k)∂kh(i)

]

+
∑

l �=i,k

′ dll(hl)−2
[

∂lh(i)

] [

∂lh(k)

] }

. (5.293)

Relative to an orthonormal basis, the curvature components computed from
(5.97), (5.287), and (5.289) are given by (a, b, c, d �=):

Rabcd(x) ≡ 0,

Rabbd(x) = dbb

[

h(b)(x)
]−1 {

∂a∂dh(b) −
[

∂ah(b)

] [

∂d ln h(a)

]}

,

Rabba(x) = daadbb

{

dbb
[

h(a)(x)
]−1

∂b∂bh(a) + daa
[

h(b)(x)
]−1

∂a∂ah(b)

+
∑

c �=a,b

′ dcc
[

∂c ln h(a)

] [

∂c ln h(b)

] }

. (5.294)

The Ricci tensor components relative to a coordinate basis are given by
(5.114) and (5.293) for l �= k as

Rlk(x) =
∑

i�=k,l

′ [h(i)(x)
]−1 {

∂l∂kh(i) −
[

∂lh(i)

] [

∂k ln h(l)

]

−
[

∂kh(i)

] [

∂l ln h(k)

]}

,

Rkk(x) = dkkh(k)(x)
∑

i�=k

′ [h(i)(x)
]−1
{

dii∂i

[

h−1
(i) ∂ih(k)

]

+ dkk∂k

[

h−1
(k)∂kh(i)

]

+
∑

l �=i,k

′ dll
[

h−2
(l)

(

∂lh(i)

) (

∂lh(k)

)

]}

. (5.295)
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The Ricci tensor components relative to an orthonormal basis are provided
by (5.115) and (5.294) for a �= b as

Rab(x) =
∑

c �=a,b

′ [h(c)(x)
]−1{

∂a∂bh(c)−
[

∂ah(c)

][

∂b ln h(a)

]

−
[

∂bh(c)

][

∂a ln h(b)

]}

,

Raa(x) = daa

∑

b�=a

′
{

dbb
[

h(a)(x)
]−1

∂b∂bh(a) + daa
[

h(b)(x)
]−1

∂a∂ah(b)

+
∑

c �=a,b

′ dcc
[

∂c ln h(b)

] [

∂c ln h(a)

] }

. (5.296)

The curvature scalar by (5.116), (5.117), (5.295), and (5.296) is furnished by

R(x) =
∑

k

[

h(k)(x)
]−1∑

i�=k

′
{

dii∂i

[

h−1
(i) ∂ih(k)

]

+ dkk∂k

[

h−1
(k)∂kh(i)

]

+
∑

l �=i,k

′ dllh−2
(l)

[

∂lh(i)

] [

∂lh(k)

]

}

=
∑

a

∑

b�=a

′
{

dbbh−1
(a)∂b∂bh(a) + daah−1

(b)∂a∂ah(b)

+
∑

c �=a,b

′ dcc
[

∂c ln h(b)

] [

∂c ln h(a)

]

}

. (5.297)

Remark: These equations are important in continuum mechanics as well as
general relativity.

Exercises 5.4

1. Consider the two-dimensional, real-analytic metric field given by

g.. (x) =
[

1 + (1/4)(x12
+ x22

)
]−2
[

dx1 ⊗ dx1 + dx2 ⊗ dx2
]

,

x ∈ R
2.

Determine whether or not the coordinate chart above is Riemann normal.

2. Suppose that the N -dimensional, real-analytic metric field in a Riemann
normal coordinate chart is provided by

g.. (x) = gij(x)dxi ⊗ dxj ,

x ∈ D ⊂ R
N ;
{

i
jk

}

|0
≡ 0.
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Prove that
[

∂l

{

i
jk

}

− 2
{

i
mj

}{

m
kl

}

+ ∂j

{

i
kl

}

− 2
{

i
mk

}{

m
lj

}

+∂k

{

i
lj

}

− 2
{

i
ml

}{

m
jk

}]

|0
≡ 0.

3. Consider a 1-form Ã(x) = Ai(x)dxi such that dÃ(x) is a continuous
2-form. Let the oriented tensor field equation Ai1(x) [∂i2Ai3 − ∂i3Ai2 ] η

i1i2i3...iN

(x) = 0 hold in D ⊂ R
N . Prove that there exist functions λ and f such that

Ã(x) = λ(x)df(x).

(Remark: Such a 1-form field is called hypersurface orthogonal.)

4. Consider a normal coordinate chart. Show that the corresponding Christof-
fel symbols

{

α
βN

}

,
{

N
αβ

}

,
{

α
NN

}

,
{

N
αN

}

, and
{

N
NN

}

transform as subten-

sors under the restricted coordinate transformation x#α = X#α(x1, . . . , xN−1),
x#N = xN .

5. Consider a geodesic normal coordinate chart characterized by (5.271). Prove
that the corresponding N-tuple components λi

(N)(x) must satisfy

∇jλ(N)i = ∇iλ(N)j .

6. Consider a class of twice-differentiable geodesic normal coordinate charts
characterized by

g.. (x) = gij(x)dxi ⊗ dxj =
[

A(xN )
]2

g#
αβ(x)dxα ⊗ dxβ + εN (dxN )2,

α, β ∈ {1, 2, . . . , N − 1} ,

x := (x1, . . . , xN−1) ∈ D ⊂ R
N−1,

xN ∈ (τ1, τ2) ∈ R.

Assume furthermore that g#
αβ(x) yield (N − 1)-dimensional positive definite

metric components. Prove that the invariant eigenvalues from the equation
det[Gij − λ(x)gij(x)] = 0 are all real.

7. Consider a three-dimensional manifold and a twice-differentiable orthogonal
coordinate chart characterized by

g.. (x) =
3
∑

i=1

ε(i)

[

h(i)(x)
]2

dxi ⊗ dxi.
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(In this problem, the summation convention is suspended.) Prove that for dis-
tinct indices i and k , the Riemann-Christoffel tensor components must satisfy

Rkiik(x) − ε(k)

[

h(k)(x)
]2

Rii(x) − ε(i)

[

h(i)(x)
]2

Rkk(x)

+(1/2)R(x)ε(i)ε(k)

[

h(i)(x)h(k)(x)
]2 ≡ 0.



Chapter 6

Special Riemannian and
Pseudo-Riemannian
Manifolds

6.1 Flat Manifolds

It was mentioned in section 5.2 that a domain D ⊂ R
N corresponding to the

domain U ⊂ MN is flat provided

R
.
... (x) ≡ O

.
... (x),

Ri
jkl(x) ≡ 0,

(6.1)

for all x ∈ D .
Eisenhart, in his book on Riemannian geometry [10], proves that a metric

tensor component gij(x) of a prescribed signature (corresponding to that of the
flat metric component dij ) solves the non-linear equations (6.1) if and only if

gij(x) = dkl
∂fk(x)

∂xi

∂f l(x)
∂xj

. (6.2)

Here, N functions fk(x) are of class C3 in D and otherwise arbitrary.
If we make a C3 -coordinate transformation

x̂i = f i(x),

then (6.2) yields

g.. (x) = gij(x)dxi ⊗ dxj , ĝ.. (x̂) = dkldx̂k ⊗ dx̂l. (6.3)

200
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In the above, the metric tensor components dkl are diagonal as well as constant-
valued. The corresponding x̂ -coordinate system (or chart) surely deserves a
special name. If the metric tensor g.. (x) is positive-definite (thus dij = δij ),
the special coordinate system is called a Cartesian coordinate chart. If
g.. (x) is not positive-definite, the chart is called pseudo-Cartesian. In the
case of dimension N = 4, and g.. (x) is of Lorentz signature, the chart is known
as Minkowskian (in the theory of relativity).

The coordinate transformation from one Cartesian (or pseudo-Cartesian)
chart to another is governed by the equations

x#i = X#i(x̂),

dij = dkl
∂X#k(x̂)

∂x̂i

∂X#l(x̂)
∂x̂j

.
(6.4)

The system of first-order, non-linear partial differential equations in (6.4) can
be solved. The general solution, comprising N(N + 1)/2 arbitrary constants
(or parameters), is furnished by

x#i = X#i(x̂) = ci + lij x̂
j ,

limdij l
j
n = dmn,

[L] :=
[

lij
]

, [D] := [dij ],

[L]T [D][L] = [D],

det[D] = ±1.

(6.5)

(Compare the equations above with (5.17).) The proof for the general solution
in (6.5) is available in books by Synge [38] or Das [7] on the special theory of
relativity.

The set of non-homogeneous linear transformations in (6.5) constitutes an
N(N +1)/2 parameter continuous group. This group is called the generalized
Poincaré group, denoted by IO(p, n; R).

The Cartesian (or pseudo-Cartesian) tensor components transform under a
generalized Poincaré transformation (6.5) (by (3.48)) as

T#k1...kr
l1...ls(x

#) = lk1
i1 . . . lkr

ir
aj1

l1 . . . ajs
ls
̂T i1...ir

j1...js
(x̂),

[A] :=
[

ai
j

]

= [L]−1
.

(6.6)

Under the transformation (6.6), we notice the following consequences:

(1) There is no difference between the Cartesian (or pseudo-Cartesian) com-
ponents and the corresponding orthonormal components.

(2) In a Euclidean space EN , relative to a Cartesian chart, tensor compo-
nents satisfy ̂T i1...irj1...js(x̂) ≡ ̂T i1...ir

j1...js
(x̂) ≡ ̂Ti1...irj1...js

(x̂). Thus,
the contravariant components and covariant components are identical.
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(3) The flat metric tensor components dij and the corresponding tensor-
product components di1j1di2j2 . . . dirjr

transform under (6.6) as numerical
tensor components (retaining the values intact).

(4) The totally antisymmetric permutation symbol ε̂i1...iN
≡ η̂i1...iN

.

(5) The Christoffel symbol components
̂
{

i
jk

}

≡ 0 relative to a Cartesian
(or pseudo-Cartesian) system. Therefore, covariant derivatives reduce to
partial derivatives.

Example 6.1.1 Consider the three-dimensional Euclidean space E 3 and a
Cartesian coordinate chart. Let three vector fields

�A(x) = ai(x)
∂

∂xi
, �B(x) = bi(x)

∂

∂xi
, �C(x) = ci(x)

∂

∂xi
,

be defined in a domain D ⊂ R
3 . (Here, x := (x1, x2, x3).) Recall the usual

vector cross product given by

�A(x) × �B(x) =
[

δliεijkaj(x)bk(x)
] ∂

∂xl
.

By (2.96), we express

δinεnlmεijk = δljδmk − δlkδmj .

Therefore,

�A(x) ×
[

�B(x) × �C(x)
]

=
[

δhnδliεnmlεijkam(x)bj(x)ck(x)
] ∂

∂xh

=
{

[

δmkam(x)ck(x)
]

bh(x) −
[

δmja
m(x)bj(x)

]

ch(x)
} ∂

∂xh

=
[

�A(x) · �C(x)
]

�B(x) −
[

�A(x) · �B(x)
]

�C(x).

Thus, we recover an equation from the elementary vector calculus. �

Example 6.1.2 Consider the flat product manifold E 3 × R . Here, the Eu-
clidean space E 3 represents the physical space according to Newton. The set
R represents the absolute time.

A Cartesian coordinate system is used for a domain of E 3 . Tensors are
considered in the corresponding domain D of R

3 × R . A typical point in D is
denoted by (x, t).

An elastic deformation of a material body is mathematically character-
ized by a C2 -diffeomorphism of a domain of E 3 −→ E 3 (at a given instant).
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The spatial gradient of a small deformation, ui , yields the symmetric strain
tensor

σij(x, t) := (1/2) (∂iuj + ∂jui) . (6.7)

The generalized Hooke’s law states that the symmetric stress tensor
τij(x, t) is linearly related to the strain tensor by the following equations:

τij(x, t) = cijklσ
kl(x, t),

cijlk ≡ cijkl,

cklij ≡ clkij .

(6.8)

Here, cijkl are components of the constant-valued first elasticity tensor.
The elasticity tensor of an isotropic material body is furnished by

cijkl = λδijδkl + μ (δikδjl + δilδjk) . (6.9)

Here, the constants λ and μ are called Lame’s constant and rigidity, respec-
tively.

The equations of motion for a particle inside an isotropic elastic body (with
sufficiently small velocity) are governed by the equations of motion

ρ(x, t)
∂2Ui(x, t)

∂t2
= ρ(x, t)Fi(x, t) + (λ + μ)∂i

[

δklσkl

]

+ μΔui. (6.10)

Here, ρ is the mass density, Fi is the body force density, Δ is the three-
dimensional Laplacian, and ui = Ui(x, t) are deformation components. (See
the book by Green & Zerna [16].) �

Example 6.1.3 We consider again the flat product manifold E 3 × R of the
preceding example. Let us investigate fluid flow in a domain D ⊂ R

3 ×R using
a Cartesian coordinate chart for R

3 . We denote the fluid velocity field by the
components

�v = vi ∂

∂xi
, vi = V i(x, t),

dX i(t)
dt

= V i [X (t), t] . (6.11)

The acceleration vector of a fluid particle is given by
[

dV i(x, t)
dt

]

|x=X(t)

=
[

∂V i(x, t)
∂t

+
(

∂jv
i
)

V j(x, t)
]

|x=X(t)

. (6.12)

By the principle of conservation of mass, the continuity equation

∂

∂t
[ρ(x, t)] + ∂j

[

ρ(x, t)V j(x, t)
]

= 0 (6.13)

follows. Here, ρ is the fluid mass density.
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The vorticity tensor components and the vorticity 2-form at a point in a
fluid are defined by

ωij := (1/2) (∂ivj − ∂jvi) ≡ −ωji,

ω.. := ωijdxi ∧ dxj = d
[

vidxi
]

.
(6.14)

(Here, we have utilized (3.65).)
In the case of a perfect fluid, the density of pressure p(x, t) plays an impor-

tant part. The equations of motion of a perfect fluid particle are governed by

ρ(x, t)
[

∂V i(x, t)
∂t

+
(

∂jv
i
)

V j(x, t)
]

= ρ(x, t)F i(x, t) − δij∂jp. (6.15)

Here, F i(x, t) is the density of body force.
In the case where there is an equation of state, the mass density and

pressure are functionally related. We can express the relationship as

ρ(x, t) = R[p(x, t)] > 0. (6.16)

Here, R is a differentiable function of p . Thus, we can define another C2

function by

P(p) :=
∫

dp

R(p)
≡
∫

ρ−1dp,

∂iP = ρ−1∂ip.

(6.17)

When the body force F i(x, t) is conservative, it is derivable from a potential
U(x, t) so that

F i(x, t) = −δij∂jU. (6.18)

In the case of an irrotational motion, the vorticity tensor vanishes. Therefore,
by (6.14),

ω ..(x, t) ≡ O.. ≡ d
[

vidxi
]

. (6.19)

By theorem 3.4.10, there exists a function φ(x, t) of class C2 such that

vi = −∂iφ. (6.20)

(The function φ is called the velocity potential.) �

Exercises 6.1

1. Consider E 3 and a Cartesian coordinate chart. Let a differentiable vector
field �U(x) = U i(x) ∂

∂xi and a twice-differentiable vectorfield �V(x) = V i(x) ∂
∂xi
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be defined in a domain D ⊂ R
3 . Using the Cartesian components of the vector

fields, prove the following vector identities:

(i) ∇×
[

∇× �V(x)
]

≡ ∇
[

∇·�V(x)
]

−∇·
[

∇�V(x)
]

.

(ii) ∇×
[

�U(x) × �V(x)
]

≡ �V(x)·
[

∇�U(x)
]

− �U(x)·
[

∇�V(x)
]

+�U(x)
[

∇ · �V(x)
]

− �V(x)
[

∇ · �U(x)
]

.

2. Consider the equations (6.5) with ci ≡ 0. (Compare this with (5.17).)
Prove that the resulting set of transformations, called O(p, n; R), constitutes
an N(N − 1)/2 parameter subgroup of the generalized Poincaré group.

3. Prove that in the absence of a body force (Fi(x, t) ≡ 0), and equilibrium
(

∂Ui

∂t ≡ 0
)

, the equations (6.7), (6.9), and (6.10) yield

Δ
[

δklσkl(x)
]

= 0.

4. Consider a perfect fluid endowed with an equation of state following an
irrotational motion under a conservative body force. Prove that the equations
of motion (6.15), (6.16), (6.18), and (6.20) admit the Bernoulli integral

−∂φ

∂t
(x, t) +

1
2
δkl∂kφ · ∂lφ + R [p(x, t)] + U(x, t) = f(t).

(Here, f is an arbitrary function of integration.)

6.2 The Space of Constant Curvature

Consider a smooth surface M2 embedded in R
3 . (See fig. 6.1.) Let us use a

Cartesian coordinate chart in R
3 . By (5.154), the equations of the surface are

provided by
xi = ξi(u),

Rank
[

∂ξi(u)
∂uα

]

= 2,

u ∈ D2 ⊂ R
2.

(6.21)

Let a plane P be generated by the tangent vector �t(ξ(u)) on the surface M2

and the unit normal �n(ξ(u)) to M2 . Let the plane P intersect the surface along
the image of the curve ξ ◦ U .
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n

t

N
2

3
�2

x

u1a s b

u2

u

ξ

x2

x3

x1

P

M2

�

Figure 6.1: The normal section of M2 along �t(x).

The first normal and the first (or principal) curvature of the curve ξ ◦ U are
denoted by �N(ξ(u)) and k(u) := ±κ(ξ(u)). (See the Frenet-Serret equations
(5.188).) As the tangent vector �t , the plane P , and the (consequent) normal
section of ξ ◦ U change along the curve, the value of the curvature k(u) also
changes. We can prove that there exist a maximum value k(1)(u) and a min-
imum value k(2)(u). These correspond to the principal tangential directions
�e1(ξ(u)) and �e2(ξ(u)). The Gaussian curvature and the mean curvature
of the surface at the point ξ(u) ∈ M2 are defined respectively by

K(u) := k(1)(u) · k(2)(u), (6.22)

μ(u) := (1/2)
[

k(1)(u) + k(2)(u)
]

. (6.23)

Pictorial depictions for three simple surfaces are exhibited in fig. 6.2 below.

(iii)(i)

n

e(1)

e(2)

(ii)

n
e(1)

e(2)

n

e(1)e(2)

Figure 6.2: (i) A plane, (ii) a sphere, and (iii) a saddle-shaped surface.

It is intuitively evident that for (i) a plane, k(1)(u) = k(2)(u) = K(u) =
μ(u) ≡ 0. (ii) For a sphere, k(1)(u) ≡ k(2)(u) < 0, K(u) > 0,and μ(u) < 0.
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(iii) Moreover, for a saddle-shaped surface, k(1)(u) > 0, k(2)(u) < 0, and
K(u) < 0.

The metric tensor field (or the first fundamental form) of M2 can be
derived from (6.21) and (3.49) as

2

(

ξ−1
)′(

δijdxi ⊗ dxj
|ξ(u)

)

= δij

[

∂ξi(u)
∂uα

duα

]

⊗
[

∂ξj(u)
∂uβ

duβ

]

=
[

δij
∂ξi(u)
∂uα

∂ξj(u)
∂uβ

]

duα ⊗ duβ

=: gαβ(u)duα ⊗ duβ .

(6.24)

Gauss, in his famous “Theorema Egregium,” proved that the curvature in
(6.22) can be expressed as

K(u) = R1212(u)
/

[

g11(u)g22(u) − (g12(u))2
]

. (6.25)

Here, R1212(u) stands for the Riemann-Christoffel tensor component derived
from gαβ(u). By the right-hand side of (6.25), it has been demonstrated that the
Gaussian curvature of a surface M2 embedded in the Euclidean space E 3 can
be expressed in terms of the intrinsic geometrical properties of the surface M2

alone without reference to the three-dimensional space in which it is embedded.
We would like to generalize now the Gaussian curvature K(x) for higher-

dimensional Riemannian or pseudo-Riemannian manifolds. Consider a two-
dimensional “plane” Π2 embedded in MN . It can be characterized by

xi = ξi(u1, u2) := tiu1 + viu2,

(u1, u2) ∈ D2 ⊂ R
2,

�t(x) := ti
∂

∂xi
∈ Tx

(

R
N
)

,

�v(x) := vi ∂

∂xi
∈ Tx

(

R
N
)

.

(6.26)

(Here, we have assumed that �t(x) and �v(x) are linearly independent.) We
consider all geodesics locally passing through the point x ∈ Π2 that are tan-
gential to Π2 . The collection of all such geodesics generates a two-dimensional
geodesic surface M2 . The Gaussian curvature of the geodesic surface M2 at
the point x ∈ Π2 ∩ M2 is expressed from (6.25) as

K
(

x,�t, �v
)

:=
Rlijk(x)tlvitjvk

[ghm(x)gin(x) − ghn(x)gim(x)] thvitmvn
. (6.27)

The K
(

x,�t, �v
)

above is called the (Riemannian) sectional curvature of the
N -dimensional manifold MN relative to the plane Π2 (spanned by �t and �v)
at the point x ∈ Π2 ∩ MN .
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In the case K
(

x,�t, �v
)

assumes the same value k(x) for every pair �t(x), �v(x) ∈
Tx(RN ), we call the point x ∈ MN isotropic. We shall now derive the neces-
sary and sufficient conditions for isotropy. At a point of isotropy, by (6.27) we
obtain the identity

Tlijk(x)tlvitjvk ≡ 0,

Tlijk(x) := Rlijk(x) − k(x) [glj(x)gik(x) − glk(x)gij(x)] .
(6.28)

The identities (6.28) for arbitrary values of ti, vj , with the help of identities
(5.100)–(5.107), yield

Tlijk(x) ≡ −Tiljk(x) ≡ −Tlikj(x) ≡ Tjkli(x),

Tlijk(x) + Tljki(x) + Tlkij(x) ≡ 0,

0 ≡ ∂4

∂th∂vm∂tg∂vn

[

Tlijktlvitjvk
]

= Tgnhm(x) + Thngm(x) + Tgmhn(x) + Thmgn(x).

(6.29)

We can conclude from (6.28) and (6.29) that

Tlijk(x) ≡ 0,

Rlijk(x) ≡ k(x) [glj(x)gik(x) − glk(x)gij(x)] .
(6.30)

Now, we come to an interesting theorem due to Schur.

Theorem 6.2.1 Let MN be a differentiable manifold with N > 2 . Moreover,
let the metric field g.. (x) be thrice differentiable and every x ∈ D ⊂ R

N be
isotropic. Then, the sectional curvature k(x) must be constant-valued.

Proof. By (6.29) and the Bianchi identities (5.108), we derive that

(∂mk)(gljgik − glkgij) + (∂jk)(glkgim − glmgik)

+(∂kk)(glmgij − gljgim) ≡ 0.

By the multiplication of glj(x)gik(x) and the contractions, the identities above
yield

(N − 1)(N − 2)(∂mk) ≡ 0.

Thus, for N > 2, ∂mk ≡ 0 and k(x) is constant-valued.

Remark: The constancy of the sectional curvatures is also called homogene-
ity. The three-dimensional spatial submanifold of our cosmological universe is
assumed to be isotropic and homogeneous.
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A Riemannian or pseudo-Riemannian manifold with both isotropy and ho-
mogeneity is called a manifold or space of constant curvature (k(x) = K0 =
constant). By (6.30), for a space of constant curvature, we obtain

Rlijk(x) = K0 [glj(x)gik(x) − glk(x)gij(x)] ,

Rij(x) = −(N − 1)K0gij(x),
R(x) = −N(N − 1)K0,

Gij(x) =
(

1
2

)

(N − 1)(N − 2)K0gij(x),

Rabcd(x) = K0 (dacdbd − daddbc) ,

Rab = −(N − 1)K0dab,

Gab(x) =
(

1
2

)

(N − 1)(N − 2)K0dab.

(6.31)

Note that orthonormal components of the curvature tensor, etc., are all constant-
valued.

Example 6.2.2 In a two-dimensional Riemannian surface of constant curva-
ture, (6.31) reduces in an orthogonal coordinate chart to the following:

∂1

[

∂1g22√
g

]

+ ∂2

[

∂2g11√
g

]

+ 2K0
√

g = 0. (6.32)

Assuming a geodesic normal coordinate chart (5.271) in this case, (6.32) reduces to

g.. (x) = dx1 ⊗ dx1 +
[

h(x1, x2)
]2

dx2 ⊗ dx2,

∂2

(∂x1)2
h(x1, x2) + K0h(x1, x2) = 0,

(x1, x2) ∈ D ⊂ R
2.

(6.33)

We impose initial values

h(0, x2) ≡ 1,
∂

(∂x1)
h(x1, x2)|x1=0

≡ 0. (6.34)

We shall now derive solutions of (6.33) and (6.34) in three distinct cases. �

Example 6.2.3 For the flat case K0 = 0, the general solution of (6.33) is
furnished by

h(x1, x2) = f(x2)x1 + g(x2),

where f and g are arbitrary functions of integration. Solving the initial values
in (6.34), we derive that

g.. (x) = dx1 ⊗ dx1 + dx2 ⊗ dx2.

Therefore, the domain of the flat surface M2 is locally isometric to a plane. �
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Example 6.2.4 In the case where K0 > 0, the integration of (6.33) yields the
general solution

h(x1, x2) = A(x2) sin(
√

K0x
1) + B(x2) cos(

√

K0x
1).

Solving the initial values in (6.34), we deduce that

g.. (x) = dx1 ⊗ dx1 +
[

cos(
√

K0x
1)
]2

dx2 ⊗ dx2.

Making a coordinate transformation

x1 =
(

1/
√

K0

)

[

(π/2) − x̂1
]

, x2 =
(

1/
√

K0

)

x̂2,

we finally obtain

ĝ.. (x̂) = (1/K0)
[

dx̂1 ⊗ dx̂1 +
(

sin x̂1
)2

dx̂2 ⊗ dx̂2
]

.

The metric above shows that the domain of a surface M2 of the constant positive
curvature K0 is locally isometric to the domain of a spherical surface of radius
(

1/
√

K0

)

. �

Example 6.2.5 Assume that K0 < 0. The general solution of (6.33) is given
by

h(x1, x2) = A(x2) exp
[
√

−K0x
1
]

+ B(x2) exp
[

−
√

−K0x
1
]

.

The solution of the initial-value problem (6.34) yields

g.. (x) = dx1 ⊗ dx1 +
[

cosh
(
√

−K0x
1
)2
]2

dx2 ⊗ dx2.

In the case where we do not use the geodesic normal coordinates, we can produce
another special solution of (6.32),

g.. (x) = (−1/K0)
[

(cot x1)2dx1 ⊗ dx1 + (sin x1)2dx2 ⊗ dx2
]

,

(x1, x2) ∈ (0, π/2) × (−π, π) ⊂ R
2.

This is the surface of revolution in the shape of a bugle, and it is a geodesically
incomplete surface. �

Now we shall derive the canonical form of the metric tensor for a space of
constant curvature K0 .

Theorem 6.2.6 Let MN be a manifold (or space) of constant curvature K0 of
the differentiability class C2 . Then there exists locally a coordinate chart such
that

g.. (x) =
[

1 + (K0/4)(dklx
kxl)

]−2 [
dijdxi ⊗ dxj

]

;

x ∈ D ⊂ R
N .

(6.35)
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Proof. For N ≥ 2, we assume that there exists a coordinate chart such that

g.. (x) = [U(x)]−1
dijdxi ⊗ dxj = [U(x)]−1

N
∑

j=1

ε(j)dxj ⊗ dxj ;

U(x) �= 0.

(6.36)

(This assumption will be validated in section 6.4.) Suspending the summation
convention, we obtain from (6.36), (6.31), and (5.293) for distinct indices the
following equations:

Rhiik(x) = −ε(i)U
−3(x)∂h∂kU = 0,

Rkiik(x) = −ε(i)ε(k)U
−3(x)

{

[

ε(i)∂i∂iU + ε(k)∂k∂kU
]

−U−1(x)
N
∑

j=1

ε(j) (∂jU)2
}

= −ε(i)ε(k)K0U
−4(x).

Simplifying the equations above, we get

∂2U(x)
∂xh∂xk

= 0, (6.37)

U(x)
[

ε(k)

(

∂2
i U
)

+ ε(i)

(

∂2
kU
)]

= ε(i)ε(k)

[

K0 +
∑

j

ε(j) (∂jU)2
]

. (6.38)

The general solution of (6.37) in a convex subdomain of D ⊂ R
N is furnished

by

U(x) = F 1(x1) + F 2(x2) + · · · + FN (xN ) =
N
∑

j=1

F j(xj). (6.39)

Here, each F j is an arbitrary C2 -function of the single variable xj . Substitut-
ing (6.39) into (6.38), we get

U(x)
[

ε(i)ε(k)
d2F i(xi)
(dxi)2

+
d2F k(xk)
(dxk)2

]

= ε(k)

[

K0 +
∑

j

ε(j) (∂jU)2
]

= U(x)
[

ε(l)ε(k)
d2F l(xl)
(dxl)2

+
d2F k(xk)
(dxk)2

]

.

Therefore, for each pair of indices i and l , we must have

ε(i)
d2F i(xi)
(dxi)2

= ε(l)
d2F l(xl)
(dxl)2

= 2a = const. (6.40)
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Here, “a” is a constant of separation. Integrating N ordinary differential equa-
tions in (6.40), we deduce that

F i(xi) = ε(i)

[

a(xi)2 + 2b(i)xi + c(i)
]

,

∂jU = 2ε(j)

[

axj + b(j)
]

.
(6.41)

Substituting (6.41) into (6.38), we derive that

K0 = 4
∑

j

ε(j)

[

ac(j) − b(j)
]

, (6.42)

4aU(x) = K0 + 4
∑

j

(

axj + b(j)
)2

. (6.43)

In the case where K0 = 0, the proof of (6.35) can be obtained from (6.31) and
the existence of a Cartesian (or pseudo-Cartesian) coordinate chart for a flat
manifold.

In the sequel of this proof, we choose K0 �= 0 and a �= 0. By (6.43) and
(6.36), we have

g.. (x) = (4a)2
[

Ko + 4
∑

j

ε(j)

(

axj + b(j)
)2
]−2

dijdxi ⊗ dxj . (6.44)

By making a coordinate transformation

x̂j = (4a/K0)
(

xj + a−1b(j)
)

and dropping hats, we can prove the validity of (6.35).

Remark: In example 5.3.12, problem 8 of exercises 5.3, and problem 1 of
exercises 5.4, spaces of constant curvature are involved.

Now consider the following linear coordinate transformation:

x̂i = ci + lijx
j ,

lijdiklkm = djm,
N
∑

k=1

ε(k)l
k

j l
k

m = ε(j)δjm.

(6.45)

The set of all such coordinate transformations under the usual composition
rule forms a group called the generalized Poincaré group IO(p, n; R). (See
(5.17) and (6.5) and problem 2 in exercises 6.1.)
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Under the N(N+1)/2 parameter group of transformations (6.44), the metric
form (6.35) remains intact. (Or, in other words, the metric (6.35) admits N(N+
1)/2 Killing vectors.) See Appendix 2.

Now, we shall state a deep theorem.

Theorem 6.2.7 A differentiable manifold MN with a metric admits a group of
motions involving N(N +1)/2 parameters if and only if it is a space of constant
curvature.

(For the proof of the theorem above, see the book by Eisenhart [10].)

Exercises 6.2

1. (i) Express the sectional curvature as

K(x,�t, �v) ≡ K̃(x, t̃, ṽ) :=
Rlikj(x)tlvitjvk

(ghmgin − ghkgim)thvitmvn
.

Prove that

4K̃(x, t̃, ṽ) =
R

....
(x)
(

t̃, ṽ, t̃, ṽ
)

∧g....(x)
(

t̃ ∧ ṽ, t̃ ∧ ṽ
) .

(ii) Let {�ea(x)}N
1 be an orthonormal basis set. Suspending the summation

convention for this problem, prove that the Ricci tensor components satisfy

R
..
(x) (�eb(x),�eb(x)) = −ε(b)

′
∑

a�=b

K (x,�ea,�eb) .

2. (i) Prove that in a regular domain of a space of constant curvature, the
orthonormal components of the curvature tensor satisfy the criteria of a sym-
metric space, namely

∇aRbcde(x) ≡ 0.

(ii) Prove that the Kretschmann invariant for a space of constant curva-
ture satisfies

Rijkl(x)Rijkl(x) = Rabcd(x)Rabcd(x) = 2N(N − 1)(K0)2.
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6.3 Einstein Spaces

We shall define a space more general than a space of constant curvature. We
assume that in a regular domain of such a space, the metric field is of class C3 .
In a coordinate chart, let the equations

R.. (x) = [R(x)/N ]g.. (x),

Rij(x) = [R(x)/N ] gij(x), (6.46)

Rab(x) = [R(x)/N ] dab(x),

x ∈ D ⊂ R
N ,

hold. Such a domain D is called a domain of an Einstein space. (See the
book by Petrov [32].)

Consider an arbitrary non-zero vector field �v(x) ∈ Tx(RN ). By (6.46), we
derive that

Rij(x)vj(x) = [R(x)/N ] vi(x). (6.47)
Therefore, the Ricci tensor in such a space possesses an invariant eigenvalue
R(x)/N . The corresponding subset of “eigenvectors” is given by Tx(RN )−{�ox} .

Now we shall state and prove a theorem about Einstein spaces and spaces
of constant curvature.

Theorem 6.3.1 A regular domain of a space of constant curvature must be a
regular domain of an Einstein space.

Proof. By (6.31) for N > 1, we obtain

Rij(x) = −(N − 1)K0gij(x) = (1/N)R(x)gij(x).

Thus, by (6.46) the domain is that of an Einstein space. For N = 1, the proof
is trivial.

Remark: The converse of the theorem above is not true.

The next theorem deals with the scalar invariant of an Einstein space.

Theorem 6.3.2 In the case where N > 2 , the scalar invariant R(x) in a
regular domain D ⊂ R

N corresponding to that of an Einstein space is constant-
valued.

Proof. By (5.119) and (5.123), it follows that

∇jR
j
i − (1/2)∂iR ≡ 0

in D ⊂ R
N . Using (6.46), the identity above yields

[(N − 2)/N ] ∂iR ≡ 0.

Therefore, for N > 2, ∂iR ≡ 0 and R(x) = k = constant.
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Remark: A regular domain of any two-dimensional manifold M2 must be a
domain of an Einstein space. (See problem 3(ii) of exercises 5.2.)

Example 6.3.3 Consider the four-dimensional space-time manifold and the
following metric field in a chosen chart:

g.. (x) =
[

sin
(

(
√

3λ/2)
)

x3
]4/3

(

dx1 ⊗ dx1 + dx2 ⊗ dx2
)

+ dx3 ⊗ dx3

−
[

cos
(

(
√

3λ/2)x3
)]2 [

sin
(

(
√

3λ/2)x3
)]−2/3

dx4 ⊗ dx4,

D :=
{

x ∈ R
4, x1 ∈ R, 0 < x3 <

(

π/
√

3λ
)

, x4 ∈ R

}

.

Here, λ > 0 is the cosmological constant. By direct computation by (5.114),
we obtain

Rij(x) = −λgij(x) = [R(x)/4] gij(x).

Thus, D ⊂ R
N is a domain of an Einstein space. (This example is from Novotny

and Horsky [29].) �

The next theorem is due to Thomas discussed by Petrov [32].

Theorem 6.3.4 Let D ⊂ R
N be a regular domain corresponding to that of a

positive-definite differentiable manifold MN . The domain corresponds to that
of an Einstein space if and only if

NRij(x)Rij(x) − [R(x)]2 = 0. (6.48)

For the proof, see Petrov [32].
A special class of Einstein spaces with vanishing curvature invariant are

called Ricci-flat spaces. (For this class, Rij(x) ≡ 0.) In the cases where
N = 2 and N = 3, the Ricci flatness is equivalent to the usual flatness. For
N ≥ 4, Ricci flatness is a weaker condition than flatness. In Einstein’s theory
of gravitation, a Ricci-flat domain indicates the absence of sources generating
gravitation.

(See the references [18], [25], [27] and [38].)

Example 6.3.5 A space-time metric field

g.. (x) = (x1)2c1dx1 ⊗ dx1 + (x1)2c2dx2 ⊗ dx2

+(x1)2c3dx3 ⊗ dx3 − (x1)2c4dx4 ⊗ dx4,

D :=
{

x ∈ R
4 : x1 > 0, (x2, x3, x4) ∈ R

3
}

,

c2 + c3 + c4 = 1 + c1, (c2)2 + (c3)2 + (c4)2 = (c1 + 1)2

is an example of a Ricci-flat domain. (This metric was first derived by
Kasner [23].) �
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Exercises 6.3

1. Show that a regular domain of a three-dimensional Einstein space must be
that of a space of constant curvature.

2: Consider the following metric for N ≥ 2:

g.. (x) :=
N−1
∑

α=1

[

h(α)(xN )
]2

dxα ⊗ dxα − dxN ⊗ dxN .

Prove that for

h(α)(xN ) = (sin βxN )1/N−1
[

tan
(

βxN/2
)]βα/β

,

β := β1 + · · ·+ βN−1 �= 0, α ∈ {1, . . . , N − 1} , the resulting metric field yields
an Einstein space (Petrov [31]).

3. Consider the following metric field in a regular domain of a space-time
manifold:

g.. := W (x1, x2, x3)dx1 ⊗ dx1 + 2dx1 ⊗ dx4 + dx2 ⊗ dx2 + dx3 ⊗ dx3,

W (x1, x2, x3) :=
[

(x2)2 − (x3)2
]

f(x1) − 2x2x3h(x1).

(Here, f and h are arbitrary C3 -functions.) Show that the metric represents
a Ricci-flat domain.

Remark: The metric above represents the plane gravitational-wave solution of
Bondi, Pirani, and Robinson [4].

6.4 Conformally Flat Spaces

We shall now investigate conformal mappings. This term is well known in
complex analysis. A mapping from a domain of a complex plane into another
complex plane such that the angle (and the sense) between each pair of inter-
secting curves is preserved is called a conformal mapping. We generalize this
concept to the conformal mapping of a regular domain of MN into M̄N . (For a
global definition, it is assumed that MN and M̄N have identical atlases.) The
conformal mapping can be defined (in a specific chart for both spaces) as

ḡ.. (x) := exp [2μ(x)]g.. (x),

ḡ.. (x) = exp [−2μ(x)]g.. (x),
˜̄ea(x) = exp [μ(x)] ẽa(x),
�̄ea(x) = exp [−μ(x)]�ea(x),

x ∈ D ⊂ R
N .

(6.49)
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Here, μ is assumed to be a thrice-differentiable function into R . We note that
by (6.49) we can obtain

ḡ.. (x)(�v(x), �v(x)) = exp [2μ(x)]g.. (x)(�v(x), �v(x)),

ḡ.. (x)(�v(x), �w(x)) = exp [2μ(x)]g.. (x)(�v(x), �w(x)).
(6.50)

The equation above shows that spacelike, timelike, and null vectors are mapped
into spacelike, timelike, and null vectors, respectively. Moreover, for a positive-
definite metric g.. (x), the angle between two non-zero vectors is exactly pre-
served.

By (6.49) and (5.41), we obtain the transformation between Christoffel sym-
bols as

{

k
ij

}

=
{

k
ij

}

+ δk
j∂iμ + δk

i∂jμ − gijg
kl∂lμ. (6.51)

By (6.49), (5.93), and (5.96), (after a long calculation) we obtain for the
transformed curvature tensor components

R̄i
jkl(x) = Ri

jkl(x) + δi
l [∇k∇jμ − (∂kμ)(∂jμ)]

−δi
k [∇l∇jμ − (∂lμ)(∂jμ)]

+
(

δi
lgjk − δi

kgjl

)

[gmn(∂mμ)(∂nμ)]

+gim {gkj [∇l∇mμ − (∂lμ)(∂mμ)] − gjl [∇k∇mμ − (∂kμ)(∂mμ)]},

(6.52)

e2μR̄a
bcd(x) = Ra

bcd(x) + δa
d [∇c∇bμ − (∂cμ)(∂bμ)]

−δa
c [∇d∇bμ − (∂dμ)(∂bμ)]

+ (δa
ddbc − δa

cdbd)
[

def (∂eμ)(∂fμ)
]

+dae {dbc [∇d∇eμ − (∂dμ)(∂eμ)] − dbd [∇c∇eμ − (∂cμ)(∂eμ)]} .

(6.53)

Here, the covariant derivatives are performed in the chart for MN . By (6.49),
(6.52), (6.53), (5.114), (5.115), (5.116), (5.117), (5.119), and (5.120), we get

R̄jk(x) = Rjk(x) + (N − 2) [∇k∇jμ − (∂kμ)(∂jμ)]

+gjk

[

∇i∇iμ + (N − 2)gmn(∂mμ)(∂nμ)
]

,

e2μR̄ab(x) = Rab(x) + (N − 2) [∇a∇bμ − (∂aμ)(∂bμ)]

+dab

[

∇c∇cμ + (N − 2)dcd(∂cμ)(∂dμ)
]

,

R̄(x) = exp [−2μ(x)]
{

R(x) + 2(N − 1)(∇i∇iμ)

+(N − 1)(N − 2)
[

gij(∂iμ)(∂jμ)
]}

,

Ḡjk(x) = Gjk(x) + (N − 2) [∇k∇jμ − (∂kμ)(∂jμ)]

−(1/2)(N − 2)gjk

[

2(∇i∇iμ) + (N − 3)gil(∂iμ)(∂lμ)
]

.

(6.54)
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Now we shall define Weyl’s conformal tensor. (See problem 4 of exercises
5.2.) For N ≥ 3, Weyl’s conformal tensor is defined by

Cl
ijk(x) := Rl

ijk(x) +
1

N − 2
[

δl
jRik − δl

kRij + gikRl
j − gijR

l
k

]

+
R(x)

(N − 1)(N − 2)
[

δl
kgij − δl

jgik

]

,

(6.55)

Cd
abc(x) := Rd

abc(x) +
1

N − 2
[

δd
bRac − δd

cRab + dacR
d

b − dabR
d

c

]

+
R(x)

(N − 1)(N − 2)
[

δd
cdab − δd

bdac

]

.

(6.56)

An important theorem about the conformal tensor will be stated and proved
now.

Theorem 6.4.1 Consider a conformal mapping ḡ.. (x) = exp [2μ(x)]g.. (x) of
class C3 in a domain D ⊂ R

N (N ≥ 3) . Then the components of the conformal
tensor remain invariant; i.e.,

C̄l
ijk(x) ≡ Cl

ijk(x). (6.57)

Proof. By equations (6.49), (6.54), and (6.52), equation (6.57) follows.

Recall the algebraic identities of the Riemann-Christoffel tensor in (5.100) –
(5.107). Similar and other algebraic identities of the conformal tensor are

Cijkl(x) ≡ −Cjikl(x) ≡ −Cijkl ≡ Cklij(x),

Cl
ijk(x) + Cl

jki(x) + Cl
kij(x) ≡ 0,

Cj
jkl(x) ≡ 0, Ck

jkl(x) ≡ 0, Cl
jkl(x) ≡ 0.

(6.58)

By Bianchi identities (5.108) for N ≥ 3, the conformal tensor satisfies the
following differential identities:

∇lC
h

ijk + ∇jC
h

ikl + ∇kCh
ilj ≡ (N − 2)−1

(

δh
jRikl + δh

kRilj + δh
lRijk

+gikRh
jl + gilR

h
kj + gijR

h
lk

)

,

Rijk(x) := ∇kRij −∇jRik + [2(N − 1)]−1 (gik∂jR − gij∂kR) ≡ −Rikj(x),

Ri
ik(x) ≡ 0. (6.59)

The third-order tensor field Rijk(x) can be called the Schouten-Cotton
tensor.
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The contraction of the identities for N ≥ 3 in (6.57) leads to

∇hCh
ilj =

(

N − 3
N − 2

)

Rilj(x). (6.60)

A regular domain of a conformally flat space MN is characterized by the
conditions

g.. (x) = exp [−2μ(x)]g.. (x), gij(x) = exp [−2μ(x)] gij(x),

R
i
jkl(x) ≡ 0.

(6.61)

We shall now state and prove the main theorem regarding the conformal flatness.

Theorem 6.4.2 A regular domain of MN for N ≥ 4 is conformally flat if and
only if Cl

ijk(x) ≡ 0 in the corresponding domain D ⊂ R
N .

Proof. (i) Assume that the domain is conformally flat. Then, by (6.61),
(5.112), (5.116), and (6.55),

R
i
jkl(x) ≡ 0, Rjk(x) ≡ 0, R(x) ≡ 0,

C
l
ijk(x) ≡ 0.

By theorem 6.4.1, we must have

Cl
ijk(x) ≡ 0.

(ii) Assume that Cl
ijk(x) ≡ 0 in D ⊂ R

N . By (6.60), we get

Rijk(x) ≡ 0.

Now, consider an overdetermined system of partial differential equations

∇j∇iw = (∂iw)(∂jw) − (1/2)gijg
kl(∂kw)(∂lw)

+(N − 2)−1
{

[2(N − 1)]−1Rgij − Rij

}

.
(6.62)

To investigate the integrability, we derive from (6.62), (6.59), and (5.110) that

(∂lw)Rl
ijk = ∇k∇j∇iw −∇j∇k∇iw,

(∂lw)Cl
ijk(x) + Rijk(x) = 0.

(6.63)

By our previous assumptions, the equation above (which is the integrability
condition for (6.62)) is identically satisfied. Thus, a solution w(x) of (6.62)
locally exists. We identify μ(x) := w(x). Thus, gij(x) = exp[2w(x)]gij(x). By
theorem 6.4.1, we have

C
l
ijk(x) ≡ 0.
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Equations (6.54) yield

(N − 2)−1
{

[2(N − 1)]−1R gij − Rij

}

=

−∇i∇jw + (∂iw)(∂jw) − (1/2)gijg
kl(∂kw)(∂lw)

+(N − 2)−1
{

[2(N − 1)]−1R gij − Rij

}

.

Since w(x) satisfies (6.62), we obtain

[2(N − 1)]−1R gij − Rij ≡ 0, Rij(x) ≡ 0, R(x) ≡ 0.

Thus, by C
l
ijk(x) ≡ 0, we get R

l
ijk(x) ≡ 0. Therefore, the metric g.. (x) is

conformally flat.

Remarks: (i) Any regular domain of M2 is conformally flat.

(ii) A regular domain of M3 is conformally flat if and only if Rijk(x) ≡ 0.

(iii) Any regular domain of a space of constant curvature MN is conformally
flat.

(iv) In a regular Ricci-flat domain, Cl
ijk(x) ≡ Rl

ijk(x).

Remark: The last equation has been utilized to investigate gravitational waves.
(See the reference [25].)

Consider a conformally flat space MN . It has a coordinate chart such that

gij(x) = exp[2ν(x)]dij . (6.64)

We consider another chart intersecting the preceding one such that

ĝij(x̂) = exp[2μ̂(x̂)]dij . (6.65)

It is natural to investigate the possible coordinate transformations that take
(6.64) into (6.65). The answer was given by Liouville a long time ago (See
Bianchi [1].). To understand these transformations, consider the following co-
ordinate transformations:

x̂i = λxi �= 0; (6.66)

x̂i = xi + ci; (6.67)

x̂i = lijx
j , diklij l

k
m = djm; (6.68)

x̂i =
[

xi/(djkxjxk)
]

; (6.69)

x̂i =
[

xi − bi(xlx
l)
]

/
[

1 − 2bjx
j + (bkbk)(xmxm)

]

,

xl := dlkxk, xlx
l �= 0.

(6.70)
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The first of the transformations in (6.66) is called a dilation (or a scale transfor-
mation). The second transformation (6.68) is the generalized Lorentz group
O(p, n, R) (with p + n = N ). The next transformation (6.69) is the inversion.
The last transformation (6.70) is called a special conformal transformation.
It can be obtained by the composition (inversion) ◦ (translation) ◦ (inversion).
The compositions of the transformations (6.66) to (6.68) and (6.70) constitute
the (1/2)(N + 1)(N + 2) parameter conformal group C(p, n; R).

Theorem 6.4.3 A conformally flat metric field gij(x) = exp[2ν(x)]dij for
N ≥ 3 goes over to a conformally flat metric ĝij(x̂) = exp[2μ̂(x̂)]dij if and only
if the coordinate transformation belongs to the conformal group C(p, n; R) .

Proof. We shall provide only a partial proof. Assume that the transforma-
tion belongs to the conformal group. It is not difficult to prove that the con-
formally flat metric exp[2ν(x)]dij goes over to another conformally flat metric
under each of the transformations in (6.66), (6.67), and (6.68). Let us consider
the inversion in (6.69). We derive the differential forms by (3.46):

X̃′(dx̂i) = (xlxl)−2dxi − 2(xlxl)−4djkxixjdxk.

Therefore, the flat metric

2X′(dijdx̂i ⊗ dx̂j) = (xlxl)−8dij

[

(xhxh)2dxi − 2dnkxixndxk
]

⊗
[

(xpxp)2dxj − 2dmlx
jxmdxl

]

= (xlxl)−4dijdxi ⊗ dxj + O.. (x).

Thus, we deduce that

2
̂X′(exp[2ν(x)]dijdxi ⊗ dxj) = (xlxl)4 exp[2ν(x)]dijdx̂i ⊗ dx̂j

= (x̂lx̂l)−4 exp[2ν̂(x̂)]dijdx̂i ⊗ dx̂j

=: exp[2μ̂(x̂)]dijdx̂i ⊗ dx̂j .

Therefore, we conclude that any transformation in C(p, n; R) takes a confor-
mally flat metric into another conformally flat metric.

Example 6.4.4 Consider a manifold M2 with signature zero. Moreover, let
us choose a conformally flat chart

g(x) = exp[2μ(x)](dx1 ⊗ dx1 − dx2 ⊗ dx2); x ∈ D ⊂ R
2.

We now make a coordinate transformation

x̂1 = x1 + x2, x̂2 = x1 − x2.
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The transformed metric is given by

ĝ.. (x̂) = (1/2) exp [2μ̂(x̂)]
(

dx̂1 ⊗ dx̂2 + dx̂2 ⊗ dx̂1
)

.

(The new chart is called the doubly null coordinate chart.) We make another
coordinate transformation to null coordinates so that the conformal flatness is
preserved. Therefore, we have

x̄1 = X̄1(x̂), x̄2 = X̄2(x̂),
∂(x̄1, x̄2)
∂(x̂1, x̂2)

�= 0;

0 = ḡ11(x̂) = exp [2μ̂(x̂)]
∂X̄1(x̂)

∂x̂1

∂X̄1(x̂)
∂x̂2

,

0 = ḡ22(x̂) = exp [2μ̂(x̂)]
∂X̄2(x̂)

∂x̂1

∂X̄2(x̂)
∂x̂2

.

The general solutions of the partial differential equations above are provided by

x̄1 = f1(x̂1), x̄2 = f2(x̂2);

or else x̄1 = g1(x̂2), x̄2 = g2(x̂1).

Here, functions f1 , f2 , g1 , and g2 are arbitrary C1 . As a proper subset of
these functions, we can allow arbitrary real-analytic functions that involve a
denumerably infinite number of parameters! This conclusion shows why the
case of N = 2 was excluded in theorem 6.4.3. �

Example 6.4.5 Consider the space-time manifold (of signature +2). Let a
metric field be furnished by

g.. =
[

A(x4)
]2
{

[

1 − ε(x1)2
]−1

dx1 ⊗ dx1

+(x1)2
[

dx2 ⊗ dx2 + (sin x2)2dx3 ⊗ dx3
]

}

− dx4 ⊗ dx4;

ε := 0,±1;

D :=
{

x ∈ R
4 : x1 > 0, 0 < x2 < π, −π < x3 < π, x4 > 0

}

.

The metric above is expressed in a geodesic normal chart or comoving, syn-
chronized coordinate system. (See example 5.4.5.) If the function A is twice
differentiable, the domain D ⊂ R

4 corresponds to a conformally flat one in M4 .
This metric is the well-known Friedmann-Robertson-Walker (FRW) metric of
cosmology. �

Now, we shall state and prove the last theorem of this section.
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Theorem 6.4.6 Let the curvature tensor components in a regular domain for
N > 2 satisfy

Rlijk(x) = κ(N − 2)−1
[

gljTik + gikTlj − glkTij − gijTlk

+2(N − 1)−1T (x) (glkgij − gljgik)
]

,

T (x) := T i
i(x).

(6.71)

Here, κ is a positive constant and T.. (x) is a differentiable tensor field. Then,

(i) Gij(x) = −κTij(x); (6.72)

(ii) Tij(x) ≡ Tji(x); ∇iT
ij = 0; (6.73)

(iii) ∇kTij −∇jTik + (N − 1)−1 (gik∂jT − gij∂kT ) = 0; (6.74)

(iv) Cl
ijk(x) ≡ 0; Rijk(x) ≡ 0. (6.75)

Proof. (i) By (6.71), it follows that

Rij(x) = κ
[

(N − 2)−1T (x)gij(x) − Tij(x)
]

,

R(x) = 2κ(N − 2)−1T (x),

Rij(x) − (1/2)gij(x)R(x) = −κTij(x).

(ii) By the symmetry of Einstein’s tensor Gij(x) and the second contracted
Bianchi identity (5.123), the proof follows.

(iii) By the first contracted Bianchi identity (5.121), the proof emerges.

(iv) Substituting Rlijk(x) from (6.71) and consequently Rij(x) and R(x)
in (6.55) and (6.59), the proof is established.

Remark: In the case where N = 4, (6.72) represents Einstein’s gravitational
equation in the presence of matter. Therefore, (6.71) yields the class of con-
formally flat gravitational fields. (See the paper of Das [8] and also Willmore’s
book [39].)

Exercises 6.4

1. Prove that in a regular domain of a three-dimensional manifold, the con-
formal tensor C

.
... (x) ≡ O

.
... (x).

2. Suppose that a non-null, four-dimensional vector field �v(x) = vi(x) ∂
∂xi

satisfies vi(x)Cijkl(x) ≡ 0 in a domain D ⊂ R
4 . Prove that the domain is

conformally flat (Lovelock and Rund [26].)
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3. Consider the conformal mapping (6.49) in a domain of a four-dimensional
manifold. Let F.. (x) = (1/2)Fijdxi ∧ dxj be a differentiable 2-form (electro-
magnetic) field in the same domain. Show the invariance of the electromagnetic
field equations

0 = ∇̄iF̄
ij ⇔ ∇iF

ij = 0,

0 = ∇̄iFjk + ∇̄jFki + ∇̄kFik = ∇iFjk + ∇jFki + ∇kFij .



Chapter 7

Hypersurfaces,
Submanifolds, and Extrinsic
Curvature

7.1 Two-Dimensional Surfaces Embedded
in a Three-Dimensional Space

Let us consider the Frenet-Serret formula (5.188) for a parametrized curve in
a three-dimensional Euclidean space. The first curvature κ(s) of the curve
appears in both of the equations

κ(s) = δijN
i(s)

dT j(s)
ds

= δijN
i(s)

d2X j(s)
ds2

, (7.1)

κ(s) = −δijT
i(s)

dN j(s)
ds

= −δij
dX i(s)

ds

dN j(s)
ds

,

s ∈ (s1, s2) ⊂ R.

(7.2)

We shall generalize this concept of curvature to the extrinsic curvature
of a two-dimensional surface

∑

2 embedded in a three-dimensional Euclidean
space. (The intrinsic curvature of such a surface is controlled by the Riemann-
Christoffel tensor of

∑

2 .) Consider a non-degenerate, parametrized surface ξ
of class C3 (with the image

∑

2 ). Let it be given in a Cartesian coordinate

225
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chart by equations

x = ξ(u) ∈ R
3,

xi = ξi(u) ≡ ξi(u1, u2), (u1, u2) ∈ D2 ⊂ R
2;

∂μξi :=
∂ξi(u1, u2)

∂uμ
,

Rank
[

∂μξi
]

= 2;

μ ∈ {1, 2}, i ∈ {1, 2, 3}.

(7.3)

The three-dimensional vectors

�t(μ)(ξ(u)) := (∂μξi)
∂

∂xi |ξ(u)

(7.4)

are tangential to the coordinate curves on
∑

2 . (See fig. 7.1.)

t(2)
n

2 3

(u)ξ

�2

ξ

u1

u2

x1

x2

x3

t(1)

Σ2

u

Figure 7.1: A two-dimensional surface
∑

2 embedded in R
3 .

These two vectors span a two-dimensional (tangential) vector subspace of
Tξ(u)(R3). It is isomorphic to the intrinsic tangent planes Tξ(u)(

∑

2) and
Tu(R2). For any two vectors �V(ξ(u)), �W(ξ(u)), in the two-dimensional vector
subspace, we can express

�V(ξ(u)) = [vμ(u)∂μξi]
∂

∂xi|ξ(u)

,

�W(ξ(u)) = [wμ(u)∂μξi]
∂

∂xi|ξ(u)

.

(7.5)
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Now, the inner products for three-dimensional vectors are provided by

g.. (x)
[

∂

∂xi
,

∂

∂xj

]

≡ I.. (x)
[

∂

∂xi
,

∂

∂xj

]

:= δij . (7.6)

By the equation above, the previous equations (7.4) and (7.5) yield

I.. (ξ(u))
(

�t(μ)(ξ(u)),�t(ν)(ξ(u))
)

= δij(∂μξi)(∂νξj) =: ḡμν(u), (7.7)

I.. (ξ(u))
(

�V(ξ(u)), �W(ξ(u))
)

= δij

[

vμ(u)∂μξi
] [

wν(u)∂νξj
]

= ḡμν(u)vμ(u)wν(u).
(7.8)

From the equations above, we identify

ḡ.. (u) = ḡμν(u)duμ ⊗ duν (7.9)

as the intrinsic metric for
∑

2 . Moreover, the vectors

�v(u) := vμ(u)
∂

∂uμ
,

�w(u) := wν(u)
∂

∂uν
,

belong to the intrinsic tangent plane Tu

(

R
2
)

. We note that by (3.46) and
(3.49)

(ξ−1)′(dxi
|ξ(u)) = ∂μξiduμ,

2

(

ξ−1
)′(I.. (ξ(u))) = δij

(

∂μξi
) (

∂νξj
)

duμ ⊗ duν

= ḡμν(u)duμ ⊗ duν = ḡ.. (u).

(7.10)

(See (5.155).)
We can work out the unique outer normal vector from (5.157) and (5.159).

It turns out to be

νl(ξ(u)) = (1/2)δliεijk

[

(∂1ξ
j)(∂2ξ

k) − (∂1ξ
k)(∂2ξ

j)
]

,

nl(ξ(u)) = νl(ξ(u))/
√

δijνiνj ,

�n(ξ(u)) = ni(ξ(u))
∂

∂xi |ξ(u)

.

(7.11)

In the simpler language of vector calculus, which uses the cross product, we can
simplify (7.11) into

�n(ξ(u)) =
[

�t(1)(ξ(u)) ×�t(2)(ξ(u))
]

/ ‖�t(1)(ξ(u)) ×�t(2)(ξ(u))‖

=
[

�t(1)(ξ(u)) ×�t(2)(ξ(u))
]

/
√

ḡ(u);

ḡ(u) := det [ḡμν(u)] > 0.

(7.12)
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It can be proved that
δijn

i(ξ(u))nj(ξ(u)) ≡ 1, (7.13)

δijn
i(ξ(u))∂μξj(ξ(u)) ≡ 0. (7.14)

Consider now the rate of change of tangent vectors �t(μ)(ξ(u)) along coordinate
curves on

∑

2 . For that purpose, we define vectors

�t(μν)(ξ(u)) :=
(

∂μ∂νξi
) ∂

∂xi |ξ(u)

≡ �t(νμ)(ξ(u)). (7.15)

Since {�t(1)(ξ(u)),�t(2)(ξ(u)), �n(ξ(u))} is a basis set for Tξ(u)(R3), we can express
the vector field

�t(μν)(ξ(u)) = Cλ
μν(u)�t(λ)(ξ(u)) + Kμν(u)�n(ξ(u)). (7.16)

Here, Cλ
μν(u) and Kμν(u) are suitable coefficients occurring in the linear com-

bination (7.16). We define the tangential and normal parts as

tangent
(

�t(μν)(ξ(u))
)

:= Cλ
μν(u)�t(λ)(ξ(u)),

normal
(

�t(μν)(ξ(u))
)

:= Kμν(u)�n(ξ(u)),

�t(μν)(ξ(u)) ≡ tangent (�t(μν)(ξ(u))) + normal (�t(μν)(ξ(u))).

(7.17)

(See the book by Faber [12].)
By (7.15) and (7.16), we can prove the symmetries

Cλ
νμ(u) ≡ Cλ

μν(u), (7.18)

Kνμ(u) ≡ Kμν(u). (7.19)

Let us try to determine the coefficients Cλ
μν(u) in terms of known quantities

of
∑

2 . Using (7.7), (7.8), (7.13), (7.14), and (7.16), we get

δij(∂λξi)(∂μ∂νξj) = I.. (ξ(u))
(

�t(λ),�t(μν)

)

= Cρ
μν(u)ḡρλ(u)

=: C̄μνλ(u) ≡ C̄νμλ(u).
(7.20)

Differentiating the equation ḡμλ(u) = δij(∂μξi)(∂λξj), we derive that

∂ν ḡμλ = δij

[

(∂ν∂μξi)(∂λξj) + (∂μξi)(∂ν∂λξj)
]

= C̄νμλ(u) + C̄νλμ(u).
(7.21)

Therefore, we deduce by (5.40) and (7.21) that

[μν, λ] = (1/2) [∂μḡνλ + ∂ν ḡλμ − ∂λḡμν ] = C̄μνλ(u),
{

λ
μν

}

= Cλ
μν(u).

(7.22)



7.1. Two-Dimensional Surfaces Embedded in a Three-Dimensional Space 229

Thus, the coefficients Cλ
μν(u) are components of the intrinsic Christoffel sym-

bols of
∑

2 . We can rewrite (7.16) as

�t(μν)(ξ(u)) =
{

λ
μν

}

�t(λ)(ξ(u)) + Kμν(u)�n(ξ(u)). (7.23)

By the equation above, we can express

Kμν(u) = I.. (ξ(u))
(

�t(μν)(ξ(u)), �n(ξ(u))
)

= δij

(

∂μ∂νξi
)

nj(ξ(u)) . (7.24)

The components Kμν(u) are generalizations of the first curvature κ(s) of a
curve in (7.1).

The symmetric tensor

K.. (u) := Kμν(u)duμ ⊗ duν (7.25)

is called the extrinsic curvature tensor. The form ΦII := Kαβ(u)duαduβ is
called the second fundamental form. Whereas the first fundamental form
ΦI ≡ ds2 = ḡμν(u)duμduν determines the intrinsic geometry of the surface,
the second fundamental form ΦII reveals how it curves in the external three-
dimensional space. Besides (7.24), there is an alternate way to express Kμν(u).
For that purpose, we derive from (7.13) that

δijn
i (ξ(u)) ∂μ

[

nj (ξ(u))
]

≡ 0. (7.26)

Therefore, the vectors ∂μ�n := ∂μ

[

nj (ξ(u))
]

∂
∂xj |ξ(u)

must be tangential to the
surface. Thus, we can express

∂μ�n = Aν
μ(u)t(ν) (ξ(u)) ,

∂μ

[

nj (ξ(u))
]

= Aν
μ(u)∂νξj ,

(7.27)

for some coefficients Aν
μ(u). Differentiating (7.14) and using (7.27) and (7.24),

we obtain that

δij

[

(∂ν∂μξi)nj + (∂μξi)(∂νnj)
]

≡ 0,

Kνμ(u) = −δij(∂μξi)[Aλ
ν(u)∂λξj ] = −ḡμλ(u)Aλ

ν(u),

K̄ρ
ν(u) := ḡμρKνμ(u) = −Aρ

ν(u).

(7.28)

Substituting the above into (7.27), we get

∂μ�n = −K̄ν
μ(u)�t(ν) (ξ(u)) , (7.29)

∂μ

[

nj (ξ(u))
]

= −K̄ν
μ(u)∂νξj , (7.30)

δij

(

∂λξi
) (

∂μnj
)

= −Kμλ(u). (7.31)
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Equation (7.29), which was derived by Weingarten, shows that the rate of change
of the surface normal in space is governed by the extrinsic curvature. Equation
(7.31) resembles the equation (7.2) for the principal curvature of a curve.

Now, we shall consider the “invariant eigenvalue” problem posed in the
following equations:

[Kμν(u) − k(u)ḡμν(u)] vν(u) = 0, (7.32)

det [Kμν(u) − k(u)ḡμν(u)] = 0, (7.33)

(ḡ)k2 − (ḡ11K11 + ḡ22K22 − 2ḡ12K12) k + det [Kμν ] = 0. (7.34)

Since ḡ.. (u) is positive-definite, (7.33) or (7.34) always yields two real roots.
These roots, denoted by k(1)(u) and k(2)(u), are the principal roots discussed
in (6.22) and (6.23). By (7.34), we can prove that the Gaussian curvature and
the mean curvatures of the surface are furnished by

K(u) = k(1)(u)k(2)(u) = det [Kμν(u)] /ḡ(u), (7.35)

2μ(u) = k(1)(u) + k(2)(u)

= (ḡ11K22 + ḡ22K11 − 2ḡ12K12) /ḡ(u) = ḡμνKμν .
(7.36)

We shall mention the following classification for a point on
∑

2 .

(i) If k(1)(u) = k(2)(u), the point is called umbilic.

(ii) If K(u) = k(1)(u)k(2)(u) > 0, the point is called elliptic.

(iii) If K(u) = k(1)(u)k(2)(u) < 0, the point is called hyperbolic.

(iv) If K(u) = 0 but μ(u) �= 0, the point is called parabolic.

(v) Finally, If k(1)(u) = k(2)(u) = 0, the point is called planar.

(See fig. 6.2 again.)

Example 7.1.1 We shall investigate a smooth surface of revolution in this
example. Consider a non-degenerate, parametrized curve of class C3 given by

x = X (u1) :=
(

f(u1), 0, h(u1)
)

, u1 ∈ (a, b) ⊂ R; (7.37)

f(u1) > 0,
[

f ′(u1)
]2

+
[

h′(u1)
]2

> 0.
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The image is called the profile curve and is totally contained in the x1−x3

plane of R
3 . In the case where the profile curve is revolved around the x3 -axis,

the resulting surface of revolution is furnished by

x = ξ(u1, u2) =
(

f(u1) cos u2, f(u1) sin u2, h(u1)
)

, (7.38)

D2 :=
{

u ∈ R
2 : a < u1 < b,−π < u2 < π

}

.

(See fig. 7.2.)
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t(2)
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Figure 7.2: A smooth surface of revolution.

By (7.38), (7.4), and (7.8), we obtain

�t(1)(ξ(u)) =
[

f ′(u1)
(

cos u2 ∂

∂x1
+ sin u2 ∂

∂x2

)

+ h′(u1)
∂

∂x3

]

|ξ(u)

,

�t(2)(ξ(u)) =
[

f(u1)
(

− sin u2 ∂

∂x1
+ cos u2 ∂

∂x2

)]

|ξ(u)

,

ḡ11(u) =
[

f ′(u1)
]2

+
[

h′(u1)
]2

> 0, (7.39)

ḡ22(u) =
[

f(u1)
]2

> 0,

ḡ12(u) = ḡ21(u) ≡ 0,

ḡ(u) := det[ḡμν(u)] = [f(u1)]2
{

[

f ′(u1)
]2

+
[

h′(u1)
]2
}

> 0.

The unit outer normal, by (7.11) and (7.12), is given by

�n(ξ(u)) =
[

(f ′)2 + (h′)2
]−1/2 · (7.40)

{

−h′(u1)
[

cos u2 ∂

∂x1
+ sin u2 ∂

∂x2

]

+ f ′(u1)
∂

∂x3

}

|ξ(u)

.
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Using (7.39) and (7.15), we get

�t(11)(ξ(u)) =
{

f ′′(u1)
[

cos u2 ∂

∂x1
+ sin u2 ∂

∂x2

]

+ h′′(u1)
∂

∂x3

}

|ξ(u)

,

�t(22)(ξ(u)) = −f(u1)
[

cos u2 ∂

∂x1
+ sin u2 ∂

∂x2

]

|ξ(u)

, (7.41)

�t(12)(ξ(u)) ≡ �t(21)(ξ(u)) = f ′(u1)
[

− sin u2 ∂

∂x1
+ cos u2 ∂

∂x2

]

|ξ(u)

.

(It is instructive to note that the vectors �t(2) , �t(22) , and �t(12) are all “hori-
zontal”.) Now, by (7.41), (7.40), and (7.24), the extrinsic curvature components
are

K11(u) =
[

(f ′)2 + (h′)2
]−1/2 [

f ′(u1)h′′(u1) − f ′′(u1)h′(u1)
]

,

K22(u) =
[

(f ′)2 + (h′)2
]−1/2

f(u1)h′(u1), (7.42)

K12(u) ≡ K21(u) ≡ 0.

From (7.42), (7.34), (7.35), and (7.36), we deduce that

k(1)(u) =
[

(f ′)2 + (h′)2
]−3/2 [

f ′(u1)h′′(u1) − f ′′(u1)h′(u1)
]

,

k(2)(u) =
[

f(u1)
]−1

h′(u1)
[

(f ′)2 + (h′)2
]−1/2

, (7.43)

K(u) =
[

f(u1)
]−1

h′(u1)
[

(f ′)2 + (h′)2
]−2 [

f ′(u1)h′′(u1) − f ′′(u1)h′(u1)
]

,

2μ(u) =
[

f(u1)
]−1 [

(f ′)2 + (h′)2
]−3/2 [

f(f ′h′′ − f ′′h′) + h′((f ′)2 + (h′)2)
]

.

None of the geometric entities above depend on the rotational parameter
u2 . Moreover, the principal directions of curvature are along the directions of
coordinate curves. In many engineering problems, one deals with metallic or
ceramic surfaces of revolution. As an esoteric application, we cite the example
of spherically symmetric wormholes in general relativity. In that arena, the
surfaces of revolution are pertinent. �

Exercises 7.1

1. Consider a non-degenerate Monge surface embedded in a three-dimensional
Euclidean space. It is parametrically specified by

x = ξ(u) := (u1, u2, f(u1, u2)), u ≡ (u1, u2) ∈ D2 ⊂ R
2.

(Assume that f is of class C4 .)



7.2. (N − 1)-Dimensional Hypersurfaces 233

(i) Prove that the extrinsic curvature is furnished by

Kμν(u) = [1 + δγρ(∂γf)(∂ρf)]−1/2 (∂μ∂νf).

(ii) Show that the vanishing of Gaussian curvature K(u) in a domain im-
plies the existence of a non-constant differentiable function F satisfying
F (∂1f, ∂2f) = 0.

2. Suppose that a non-degenerate, twice-differentiable parametrized surface is
given by (7.3). Prove that the extrinsic curvature is provided by

√

ḡ(u)Kμν(u) = det

⎡

⎣

∂μ∂νξ1 ∂μ∂νξ2 ∂μ∂νξ3

∂1ξ
1 ∂1ξ

2 ∂1ξ
3

∂2ξ
1 ∂2ξ

2 ∂2ξ
3

⎤

⎦ .

7.2 (N − 1)-Dimensional Hypersurfaces

Now we shall discuss the embedding of an (N − 1)-dimensional differen-
tiable manifold MN−1 into a differentiable manifold MN . The manifold MN−1

is said to be embedded in MN provided there exists a one-to-one mapping
F : MN−1 → MN such that F is of class Cr (r ∈ Z

+). When the mapping F
is not demanded to be globally one-to-one, it is called an immersion. In the
sequel, we shall require F to be an embedding of class Cr, r ≥ 3. The image
F (MN−1) is called the embedded manifold. Under the restrictions of coor-
dinate charts in both MN−1 and MN , we obtain a parametrized hypersurface
ξ with the image

∑

N−1 in D ⊂ R
N . (See fig. 7.3.)

(See the book by Eisenhart [10].)
We explain various mappings in fig. 7.3 by the following equations:

q = F (p),

χ|.. := χ|U∩F (MN−1)
,

x = χ|..(q) =
[

χ|.. ◦ F ◦ φ−1
]

(u) =: ξ(u),

xi = ξi(u) ≡ ξi(u1, . . . , uN−1), (7.44)

Rank[∂μξi] = N − 1 > 0,

ξ ∈ Cr(DN−1 ⊂ R
N−1; RN ); r ≥ 3.

Here, Roman indices are taken from {1, . . . , N} , whereas the Greek indices
are taken from {1, . . . , N − 1} . The summation convention is followed for both
sets of indices.
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χ

N-1

�N-1

q

F MN

U

ξ

u

φ

p

MN-1

x

ΣN-1

N

Figure 7.3: The image
∑

N−1 of a parametrized hypersurface ξ .

The metric g.. (x) in 0
2Tx(RN ) and the induced metric ḡ.. (u) in 0

2Tu(RN−1)
are furnished (as in (7.10)) respectively by

g.. (x) = gij(x) dxi ⊗ dxj , (7.45)

ḡμν(u) duμ ⊗ duν = ḡ.. (u) :=
2

(

ξ−1
)′ (

g.. (x)|ξ(u)

)

=
[

gij (ξ(u)) (∂μξi)(∂νξj)
]

duμ ⊗ duν .
(7.46)

An outer normal to
∑

N−1 is provided by (5.157) as

νk (ξ(u)) :=
1

(N − 1)!
gkj (ξ(u)) εjj2···jN

∂(xj2 , . . . , xjN )
∂(u1, . . . , uN−1)

. (7.47)

From the assumption about the rank of [∂μξi] , it follows that gkj(..)νkνj > 0
for a positive-definite metric g.. (x). However, for a pseudo-Riemannian mani-
fold MN , there exist three possibilities. (i) The hypersurface

∑

N−1 is called a
spacelike hypersurface if gkjν

kνj < 0. (ii) It is called a timelike hyper-
surface if gkjν

kνj > 0. (iii) Moreover,
∑

N−1 is called a null hypersurface
provided gkjν

kνj ≡ 0. In the sequel of this section, we shall exclude all null
hypersurfaces.

Recall the coordinate transformation given in (3.2) for MN . We may have
a similar coordinate transformation, called a reparametrization, in MN−1 .

The mapping symbols occurring in fig. 7.4 are elaborated below:

u# = U#(u), u#α = U#α(u),Rank
[

∂u#α

∂uβ

]

= N − 1, U := [U#]−1, (7.48)
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ξ

u#

u

ξ

Χ

ΣN-1
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N-1

N

N

N-1

ξ

Figure 7.4: Coordinate transformation and reparametrization of hypersurface ξ .

x = ξ(u) = ξ#(u#) :=
[

ξ ◦ (U#)−1
]

(u#), (7.49)

x̂ = ̂X|
∑

N−1
(x) =

[

̂X ◦ ξ
]

(u) =: ̂ξ(u), (7.50)

x̂ =
[

̂X ◦ ξ ◦ (U#)−1
]

(u#) =: ξ̃(u#). (7.51)

Let us consider transformation properties of ∂μξi under each of the trans-
formations (7.49), (7.50), and (7.51). By the chain rules, we have

∂ξ#i(u#)
∂u#μ

=
∂Uν(u#)

∂u#μ
· ∂ξi(u)

∂uν
, (7.52)

∂̂ξi(u)
∂uμ

=
∂ ̂Xi(x)

∂xk |ξ(u)
· ∂ξk(u)

∂uμ
, (7.53)

∂ξ̃i(u#)
∂u#μ

=
∂

∂u#μ

{

̂Xi
[

ξ
(

U(u#)
)]

}

=
∂ ̂Xi(x)

∂xk |ξ#(u#)
· ∂ξk(u)

∂uν |U(u#)
· ∂Uν(u#)

∂u#μ
. (7.54)

Therefore, we conclude that (i) under a reparametrization, ∂μξi behave like
components of a covariant vector; (ii) under a coordinate transformation, ∂μξi

behave like components of a contravariant vector, and (iii) under a combined
transformation, ∂μξi behave like components of a mixed second-order “hybrid”
tensor! These transformation rules prompt us to define hybrid components
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Tμ1···μp
ν1···νq

i1···ir
j1···js

(u, ξ(u)) by the following transformation rules (under
the combined transformations):

T̃μ1···μp
ν1···νq

i1···ir
j1···js

(u#, ξ̃(u#)) =

∂u#μ1

∂uλ1
· · · ∂u#μp

∂uλp
· ∂uρ1

∂u#ν1
· · · ∂uρq

∂u#νq
· ∂x̂i1

∂xk1
· · · ∂x̂ir

∂xkr
· ∂xl1

∂x̂j1
· · · ∂xls

∂x̂js
·

Tλ1···λp
ρ1···ρq

k1···kr
l1···ls(u, ξ(u)). (7.55)

Example 7.2.1 Consider N = 3 and MN = E 3 , the Euclidean space. A
smooth, non-degenerate parametrized surface is given by

ξ(u) :=
(

α1(u1) + u2X 1(u1), α2(u1) + u2X 2(u1), α3(u1) + u2X 3(u1)
)

,

(u1, u2) ∈ (a, b) × (c, d) ⊂ R
2.

Such a surface is called a ruled surface. At each point ξ(u0) on
∑

2 , a line
segment (or ruling) passes through wholly lying in

∑

2 . These rulings are given
by the line segments

X(0)(u2) :=
(

α1(u1
0) + u2X 1(u1

0), α
2(u1

0) + u2X 2(u1
0), α

3(u1
0) + u2X 3(u1

0)
)

,

u2 ∈ (c, d).

Let us consider a reparametrization

u#1 = u1, u#2 = 2u2,

[

∂u#μ

∂uν

]

=
[

1 0
0 2

]

.

Moreover, we introduce a translation of Cartesian axes given by

x̂1 = x1 + 1, x̂2 = x2 + 2, x̂3 = x3 + 3,

[

∂x̂i

∂xj

]

=
[

δi
j

]

.

In this problem, we have

[

∂μξi
]

=

⎡

⎢

⎣

α1′(u1) + u2X 1′(u1), X 1(u1)
α2′(u1) + u2X 2′(u1), X 2(u1)
α3′(u1) + u2X 3′(u1), X 3(u1)

⎤

⎥

⎦ .

The rank of the matrix above is assumed to be 2. By the combined transfor-
mations, we have

ξ̃(u#) =
(

1 + α1(u#1) + (1/2)u#2X 1(u#1), 2 + α2(u#1) + (1/2)u#2X 2(u#1),

3 + α3(u#1) + (1/2)u#2X 3(u#1)
)

.
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The image of ξ̃ is again a ruled surface.
The transformation (7.54) can be obtained in this example by the matrix

multiplication

[

∂ξ̃i(u#)
∂u#μ

]

=
[

∂x̂i

∂xk

] [

∂ξk

∂uν

] [

∂uν

∂u#μ

]

=

⎡

⎢

⎣

α1′(u#1) + (1/2)u#2X 1′(u#1), (1/2)X 1(u#1)
α2′(u#1) + (1/2)u#2X 2′(u#1), (1/2)X 2(u#1)
α3′(u#1) + (1/2)u#2X 3′(u#1), (1/2)X 3(u#1)

⎤

⎥

⎦

�

Now, we shall define a suitable covariant derivative for a hybrid tensor. For
that purpose, we need to introduce the concept of a total partial derivative.
When f is a differentiable mapping from DN−1 × R

N into R , the total partial
derivative is given by

d

duμ

[

f(u, x)|x=ξ(u)

]

:=
∂f(u, x)

∂uμ |x=ξ(u)
+ ∂μξk

[

∂f(u, x)
∂xk

]

|x=ξ(u)

. (7.56)

The first term on the right-hand side is the explicit differentiation, whereas the
second term is due to the implicit differentiation.

The general definition of a covariant derivative of a hybrid tensor is a gen-
eralization of (5.83) together with (7.56). This is furnished by

∇̃λTμ1···μp
ν1···νq

i1···ir
j1···js

(u, ξ(u)) :=
d

duλ
Tμ1···μp

ν1···νq

i1···ir
j1···js

(u, ξ(u))

+
p
∑

h=1

{

μh

λρ

}

Tμ1···μh−1ρμh+1···μp
ν1···νq

i1···ir
j1···js

−
q
∑

w=1

{

ρ
λνw

}

Tμ1···μp
ν1···νw−1ρνw+1···νq

i1···ir
j1···js

+
r
∑

α=1

∂λξk

{

iα
k�

}

Tμ1···μp
ν1···νq

i1···iα−1�iα+1···ir
j1···js

(7.57)

−
s
∑

β=1

∂λξk

{

�
kjβ

}

Tμ1···μp
ν1···νq

i1···ir
j1···jβ−1�jβ+1···js

=
[

∇λTμ1···μp
ν1···νq

i1···ir
j1···js

(u, x)+∂λξk∇kTμ1···μp
ν1···νq

i1···ir
j1···js

(u, x)
]

|x=ξ(u)
.

In the last line, the covariant derivative acts only on the Greek indices in the
first term and only on the Roman indices in the second term ! Now we shall
provide some simple examples of these differentiations.
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Example 7.2.2

∇̃λf =
d

duλ
f(u, ξ(u))

=
[

∇λf(u, x) + ∂λξk∇kf(u, x)
]

|x=ξ(u)
;

(7.58)

∇̃λVμ(u) = ∇λVμ(u); (7.59)

∇̃λTj(ξ(u)) = ∂λξk [∇kTj(x)]|ξ(u) ; (7.60)

[

∇̃λWj(u, ξ(u))
]

duλ ⊗ dxj
|ξ(u)

=
[

∂λWj(u, x) duλ ⊗ dxj + ∇k Wj(u, x) dxk ⊗ dxj
]

|x=ξ(u)
;

(7.61)

∇̃λ∂μξi(u) = ∇λ(∂μξi) +
{

i
k�

}

|ξ(u)

∂λξk · ∂μξ�; (7.62)

∇̃λTμ
j(u, ξ(u)) = ∇λTμ

j + ∂λξk [∇kTμ
j ]|ξ(u) ; (7.63)

∇̃λḡμν(u) = ∇λḡμν(u) ≡ 0; (7.64)

∇̃λgij(ξ(u)) = [∇kgij ]|ξ(u) · ∂λξk ≡ 0; (7.65)

∇̃ν∇̃μf(u, ξ(u)) = ∇ν∇μf+
[

∇ν∇μξk(u)+
{

k
�j

}

|..
∂νξ� · ∂μξj

]

·∇kf

+ ∂μξ� · ∂ν∂�f+∂νξ� · ∂μ∂�f+∂νξ� · ∂μξk [∇�∇kf ]|..

= ∇̃μ∇̃νf.

(7.66)

�

The connection ∇̃μ generates a new hybrid tensor from a given differentiable
hybrid tensor. Under the combined transformation (7.48) – (7.51), the following
transformation rule holds:

∇̃#
σ T̃μ1···μp

ν1···νq

i1···ir
j1···js

(u#, ξ̃(u#))

=
∂uγ

∂u#σ
· ∂u#μ1

∂uλ1
· · · ∂u#μp

∂uλp
· ∂uρ1

∂u#ν1
· · · ∂uρq

∂u#νq
· ∂x̂i1

∂xk1
· · · ∂x̂ir

∂xkr
· ∂x�1

∂x̂j1
· · · ∂x�s

∂x̂js
·

∇̃γTλ1···λp
ρ1···ρq

k1···kr
�1···�s

(u, ξ(u)). (7.67)
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Another important property of the hybrid covariant derivative is that the
Leibnitz property (4.25) holds. Therefore, we have

∇̃σ

[

Aμ1···μp
ν1···νq

i1···ir
j1···js

· Bλ1···λm
ρ1···ρn

k1···kw
�1···�v

]

=
[

∇̃σAμ1···μp
ν1···νq

i1···ir
j1···js

]

· Bλ1···λm
ρ1···ρn

k1···kw
�1···�v

(7.68)

+ Aμ1···μp
ν1···νq

i1···ir
j1···js

·
[

∇̃σBλ1···λm
ρ1···ρn

k1···kw
�1···�v

]

.

Now we shall derive the commutator [∇̃ν∇̃λ − ∇̃λ∇̃ν ]∂μξi(u). By (7.57) and
(7.58) – (7.66), we obtain that

∇̃ν∇̃λ∂μξi(u) − ∇̃λ∇̃ν∂μξi(u)

= ∇ν

[

∇̃λ∂μξi
]

+ ∂νξk ·
{

∇k

[

∇̃λ∂μξi(u)
]

|..

}

−∇λ

[

∇̃ν∂μξi
]

− ∂λξk ·
{

∇k

[

∇̃ν∂μξi(u)
]

|..

}

= ∇ν

[

∇λ∇μξi +
{

i
k�

}

|..
∂λξk · ∂μξ�

]

+ ∂νξk

[

0 +
{

i
kj

}

|..
∇̃λ∂μξj

]

−∇λ

[

∇ν∇μξi +
{

i
k�

}

|..
∂νξk · ∂μξ�

]

− ∂λξk

[

0 +
{

i
kj

}

|..
∇̃ν∂μξj

]

=
(

∇ν∇λ −∇λ∇ν

)

∇μξi +
[

∂j

{

i
k�

}]

|ξ(u)

[

∂νξj · ∂λξk − ∂λξj · ∂νξk
]

∂μξ�

+
{

i
jk

}{

j
�h

}

[

∂λξ� · ∂νξk − ∂νξ� · ∂λξk
]

∂μξh.

Using (5.110) and (5.93), we get

∇̃ν∇̃λ∂μξi(u) − ∇̃λ∇̃ν∂μξi(u)

= R
σ
μνλ(u) · ∂σξi(u) + Ri

jk�(x)|ξ(u)
· ∂μξj · ∂νξk · ∂λξ�.

(7.69)

The unit normal vector �n(ξ(u)) obtained from (7.47) satisfies by (7.64),
(7.65), and (7.68) the following equations:

gij(ξ(u))(∂μξi)nj(ξ(u)) ≡ 0 , (7.70i)

gij(ξ(u))ni(ξ(u))nj(ξ(u)) = ±1 =: ε(n) , (7.70ii)

gij(··)(∇̃λni)nj(··) ≡ 0 , (7.70iii)

gij(··)[(∇̃λ∂μξi)nj + ∂μξi(∇̃λnj)] ≡ 0 . (7.70iv)
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We generalize (7.23) and (7.24) to define the extrinsic curvature as

Kμν(u) ≡ kμν(ξ(u)) := gij(ξ(u))ni(ξ(u))∇̃μ(∂νξj) , (7.71a)

∇̃μ(∂νξj) = ε(n)n
j(ξ(u))Kμν(u) , (7.71b)

∂μ∂νξj =
{

λ

μν

}

∂λξj−
{

j

ik

}

|ξ(u)

(∂μξi)(∂νξk)+ε(n)n
j(ξ(u))Kμν(u) , (7.71c)

Kνμ(u) ≡ Kμν(u) . (7.71d)

By (7.70iv) and (7.71a), we can express

Kμν(u) = −gij(x)|ξ(u)(∇̃μni)(∂νξj)

= −(∇inj)|ξ(u)(∂μξi)(∂νξj) .
(7.72)

By (7.70iii), it is clear that the vectors ∇̃μni are tangential to the hypersurface
∑

N−1 . Therefore, these are expressible as linear combinations

∇̃μni = Aσ
μ(u)∂σξi . (7.73)

(Compare the equation above with (7.27).) Substituting (7.73) into (7.72), we
deduce that

Kμν(u) = −Aσ
μ(u)gij(··)(∂σξi)(∂νξj) = −gσν(u)Aσ

μ(u) , (7.74a)

K
ρ

μ(u) := gρν(u)Kμν(u) = −Aρ
μ(u) . (7.74b)

Putting (7.74b) into (7.73), we finally derive that

∇̃μni = ∂μξk
[

∇kni
]

|ξ(u)
= −K

ρ

μ(u)∂ρξ
i , (7.75a)

∂μξk

[

∂kni +
{

i

kj

}

nj

]

|ξ(u)

= −gρν(u)Kμν(u)∂ρξ
i . (7.75b)

The equations above are generalizations of the Weingarten equations (7.30) and
(7.31). Figure 7.5 depicts the generalized Weingarten equations (7.75a,b) geo-
metrically.

In fig. 7.5, the dotted vector at ξ(U(t + Δt)) is the parallelly transported
normal vector. The difference vector Δ�n indicates the change due to the ex-
trinsic curvature.

Equation (7.33),

det[Kμν(u) − k(u)gμν(u)] = 0,

in the present context may not admit real invariant eigenvalues! However,
when g.. (u) is positive-definite, there exist N − 1 real, invariant eigenvalues
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ΣN-1

(�(t+Δt))ξ
(�(t))ξ

Δn

n

Figure 7.5: Change of normal vector due to extrinsic curvature.

k(1)(u), . . . , k(N−1)(u). These are also called principal, normal curvatures of
∑

N−1 .
Suppose that we are confronted with the question of the existence of a hyper-

surface ξ of class Cr (r ≥ 3) for some prescribed extrinsic curvature Kμν(x).
Then, we have to investigate the integrability conditions of the partial differen-
tial equations (7.71b) or (7.71c). These conditions will be summarized in the
following lemma.

Lemma 7.2.3 Suppose that ξ is an (N − 1)-dimensional parametrized hyper-
surface embedded in R

N according to (7.44). Then, the integrability conditions
of the partial differential equations (7.71b) or (7.71c) are furnished by the fol-
lowing hybrid tensor equation:

Θi
μνλ(u, ξ(u)) :=

[

R
ρ

μνλ(u) + ε(n)(KμνK
ρ

λ − KμλK
ρ

ν)
]

∂ρξ
i

+Ri
j�k(ξ(u))∂μξj∂λξ�∂νξk + ε(n)

[

∇̃νKμλ − ∇̃λKμν

]

ni(ξ(u))

= 0 .

(7.76)

Proof. The integrability conditions of (7.71b) or (7.71c) are

∇̃ν∇̃λ(∂μξi) − ∇̃λ∇̃ν(∂μξi) = ε(n)

[

∇̃ν(niKμλ) − ∇̃λ(niKμν)
]

. (7.77)

By the Leibnitz rule (7.68) and the Weingarten equations (7.75a,b), we derive
that

∇̃ν(Kμλni) − ∇̃λ(niKμν) = (∇̃νKμλ − ∇̃λKμν)ni + (KμνK
ρ

λ − KμλK
ρ

ν)∂ρξ
i .

With the equation above, together with (7.69), integrability conditions (7.77)
yield

R
ρ

μλν(u) · ∂ρξ
i + Ri

jk�(ξ(u)) · ∂μξi∂νξk∂λξ�

= ε(n)(∇̃νKμλ − ∇̃λKμν)ni

+ ε(n)(KμνK
ρ

λ − KμλK
ρ

ν)∂ρξ
i .

Therefore, (7.76) is established.



242 7. Hypersurfaces, Submanifolds, and Extrinsic Curvature

The lemma above leads to the following generalizations of the Gauss and
Codazzi-Mainardi equations.

Theorem 7.2.4 Let ξ be a non-degenerate, non-null (N−1)-dimensional para-
metric hypersurface of class Cr (r ≥ 3) into R

N . Then, the integrability con-
ditions (7.71b) imply that

(i) Rσμνλ(u) = ε(n)(KμλKσν − KμνKσλ)

+ Rijk�(ξ(u))∂σξi · ∂μξj · ∂νξk · ∂λξ� ;
(7.78i)

(ii) ∇̃νKμλ − ∇̃λKμν = Rijk�(ξ(u))∂μξj · ∂νξk · ∂λξ� · ni(ξ(u)) . (7.78ii)

Proof. By (7.76), (7.46), and (7.70i), we deduce that the “tangential com-
ponent” implies

0 = (gij∂σξj)θi
μνλ = gσρg

ργ
[

Rγμνλ + ε(n)(KμνKλγ − KμλKνγ)
]

−(gih∂σξh)Ri
jk�∂μξ� · ∂λξ� · ∂νξk + 0 .

Thus, (7.78i) follows.
By (7.76) and (7.70i, ii), we derive that the “normal component” implies

0 = (gihnh)θi
μνλ = 0 − (gihnh)Ri

jk�∂μξj · ∂νξk · ∂λξ� +
[

∇̃νKμλ − ∇̃λKμν

]

.

Therefore, (7.78ii) follows.

Now, we shall provide some examples.

Example 7.2.5 Consider the three-dimensional Euclidean space, a Cartesian
chart, and an embedded surface

∑

2 . In this case, Rijk�(x)|ξ(u) ≡ 0. The equa-
tions (7.78i, ii) reduce to

R1212(u) = K11K22 − (K12)2 = det[Kμν(u)], (7.79i)

∇̃λKμν − ∇̃νKμλ = ∇λKμν −∇νKμλ = 0 . (7.79ii)

(The equations (7.79i, ii) were first discovered by Gauss and Codazzi-Mainardi,
respectively.) Using (7.79i) and (7.35), it follows that the Gaussian curvature

K(u) = det[Kμν(u)] / g(u) = R1212(u) / g(u) . (7.80)

(This equation appeared in (6.25).) The left-hand side K(u) is related to the
extrinsic curvature, whereas the right-hand side is given by the intrinsic prop-
erties of the surface. The surprising equality of these two was called by Gauss
“Theorema Egregium.” �
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Example 7.2.6 Consider an N -dimensional manifold with a coordinate chart
such that

g.. (x) = gij(x)dxi ⊗ dxj ,

gNN (x) �= 0 .
(7.81)

Let an (N − 1)-dimensional hypersurface be furnished by

xμ = ξμ(u) := uμ ,

xN = ξN (u) := c = const. ,

u = (x) ≡ (x1, . . . , xN−1) ,

∂μξν ≡ δν
μ, ∂μξN ≡ 0 .

(7.82)

The intrinsic metric is provided by

gμν(u) ≡ gμν(x) := gμν(x)|xN =c
. (7.83)

The restricted coordinate transformations in (5.263) reduce to the para-
metric transformations in (7.48). Moreover, the subtensor fields in (5.264) are
intrinsic tensors of the (N − 1)-dimensional hypersurface.

The unit normal to the hypersurface is given by

ni(x)|xN =c
=
[

giN (x)/
√

|gNN (x)|
]

|xN =c

. (7.84)

The equation (7.71a) by (7.82), (7.83), and (7.84) yields

Kμν(u) ≡ Kμν(x) =

[

1
√

|gNN (x)|

{

N

μν

}

]

|xN =c

. (7.85)

The Weingarten equations (7.75a,b) confirm the equation above. In the case of
a geodesic normal coordinate chart in (5.271),

gNN (x) ≡ εN , gNμ(x) ≡ 0 ,

Kμν(x) = −εN

2
∂gμν(x)

∂xN |xN =c

=: −(εN/2)ġμν(x) .

The Gauss equations (7.78i) reduce to (5.274), and the Codazzi-Mainardi equa-
tions (7.78ii) reduce to (5.275). �

The hypersurface in (7.82) can alternately be characterized by the equation

f(x) := xN = c . (7.86)

In the general case of a smooth hypersurface, there exist coordinate charts in
MN such that the embedded hypersurface can always be expressed by (7.86).
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Exercises 7.2

1. Consider the metric tensor
g.. (x) := gμν(x)dxμ ⊗ dxν + gNN (x)dxN ⊗ dxN ,

x := (x1, . . . , xN−1), μ, ν ∈ {1, . . . , N − 1} .

Prove that the geodesics on the hypersurface xN = const. are also geodesics in
the enveloping manifold MN . (Remark : Such a hypersurface is called a totally
geodesic hypersurface.)

2. Consider a spherically symmetric metric in the space-time manifold fur-
nished by

g..(x) = exp[2α(x1, x4)]dx1 ⊗ dx1+ [Y (x1, x4)]2[dx2 ⊗ dx2+ sin2 x2 dx3 ⊗ dx3]

− exp[2γ(x1, x4)]dx4 ⊗ dx4 .

(Compare this with (5.125).) Let a three-dimensional non-null parametrized
(boundary) hypersurface be specified by

x1 = ξ1(u) := B(u3) ,

x2 = ξ2(u) := u1 ,

x3 = ξ3(u) := u2 ,

x4 = ξ4(u) := u3 .

Prove that the non-zero extrinsic curvature components are given by

K11(u) = −{Y (x1, x4)|e−2α− e−2γ [B′(x4)]2|−1/2[e−2α∂1y+e−2γ·∂4y ·B′]}|ξ(u),

K22(u) = (sin2 u1)K11(u) ,

K33(u) =
{

|e−2α − e−2γ(B′)2|−1/2
[

B′′ + e2(γ−α)∂1γ + (∂4(2α − γ))B′

+(∂1(α − 2γ))(B′)2 − e2(α−γ) · (∂4α) · (B′)3
]

}

|ξ(u)
;

B′ :=
d

du3
B(u3) .

3. Suppose that MN is a space of constant curvature. (See (6.31).) Prove
that the Gauss equation (7.78i) and the Codazzi-Mainardi equation (7.78ii) for
a hypersurface reduce respectively to

Rσμνλ(u) = ε(n)(KμλKσν − KμνKσλ) + K0(gμλgσν − gμνgσλ)

and
∇νKμλ −∇λKμν = 0 .
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4. A stationary space-time manifold M4 is locally characterized by the
metric tensor

g.. (x) = e−ω(x)g′μν(x)dxμ ⊗ dxν − eω(x)[dx4 + aμ(x)dxμ] ⊗ [dx4 + aν(x)dxν ],

x := (x1, x2, x3) .

A x4 = const. spatial hypersurface M3 must be given by the metric

g.. (x) = [e−ω(x)g′μν(x) − eω(x)aμ(x)aν(x)]dxμ ⊗ dxν .

Using the notation fμν(x) := ∂νaμ − ∂μaν , show that

(i) eω/2g′μνR + Rμν − aμRν4 − aνRμ4 + aμaνR44

= G′
μν(x) + (1/2)(∂μω · ∂νω − (1/2)g′μνg′λρ∂λω · ∂ρω);

(ii) −2e−2ωR44 = g′μν∇′
μ∇′

ν ω + (1/2)e2ωf ′μνfμν ;

(iii) 2aμR44 − 2Rμ4 = ∇′
ν [e2ωf ′ν

μ] ;

(iv) R = eω[R′+(1/2)g′μν∂μω ·∂νω − g′μν∇′
μ∇′

ν ω − (1/4)e2ωg′μνg′ρσfμρfνσ] ;

f ′μν := g′μλg′νρfλρ (Gegenberg [14] & Kloster, Som, and Das [24]).

7.3 D-Dimensional Submanifolds

Let us consider now the more general case of embedding a submanifold MD

into MN , where 1 ≤ D < N. The lowercase Roman indices as usual take
{1, . . . , N}. The Greek indices now take {1, . . . , D}. Moreover, the capital Ro-
man indices assume values {1, . . . , N − D}. The summation convention oper-
ates on three distinct sets of indices. Choosing appropriate coordinate charts
in MD and MN , we have a parametrized submanifold ξ ∈ Cr(DD ⊂
R

D; RN ), r ≥ 3. (Compare this with fig. 7.3.) The corresponding image
∑

D
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is in an appropriate domain of R
N . We can generalize (7.44) by the following:

x = ξ(u) ∈ R
N ,

xi = ξi(u) ≡ ξi(u1, . . . , uD) ,

Rank [∂μξi] = D ≥ 1 ,

gμν(u)duμ ⊗ duν := [gij(ξ(u))∂μξi∂νξj ]duμ ⊗ duν .

(7.87)

A normal vector νi(ξ(u)) to
∑

D satisfies

[∂μξi]νi = 0 . (7.88)

The above is a system of D linear homogeneous equations in N unknown
components νi. Since the coefficient matrix [∂μξi] is of rank D, there exist
N −D linearly independent solution covectors ν̃A(ξ(u)) (A ∈ {1, . . . , N −D}).
The image

∑

D is a non-null submanifold, provided that there exist D non-
null solution covectors ν̃A(ξ(u)). We can normalize these covectors to provide
N − D orthonormal vectors satisfying

gij(ξ(u))ni
A(ξ(u))nj

B(ξ(u)) = dAB , A, B ∈ {1, . . . , N − D} . (7.89)

Moreover, the normal vectors ni
A(··) by (7.88) satisfy

gij(ξ(u))(∂μξi)nj
A(ξ(u)) ≡ 0 . (7.90)

We define the hybrid covariant derivatives as in (7.57), treating the capital
indices as “invariant labels.” Thus, we obtain from (7.87), (7.89), and (7.90)
the equations

gij(∇̃λ∂μξi)∂νξj ≡ 0 , (7.91i)

gij(∇̃λni
A)nj

B ≡ 0 , (7.91ii)

gij [(∇̃λ∂μξi)nj
A + ∂μξi∇̃λnj

A] ≡ 0 . (7.91iii)

We generalize the definitions (7.71a, b, c, d) and the consequences to obtain

KAμν(u) ≡ kAμν(ξ(u)) := gij(ξ(u))ni
A(ξ(u))∇̃μ(∂νξj) , (7.92a)

∇̃μ(∂νξj) = dABnj
A(ξ(u))KBμν(u) , (7.92b)

∂μ∂νξj =
{

λ

μν

}

∂λξj −
{

j

ik

}

|ξ(u)

(∂μξi)(∂νξk) + dABnj
AKBμν , (7.92c)

KAνμ(u) ≡ KAμν(u) . (7.92d)
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By (7.70iv) and (7.92a), we deduce that

KAμν(u) = −gij(∇̃μni
A)(∂νξj) = −(∇inAj)(∂μξi)(∂νξj) . (7.93)

Let us define the hybrid tensor

μABν(ξ(u)) := nAi(ξ(u))(∇̃νni
B) . (7.94)

By (7.91ii), we derive that

μABν(ξ(u)) ≡ −μBAν(ξ(u)) . (7.95)

Now, ∂μξi and ni
A(ξ(u)) are components of basis vectors for Tξ(u)(RN ),

which is endowed with the metric g.. (ξ(u)). For any vector �V(ξ(u))∈Tξ(u)(RN ),
we can express as the linear combination

�V(ξ(u)) = tangent (�V(ξ(u))) + normal (�V(ξ(u))) ,

V i(ξ(u)) = (gjkV j∂νξk)gνμ∂μξi + (gjkV jnk
B)dBAni

A .
(7.96)

Substituting (7.94) and (7.92a) into (7.96), we get

∇̃μni
C = −K

ν

Cμ(u)∂νξi + dABμACμ(ξ(u))ni
B(ξ(u)) , (7.97i)

∂μξk(∇kni
C)|·· = −gνρKCμρ∂νξi + dABμACμni

B . (7.97ii)

These are the generalizations of Weingarten equations (7.75a, b).

Now, we shall obtain another useful equation. By (7.68) and (7.97i, ii), we
deduce that

∇̃ν(ni
AKBμλ) − ∇̃λ(ni

AKBμν)

= (KBμν K
ρ

Aλ − KBμλK
ρ

Aν)∂ρξ
i + (∇̃νKBμλ − ∇̃λKBμν)ni

A

+dDE(μDAνKBμλ − μDAλKBμν)ni
E .

(7.98)

The integrability conditions for the partial differential equations (7.92b) are
given by

∇̃ν∇̃λ(∂μξi) − ∇̃λ∇̃ν(∂μξi) = dAB [∇̃ν(ni
AKBμλ) − ∇̃λ(ni

AKBμν)] . (7.99)
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Using (7.69) and (7.98), the integrability conditions yield

R
ρ

μλν(u)∂ρξ
i + Ri

jk�(ξ(u))∂μξj∂νξk∂λξ�

= dAB
[

(KBμνK
ρ

Aλ − KBμλK
ρ

Aν)∂ρξ
i

+(∇̃νKBμλ − ∇̃λKBμν)ni
A

+dDE(μDAνKBμλ − μDAλKBμν)ni
E

]

,

(7.100i)

θi
μνλ(u, ξ(u)) :=

[

R
ρ

μνλ(u) + dAB(KBμνK
ρ

Aλ − KBμλK
ρ

Aν)
]

∂ρξ
i

+Ri
j�k∂μξj · ∂λξ� · ∂νξk

+dAB
[

∇̃νKBμλ − ∇̃λKBμν

+dDE(μEBλKDμν − μEBνKDμλ)
]

ni
A(ξ(u))

= 0 .

(7.100ii)

This is the generalization of (7.76). By (7.87), (7.90), and (7.100ii), we derive
that the tangential component satisfies

(gih∂σξh)θi
μνλ = 0 ,

Rσμνλ(u) = dAB(KBμλKAσν − KBμνKAσλ)

+Rijk�(ξ(u))∂σξi · ∂μξj · ∂νξk · ∂λξ� .

(7.101)

This is the generalization of equation (7.78i) of Gauss. It shows that the intrinsic
curvature of the embedded submanifold is partly due to the extrinsic curvature
and partly due to the curvature of the larger enveloping space itself.

Using (7.87), (7.89), and (7.90), we deduce that the normal component
satisfies

(gihnh
C)θi

μνλ = 0 ,

∇̃νKCμλ − ∇̃λKCμν + dBE(μECλKBμν − μECνKBμλ)

= Rijk�(ξ(u))∂μξj · ∂νξk · ∂λξ� · ni
C(ξ(u)) .

(7.102)

The equation above is the generalization of the Codazzi-Mainardi equation
(7.78ii).
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Now, we shall derive some more useful equations. By (7.57), (7.60), and
(5.110), we have

∇̃μni
A =

d

duμ
ni

A(ξ(u)) +
{

i

jk

}

|··
∂μξj · nk

A ,

∇̃ν∇̃μni
A − ∇̃μ∇̃νni

A =
d

duν
(∇̃μni

A) −
{

λ

μν

}

∇̃λni
A + ∂νξj

{

i

jk

}

|··
∇̃μnk

A

−(ν ↔ μ)

=
d

duν

[

dni
A

duμ
+
{

i

jk

}

|··
∂μξj · nk

A

]

− 0 + ∂νξj

{

i

jk

}

|··
×

[

dnk
A

duμ
+
{

k

�h

}

|··
∂μξ� · nh

A

]

− (ν ↔ μ)

= 0 +

{

[

∂�

{

i

jk

}]

|··
∂νξ� · ∂μξj +

{

i

jk

}

|··
∂ν∂μξj

}

nk
A

+
{

i

jk

}

|··

[

∂μξj · dnk
A

duν
+ ∂νξj · dnk

A

duμ

]

+
{

i

jk

}

|··

{

k

�h

}

|··
∂νξj · ∂μξ� · nh

A − (ν ↔ μ)

=

{

[

∂�

{

i

jk

}]

|··
(∂νξ� · ∂μξj − ∂μξ� · ∂νξj) + 0

}

nk
A + 0

+
{

i

jk

}

|··

{

k

�h

}

|··
(∂νξj · ∂μξ�− ∂μξj · ∂νξ�)nh

A

= Ri
�kj(ξ(u))∂μξj∂νξkn�

A(ξ(u)) . (7.103)

Using (7.68), (7.92b), and (7.102), we deduce that

∇̃μ(K
ρ

Aν · ∂ρξ
i) − (μ ↔ ν)

= (∇̃μK
ρ

Aν) · ∂ρξ
i + K

ρ

Aν(dBCni
CKBμρ) − (μ ↔ ν)

= gρλ(∇̃μKAνλ − ∇̃νKAμλ)∂ρξ
i + dBC(K

ρ

AνKBμρ − K
ρ

AμKBνρ)ni
C

= gρλ∂ρξ
i
[

Rhj�k∂λξj · ∂μξ� · ∂νξk · nh
A + dDE(μEAμKDλν − μEAνKDλμ)

]

+dBC(K
ρ

AνKBμρ − K
ρ

AμKBνρ)ni
C . (7.104)
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Now, we use (7.97i) to obtain the following expression:

∇̃μ(μADνni
E)−∇̃ν(μADμni

E) = (∇̃μμADν − ∇̃νμADμ)ni
E

+(μADμK
ρ

Eν−μADνK
ρ

Eμ)∂ρξ
i

+dBC(μADμμEBν−μADνμEBμ)ni
C .

(7.105)

The integrability conditions of Weingarten equation (7.97i) are furnished by

(∇̃ν∇̃μ − ∇̃μ∇̃ν)ni
A = ∇̃μ(K

ρ

Aν · ∂ρξ
i) − ∇̃ν(K

ρ

Aμ · ∂ρξ
i)

+dDE [∇̃μ(μADνni
E) − ∇̃ν(μADμni

E)] .
(7.106)

Using (7.103), (7.104), and (7.105), the integrability conditions (7.106) yield

Ri
�kj(ξ(u))∂μξi ·∂νξk ·n�

A = gρλ∂ρξ
i · Rhj�k∂λξj · ∂μξ� · ∂νξk · nh

A

+dBC(K
ρ

AνKBμρ − K
ρ

AμKBνρ)ni
A

+dDE
[

(∇̃μμADν − ∇̃νμADμ)ni
E

+dBC(μADμμEBν−μADνμEBμ)ni
C

]

,

(7.107i)

or Φi
Aμν(u, ξ(u)) := dDEρADμν(ξ(u))ni

E

+dBC(K
ρ

AνKBμρ − K
ρ

AμKBνρ)ni
C

+(gih− gλρ∂ρξ
i ·∂λξh)Rh�jk∂μξj ·∂νξk ·n�

A

= 0 ,

(7.107ii)

ρABμν(ξ(u)) :=∇̃μμABν−∇̃νμABμ+dFC(μAFμμCBν−μAFνμCBμ) , (7.107iii)

ρABνμ ≡ −ρABμν . (7.107iv)

Now, we shall state and prove a theorem due to Voss (for a positive-definite
metric) and Ricci (for an indefinite metric).

Theorem 7.3.1 Let ξ be a non-degenerate, non-null, D -dimensional parame-
trized submanifold of class Cr, (r ≥ 3) in R

N . Then, the integrability conditions
(7.107ii) imply that

ρAFμν(ξ(u)) + (K
ρ

Aν · KFμρ − K
ρ

Aμ · KFνρ)

+ Ri�jk∂μξj · ∂νξk · n�
A · ni

F = 0 .
(7.108)

Proof. The equations (7.108) follow from (7.107ii, iii) and nFiΦi
Aμν = 0.

We shall discuss some examples now.
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Example 7.3.2 Consider as the embedding space the three-dimensional Eu-
clidean manifold E 3. We choose a Cartesian coordinate chart so that

g.. (x) ≡ I.. (x) = δijdxi ⊗ dxj .

Let a non-degenerate parametrized curve ξ of class C3 be embedded in R
3.

(See (5.170).) In this example, D = 1 and the image of the curve ξ is denoted
by
∑

1 . Roman indices take from {1, 2, 3}, the Greek indices take from {1},
and the capital Roman indices take from {1, 2}. The curve is given by

xi = ξi(u) ≡ ξi(u1), u1 ∈ (a, b) ⊂ R .

Without loss of generality, we choose u to be the arc length parameter. Thus,
we must have

I.. (�ξ
′
(u),�ξ

′
(u)) = δij

dξi(u)
du1

dξj(u)
du1

≡ 1 = g11(u) ,

I.. (�ξ
′
(u),�ξ

′′
(u)) = δij

dξi(u)
du1

d2ξj(u)
(du1)2

≡ 0 .

Assuming that �ξ
′′
(u) �≡ �Oξ(u), we define one normal vector as

�n(1)(ξ(u)) := �ξ
′′
(u)/‖�ξ ′′

(u)‖ ,

d2ξi(u)
(du1)2

= ‖�ξ ′′
(u)‖ni

(1)(ξ(u)) =: κ(u)ni
(1)(ξ(u)) .

(7.109)

Recall from (5.188) that κ(u) is the principal curvature.
The second normal is defined by

ni
(2)(ξ(u)) := δijεjk�

dξk(u)
du1

n�
(1)(ξ(u)) ,

δijn
i
(A)n

j
(B) = δAB .

Now, (7.92b) yields

d2ξi(u)
(du1)2

= δ(11)ni
(1)K(1)11 + δ(22)ni

(2)K(2)11 . (7.110i)

Comparing with (7.109), we obtain that

κ(u) = K(1)11(u), K(2)11(u) ≡ 0 . (7.110ii)
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The second and third of the equations (5.188) and the Weingarten equations
(7.97i) imply that

dni
(1)(··)
du1

= −κ(u)
dξi(u)
du1

+ τ(u)ni
(2)(··) = −K(1)11

dξi(u)
du1

+ δ(22)μ(21)1n
i
(2) ,

dni
(2)(··)
du1

= −τ(u)ni
(1)(··) = −K(2)11

dξi(u)
du1

+ δ(11)μ(12)1n
i
(1) . (7.111)

By comparison, we infer that

K(2)11(u) ≡ 0, μ(21)1(u) ≡ −μ(12)1(u) = τ(u) .

In this example, we have established the equivalence of equations (7.92b) and
(7.97i) with Frenet-Serret formulas (5.188). �

Example 7.3.3 Every regular subspace allows local parametrization:

xα = ξα(u) := uα ,

xD+A = ξD+A(u) := cA = const. ,

∂νξμ = δμ
ν , ∂νξD+A ≡ 0 ,

gμν(u) := gij(ξ(u))∂μξi · ∂νξj = gμν(u, c) .

(7.112)

We could have represented the image
∑

D by the linear constraints

f(D+A)(x) := xD+A − cA = 0 ,

∂if(D+A) = δD+A
i , gij(··)∂if(D+A) · ∂jfD+A ≡ gD+A,D+A(··) .

(7.113)

(In this example, we suspend the summation convention on capital indices.)
The non-null subspace must satisfy

gD+A,D+A(ξ(u)) �= 0 for every A ∈ {1, . . . , N − D}.

The unit normal vectors are provided by

nAi(ξ(u)) = δD+A
i /

√

|gD+A,D+A| ,

ni
A(ξ(u)) = gi,D+A(ξ(u))/

√

|gD+A,D+A| .
(7.114)

By (7.93) and (7.114), the components of the exterior curvature tensor are given
by

KAμν(u) =
[{

j

ik

}

∂μξi · ∂νξk · nAj

]

|ξ(u)

=
[

|gD+A,D+A(x)|−1/2

{

D + A

μν

}]

|x=(u,c)

.

(7.115)
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Using (7.94) and (7.114), we can derive that

μABν(u, c) = δD+A
i |gD+A,D+A(··)|−1/2 · ∂νξj [∇jn

i
B ]|··

=
{

|gD+A,D+A(x)|−1/2

[

∂

∂xν
(gD+A,D+B · |gD+B,D+B|−1/2) (7.116)

+gk,D+B(x)|gD+B,D+B|−1/2

{

D + A

νk

}]}

|(u,c)

. �

Example 7.3.4 In this example, we have the usual summation conventions
except for two cases. The capital Roman index D is not summed. Moreover,
if two repeated capital Roman indices both occur as superscripts (or else sub-
scripts), the summation is suspended. Let the metric tensor g.. (x) be provided
by

gij(x)dxi ⊗ dxj := g′μν(x)dxμ ⊗ dxν + δBC ẽB(x) ⊗ ẽC(x) ,

ẽB(x) := dxD+B + AB
μ (x)dxμ ,

x := (x1, . . . , xD) .

(7.117)

It follows from (7.117) that

[gij(x)] =

⎡

⎢

⎢

⎣

g′μν + δECAE
μ AC

ν AC
μ δCB

δACAC
ν δAB

⎤

⎥

⎥

⎦

,

[gij(x)] =

⎡

⎢

⎢

⎣

g′μν −g′μνAB
ν

−AA
μ g′μν δAB + g′λρAA

λ AB
ρ

⎤

⎥

⎥

⎦

,

det[gij(x)] = det[g′μν(x)] .

(7.118)

Some of the Christoffel symbols, as computed from (7.118), are furnished by
{

D+E

μν

}

= (1/2)[∇′
μAE

ν +∇′
νAE

μ ]−(1/2)g′λρδABAE
λ (AA

μ FB
νρ+AA

ν FB
μρ) , (7.119i)

FB
μν(x) := ∂μAB

ν − ∂νAB
μ ≡ −FB

νμ(x) . (7.119ii)

Comparing (7.119ii) with (5.88) and (3.77), we conclude that AB
μ and FB

μν are
generalizations of electromagnetic potentials and fields.
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For a D -dimensional subspace, we choose the parametrization (7.112) (xμ ≡
uμ) again. Therefore, we get for the intrinsic metric

gμν(u) = g′μν(u) + δECAE
μ (u)AC

ν (u) . (7.120)

The unit normal vectors are given by (7.114) and (7.118) as

nBi(u, c) = δD+B
i |1 + g′λρAB

λ AB
ρ |−1/2 ,

ni
B(u, c) = gi,D+B(u)|1 + g′λρAB

λ AB
ρ |−1/2 ,

nμ
B(u, c) = −g′μν(u)AB

ν (u)|1 + g′λρAB
λ AB

ρ |−1/2 ,

nD+A
B (u, c) = [δAB + g′μνAA

μ AB
ν ] |1 + g′λρAB

λ AB
ρ |−1/2 .

(7.121)

The extrinsic curvature components are furnished by (7.115), (7.118), (7.119i),
and (7.121) as

KCμν(u) = (1/2)|1 + g′λρAC
λ AC

ρ |−1/2

× [∇′
μAC

ν + ∇′
νAC

μ − g′αβδABAC
α (AA

μ FB
νβ + AA

ν FB
μβ)].

(7.122)

Using (7.116), (7.118), and (7.121), we obtain

μABν(u)=
{

|1 + g′στAA
σ AA

τ |−1/2

[

∂

∂xν

(

(δAB+g′αβAA
αAB

β )|1+g′λρAB
λ AB

ρ |−1/2
)

−g′μγAB
γ |1 + g′λρAB

λ AB
ρ |−1/2

{

D + A

μν

}

(7.123)

−(1/2)g′γδAA
γ FCνδ(δCB + g′αβAC

α AB
β )|1 + g′λρAB

λ AB
ρ |−1/2

]}

|x=u

.

The equation (7.101) of Gauss yields

Rσμνλ(x, c)|x=u = Rσμνλ(u) + dAB

{

|(1 + g′λρAA
λ AA

ρ )(1 + g′αβAB
α AB

β )|−1/2

×
[{

D+B

μν

}{

D+A

σλ

}

−
{

D+B

μλ

}{

D+A

σν

}]}

|x=u

.(7.124)

This example is relevant in the unification of gravitation with an Abelian
gauge field. �

There exists another approach to extrinsic curvature of a non-null subspace
based solely on tensors in the enveloping space MN . In this approach, the
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projection tensor h
.
. is defined by the components

hi
j(ξ(u)) := δi

j − dABni
A(ξ(u))nBj(ξ(u)) ,

nCih
i
j ≡ 0 ,

∂μξjhi
j ≡ ∂μξi ,

hi
jh

j
k ≡ hi

k ,

δi
j = hi

j + dABni
AnBj .

(7.125)

(The equations above can be proved by using (7.89) and (7.90).) The equation
(7.96) can be expressed as

�V(ξ(u)) ≡ tangent (�V(ξ(u))) + normal (�V(ξ(u))) ,

V i(ξ(u)) ≡ (hi
jV

j) + (dABnBjV
j)ni

A .
(7.126)

The components hi
jV

j yield vectors tangential to the subspace
∑

D . In a similar
fashion, we can decompose a general tensor into unique tangential and normal
components. Especially, the tangential components are provided by

tangential [T i1···ir
j1···js

(ξ(u))] := hi1
k1

· · ·hir

kr
h�1

j1
· · ·h�s

js
T k1···kr

�1···�s
(ξ(u)) . (7.127)

The set of all tangential tensors of order r + s spans a Dr+s -dimensional sub-
space of r

sTξ(u)(RN ). This subspace is isomorphic to the intrinsic tensor space
r
sTu(RD). We shall show this correspondence in the following simple cases:

Wμ(u) = (∂μξj)[h�
jW�(ξ(u))] ,

V μ(u)∂μξi = hi
kV k(ξ(u)) ,

∂μξi · ∂νξj [hk
i h�

jgk�] = ∂μξi · ∂νξjgij(ξ(u)) = gμν(u) ,

T ν
μ (u)∂νξi = ∂μξj [hi

kh�
jT

k
� (ξ(u))] .

(7.128)

The tangential covariant derivative is defined by

T i1···ir

j1···js ‖q := [∇mT k1···kr

�1···�s
]hi1

k1
· · ·hir

kr
h�1

j1
· · ·h�s

js
hm

q . (7.129)

Now, we shall provide some simple examples.

Example 7.3.5

hij ‖k = [∇�(gmn − dABnAmnBn)]hm
i hn

j h�
k

= −dAB [(∇�nAm)nBn + nAm∇�nBn]hm
i hn

j h�
k ≡ 0 .

ni
A ‖j = (∇kn�

A)hi
�h

k
j ,

∂μξjni
A ‖j = (∂μξk)(∇kn�

A)hi
� = ∇̃μni

A − dCBni
CnB�∇̃μn�

A = ∇̃μni
A . �
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The extrinsic curvature in this approach is defined by the components

χAij(ξ(u)) := −hk
i h�

j∇knA�|ξ(u)

= −(1/2)hk
i h�

j(∇knA� + ∇�nAk)|ξ(u) .
(7.130)

By (7.93) and (7.130), we deduce that

KAμν(u) = −∂μξk · ∂νξ�∇knA�|ξ(u)

= ∂μξi · ∂νξjχAij(ξ(u)) .
(7.131)

Exercises 7.3

1. Consider a four-dimensional Euclidean space and a Cartesian coordinate
chart. Let a two-dimensional submanifold of real-analytic class Cω be given by

x1 = u1, x2 = u2, x3 = V (u), x4 = W (u), u ∈ D2 .

Moreover, let the functions V and W satisfy the Cauchy-Riemann equations

∂1V = ∂2W, ∂2V = −∂1W .

Prove that δABKAμνgμνni
B ≡ 0.

(Remark : Such a submanifold is called a minimal submanifold.)

2. Consider a non-null submanifold of class Cr (r ≥ 3) and the normal vector

subspace spanned by
{

ni
A

∂
∂xi |ξ(u)

}N−D

1
. Let the orthonormal basis vectors

�nA(ξ(u)) undergo a generalized (variable) Lorentz transformation

n̂i
A(ξ(u)) = LB

A(ξ(u))ni
B(ξ(u)) ,

LB
AdBCLC

E = dAE .

Assume the induced transformations
̂KAμν = LB

AKBμν ,

μ̂ABν = LC
ALE

BμCEν + dCELC
A∇̃ν(LE

B) .

Prove that under such transformations, (7.101), (7.102), and (7.108) remain
covariantly intact.

3. Consider the hybrid tensor components ρABμν(ξ(u)) in (7.107iii). Assuming
differentiability, prove the Bianchi-type differential identities

∇̃λρABμν + ∇̃μρABνλ + ∇̃νρABλμ ≡ 0 .



Appendix 1

Fiber Bundles

Let E and B be two sets endowed with topologies. (These are also called
topological spaces.) Let E be “larger” than B in some sense. Moreover, let
there exist a continuous projection mapping Π : E → B. The triple (E,B,Π)
is called a bundle. The topological space B is called the base space.

(See the reference [5].)

Example (A1.1). Let M and M# be two C0 -manifolds. The Cartesian
product manifold M × M# can be defined. The bundle (M × M#,M,Π) is a
product bundle or trivial bundle with the projection mapping

Π(p, p#) := p

for all p in M and all p# in M#. (See fig. A1.1). �

Π

p
M

(p, p#)
M#

M x M#

M

Figure A1.1: A product or trivial bundle.

Example (A1.2). A circular cylinder can be constructed by glueing the
opposite edges of a rectangular sheet of paper. Topologically speaking, the

257
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cylinder is the product manifold S1 × I, where S1 is the closed circle and I
is an open linear segment. The product bundle (S1 × I, S1,Π) is obtained
by defining the projection mapping Π(p, q) := p for p ∈ S1 and q ∈ I. The
usual chart on the circle is furnished by θ ≡ x = χ(p), θ ∈ [−π, π]. The points
θ = −π and θ = π must be identified. (See fig. A1.2) (Distinguish between the
projection Π and the angle π !)

Π

Identify

a a

(p,q)

b b

π−π

Identify

x

p

Identify

χ

Identify

π−π

p

Π
b

a

(p,q)
S1x �

B S1

x θ

Topologically

Figure A1.2: The product bundle (S1 × I, S1,Π).

Consider the special bundles such that the subset Fp := Π−1(p) (for some
p ∈ B ) can be mapped in a continuous and one-to-one manner into a typical set
F. (Such a mapping is called a homeomorphism.) In that case, Fp is called
the fiber over p , and F is the typical fiber. It may happen that there exists a
group G of homeomorphisms taking F into itself. Moreover, let the base space
allow a covering of countable open subset Uj ’s. (See fig. A1.3).

A fiber bundle (E,B,Π, G) is a bundle (E,B,Π) with a typical fiber
F and the group of homeomorphisms G of F into itself and a countable open
covering of B by Uj ’s. Moreover, the following assumptions must hold.

I. Locally, the bundle is a product manifold.

II. There exist homeomorphisms Hj and hj such that

Hj : Π−1(Uj) −→ Uj × F for every j.

hj : Π−1(Uj) −→ F for every j.
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ξ

Π

E

B
p

h1,p

F

h2,p

h1,p h2
-1

, p

U1 U2

Figure A1.3: A fiber bundle (E,B,Π, G).

Thus, Hj(ξ) := (Π(ξ), hj(ξ)) = (p, hj(ξ)) ∈ Uj × F. (Note that the re-
striction hj,p := hj|F (p) is a homeomorphism from the fiber Fp into F.)

III. Let p ∈ Uj ∩ Uk. The mapping hj,p ◦ [hk,p]−1 is a homeomorphism of F
into itself. Thus, hj,p ◦ [hk,p]−1 constitutes an element of the structure
group G.

Remark: In the case of a trivial or product bundle, the group G contains only
the identity element.

Example (A1.3). A circular cylinder can be constructed by glueing (or
identifying) the opposite edges of a rectangular sheet of paper. (See example
A1.2.) Mathematically speaking, the circular cylinder is the product manifold
S1 × I, where S1 is a closed circle and I is an open linear segment. The
product bundle (S1 × I, S1,Π) is obtained by defining the projection mapping
Π(ξ) ≡ Π(p, y) := p for p ∈ S1 and y ∈ I. Let us choose the circle S1 of
unit radius and the interval I := (−1, 1) ⊂ R. A possible coordinate chart for
the unit circle S1 is furnished by the usual angle θ ≡ x = χ(p), x ∈ [−π, π].
(Caution: Distinguish between the number π and the projection Π from the
context!) An atlas for S1 is provided by the union U ∪ ̂U, where D = χ(U) :=
{x : −π < x < π/2} and ̂D = χ̂(̂U) := {x̂ : 0 < x̂ < 3π/2}. In the intersection
U ∩ ̂U, the corresponding coordinate transformation is furnished by x̂ = x. (See
fig. A1.4.)

The intersection U∩̂U is the intersection of subsets corresponding to D∩ ̂D =
V := {x : 0 < x < π/2}. Moreover,

W := {x : −π < x < −π/2} ⊂ D and ̂W := {x̂ : π < x̂ < 3π/2} ⊂ ̂D .
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U χ

x = x−π/2 π/2

D

HH

3π/2

h(  )ξh(  )ξ

Π ΠΠ

a

b

a

b
d

cc

d

Identify

Identify

Uχ

pqp

π
−π

D

HH

o

��

h(  )ξ(p,       )h(  )ξ(p,       )

ξ ξ

ξ ξ

(q,       )h(  ) (q,       )h(  )

ζ

ζ

ζ ζ

Figure A1.4: Fiber bundle (S1 × I, S1,Π, G) and various mappings.

(Note that subsets W and ̂W are topologically identified.) The areas corre-
sponding to χ−1(V ) × I are shaded. Moreover, the areas corresponding to
χ−1(W )×I and χ̂−1(̂W )×I , respectively, are dotted. (See fig. A1.4.) By the
definition of various mappings, we obtain that

H(ξ) = (Π(ξ), h(ξ)) = (p, h(ξ)) ,

̂H(ξ) = (Π(ξ),̂h(ξ)) = (p,̂h(ξ)),

for all p ∈ U and all p ∈ ̂U. Similarly, we get

H(ζ) = (Π(ζ), h(ζ)) = (q, h(ζ)) ,

̂H(ζ) = (Π(ζ),̂h(ζ)) = (q,̂h(ζ)),

for all q ∈ U ∩ ̂U.

Since two coordinate charts coincide in U ∩ ̂U, the “vertical coordinates”
satisfy h(ζ) = ̂h(ζ). For the other part, χ−1(W ) × I and χ−1(̂W ) × I inside
U × I and ̂U × I are identified. Therefore, the “vertical coordinates” again
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HH

h(  )ξ

(q,       )ζh(  )

HH

a

b

b

a
c

dc

d

Identify

Identify

h(  )ξ �

�

h(  )ξ(p,       )

ξ ζ

ξ

U x� U x�U x

(q,       )ζh(  )
(p,       )ξh(  )

Figure A1.5: The Moebius strip as a fiber bundle.

satisfy h(ξ) = ̂h(ξ). Thus, in the union U ∪ ̂U, we always have

h ◦ (̂h)−1 = ̂h ◦ h−1 = e =: identity .

Therefore, the structural group is given by the singleton set G = {e}. �

Example (A1.4). Now we shall discuss the Moebius strip as a fiber bun-
dle. It is obtained by twisting and glueing edges of a strip of paper. It cannot
be described globally as a product manifold. However, locally it is a product of
U × I, where U ⊂ S1 and I is a line segment. We need some mechanism for
twisting to occur. Let us choose the line interval I := (−1, 1) ⊂ R and S1 as
the unit circle. We choose exactly the same chart as in the preceding example.
(See figs A1.3, A1.4, and A1.5.)

The intersection U ∩ ̂U is the intersection of subsets corresponding to D∩ ̂D =:
V = {x : 0 < x < π/2}. Moreover, W := {x : −π < x < −π/2} ⊂ D and
̂W := {x̂ : π < x̂ < 3π/2} ⊂ ̂D (as in the preceding example).

From the definition of various mappings, we conclude that

H(ζ) = (q, h(ζ))

for all ζ ∈ Π−1 ◦ χ−1(V ) = Π−1 ◦ χ̂−1(V ). Since two charts match exactly in
V , we must have identical “vertical” coordinates. Therefore,

h(ζ) = ̂h(ζ) and h ◦ ̂h−1 = ̂h ◦ h−1 = e = identity

for all ζ ∈ Π−1 ◦ χ−1(V ). However, in the other parts, χ−1(W ) × I in U × I
and χ̂−1(̂W ) × I in ̂U × I have opposite orientations incorporating the twist.
Therefore, the “vertical” coordinates satisfy

h(ξ) = −̂h(ξ)
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for all ξ ∈ Π−1 ◦ χ−1(W ). Thus, in such cases

h ◦ ̂h−1 = ̂h ◦ h−1 = g ,

g2 = e .

Therefore, the structural group is furnished by G = {e, g}. (This group is
isomorphic to the permutation or symmetric group S2.) �

A bundle (E,M,Π, G) is said to be a Ck -differentiable fiber bundle
provided E and M are Ck -differentiable manifolds, G is a Lie group, and a
covering of M by a Ck -differentiable atlas exists.

Let us define the tangent bundle 1
0T (M) over the base manifold M. It

is the space of ordered pairs (p, �vp) for all p in M and all tangent vectors
�vp ∈ Tp(M). It constitutes the fiber bundle ( 1

0T (M),M,Π, G) in the following
manner. The fiber at p is Tp(M) and is isomorphic to the typical fiber F = V,
the N -dimensional (real) vector space. Projection Π is defined by Π(p, �vp) = p.
Covering of M is by a typical atlas. The Lie group G = G�(N, R) is the group
of invertible mappings of N -dimensional real vector space V into itself.

A cross section of a general bundle (E,B,Π) is a mapping σ : B → E

such that Π ◦ σ = identity. A tangent (or contravariant) vector field �V
on M is a cross section of the tangent bundle 1

0T (M). A tangent vector field
�V maps each point p in M into a tangent vector �V(p) ∈ Tp(M) by the rule
�V : p �−→ (p, �V(p)) = (χ−1(x)), �V(χ−1(x)). (See fig. A1.6.)

In a similar manner, we can construct a tensor bundle ( r
sT (M),M,Π)

and a tensor field r
sT : p �−→ (p, r

sT(p)) = (χ−1(x)), r
sT(χ−1(x)).

Remark: A tensor bundle always admits the zero cross section r
s0 =: p �−→

(p, r
s0(p)).

D
x

U
p

χ
M

Π

(     (M),M,Π) ��

(M)pT p�

N

1
o

V

Figure A1.6: A tangent vector field �V .
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Lie Derivatives

Let us consider a continuous vector field �V(x) in D ⊂ R
N and a system of

ordinary differential equations:

dX (t)
dt

= �V[X (t)] , (A2.1a)

dX j(t)
dt

= V j [X 1(t), . . . ,XN (t)] ; (A2.1b)

t ∈ [−a, a] ⊂ R .

In the case where the Lipschitz condition ‖�V(x) − �V(x0)‖ ≤ K‖�x − �x0‖ is
satisfied, the system of equations (A2.1a, b) admits unique solution of the initial
value problem

X (0) = x0 .

(See the book by Coddington and Levinson [6].) The solution is called the
integral curve of (A2.1a, b) passing through x0. We consider the family of
integral curves passing through various initial points by putting

x = ξ(t, x0) ,

x0 ≡ ξ(0, x0) .
(A2.2)

Changing the notation of (A2.2), we write

x̂ = ξ(t, x) ,

x ≡ ξ(0, x) ,

x̂j = ξj(t, x) ,

xj ≡ ξj(0, x) .

(A2.3)

263
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The original differential equations go over into

∂ξ(t, x)
∂t

= �V[ξ(t, x)] ,

∂ξj(t, x)
∂t

= V j [ξ1(t, x), . . . , ξN (t, x)] .
(A2.4)

The functions ξ(t, ξ(s, x)) and ξ(t + s, x) satisfy the same differential equa-
tion as in (A2.4). The initial values of both of these functions ξ(0, ξ(s, x)) ≡
ξ(s, x). By the uniqueness of the solution of the inital-value problem, we can
infer that

ξ(t, ξ(s, x)) ≡ ξ(t + s, x) . (A2.5)

Now, we introduce the mapping

ξt ≡ ξ(t, · ) : x �−→ x̂ ,

ξ0 ≡ ξ(0, · ) = identity .
(A2.6)

This mapping takes the point x into x̂ along the integral curve of (A2.4).
Moreover, the mapping ξt takes the neighborhood Nδ(x) into the neighborhood
N
̂δ(x̂) along integral curves. By (A2.5) and (A2.6), we can write

ξt ◦ ξs(x) = ξt(ξ(s, x)) = ξ(t, ξ(s, x)) = ξ(t + s, x) = ξt+s(x) ,

ξt ◦ ξs = ξt+s .
(A2.7)

Therefore, ξt ◦ ξ−t = ξ0 = identity and ξ−t = (ξt)−1. These facts show us that
the set of all mappings (diffeomorphisms) ξt with t ∈ [−a, a] forms a local
pseudo-group. The mapping ξt induces a derivative mapping �ξ

′
t from the

tangent space Tx(RN ) into the tangent space Tx̂(RN ) ≡ Tξt(x)(RN ). (See (3.41)
and (3.43).) We define the Lie derivative of a vector field �U(x), restricted to
an integral curve of the equation (A2.4), by the following rule:

L�V[�U(x)] := lim
t→0

{

(�ξ
′
t)

−1[�U(x̂)] − �U(x)
t

}

. (A2.8)

(See fig. A2.1.)

Example (A2.1). Let us work out the Lie derivative of the coordinate basis
field ∂

∂xi . By (3.43), (A2.3), and (A2.4), we obtain

[�ξ
′
t]
−1

(

∂

∂x̂i

)

=
∂ξj(−t, x̂)

∂x̂i

∂

∂xj
.
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-a o t a
x

ξ( ,x) U(x)

-1(    )
t

[      ]U(x)

V(x)

U(x)

x

Figure A2.1: A vector field �U(x) along an integral curve ξ( · , x).

Therefore, from (A2.8),

L�V

[

∂

∂xi

]

= lim
t→0

{

[�ξ
′
t]
−1
(

∂
∂x̂i

)

− ∂
∂xi

t

}

= lim
t→0

{

t−1

[

∂ξj(−t, x̂)
∂x̂i

− δj
i

]}

∂

∂xj

= lim
t→0

{

t−1

[

∂x̂j

∂x̂i
− t

(

∂

∂(−t)
∂ξj(−t, x̂)

∂x̂i

)

|t=0

+ 0(t2) − δj
i

]}

∂

∂xj

= −
{

∂

∂x̂i

[

∂ξj(−t, x̂)
∂(−t)

]}

|t=0

∂

∂xj
= −

{

∂V j [ξ1(−t, x̂), . . .]
∂x̂i

}

|t=0

∂

∂xj

= −∂V j(x)
∂xi

∂

∂xj
. �

Using the example above and the definition

L�V[f(x)] := �V(x)[f ] , (A2.9)

we can prove that

L�V[�U(x)] =
[

∂U i(x)
∂xj

V j(x) − ∂V i(x)
∂xj

U j(x)
]

∂

∂xi
. (A2.10)

A consequence of the equation above is that

L�V[�U(x)] = �V(x)�U(x) − �U(x)�V(x) = [�V, �U] . (A2.11)
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(See (4.50) and (4.51).)

We generalize the definition of Lie derivatives in (A2.8) for a differentiable
1-form W̃(x) by (3.44) as

L�V[W̃(x)] := lim
t→0

{

[ ξ̃ ′
t]
−1[W̃(x̂)] − W̃(x)

t

}

. (A2.12)

Example (A2.2). Let us consider the Lie derivative of the basis 1-form
dxi. By (A2.12), (3.46), and (A2.4), we have

L�V[dxi] = lim
t→0

{

[ξ̃′
t]
−1(dx̂i) − dxi

t

}

= lim
t→0

{

t−1

[

∂ξi(t, x)
∂xj

− δi
j

]}

dxj

=
[

∂

∂xj

∂ξi(t, x)
∂t

]

|t=0

dxj =
∂V i(x)

∂xj
dxj . �

By the example above and the definition (A2.9), we obtain for a differentiable
1-form W̃(x) = Wi(x)dxi,

L�V[W̃(x)] =
[

∂Wi(x)
∂xj

V j(x) + Wj(x)
∂V j(x)

∂xi

]

dxi . (A2.13)

We are now in a position to define the Lie derivative of an arbitrary differ-
entiable tensor field r

sT(x). With the help of equations (A2.8), (A2.12), and
(3.47), we define

L�V[ r
sT(x)] := lim

t→0

{

[ r
sξ

′
t]
−1[ r

sT(x̂)] − r
sT(x)

t

}

,

{

[ r
sξ

′
t] [

r
sT(x)]

}

(

ξ̃
′
t(W̃1(x)), . . . , ξ̃′

t(W̃r(x)), �ξ
′
t(�U1(x)), . . . ,�ξ

′
t(�Us(x))

)

:= [ r
sT(x)]

(

W̃1(x), . . . ,W̃r(x), �U1(x), . . . , �Us(x)
)

(A2.14)

for all �U1, . . . , �Ur in Tx(RN ) and all W̃1, . . . ,W̃r in T̃x(RN ).

We can work out the coordinate components of L�V[ r
sT(x)] by (A2.14).
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These are furnished by
{

L�V[ r
sT(x)]

}i1···ir

j1···js
:=
{

L�V[ r
sT(x)]

}

(

dxi1, . . . , dxir,
∂

∂xj1
, . . . ,

∂

∂xjs

)

= (∂kT i1···ir
j1···js

)V k(x) −
r
∑

α=1

[

T
i1···iα−1kiα+1···ir

j1···js
(x)
]

∂kV iα

+
s
∑

β=1

[

T i1···ir

j1···jβ−1kjβ+1···js
(x)
]

∂jβ
V k .

(A2.15)

(The proof of the equation above is left to the reader.)

Example (A2.3). Consider a (0+2)th-order differentiable tensor field T.. (x).
The components {L�V[T.. (x)]}ij are provided from (A2.15) as

{L�V[T.. (x)]}ij = (∂kTij)V k(x) + Tkj(x)∂iV
k + Tik(x)∂jV

k . (A2.16)

For a differentiable mixed tensor field,

{L�V[T.· (x)]}i
j = (∂kT i

j )V
k(x) − T k

j (x)∂kV i + T i
k∂jV

k . (A2.17)

From the equation above, we have the contraction

{L�V[T.· (x)]}i
i = (∂kT i

i )V
k(x) = L�V[T i

i (x)] . �

The main theorem regarding the Lie derivatives of tensor fields is stated
below.

Theorem (A2.4). The differentiable tensor fields and the differentiable vec-
tor field �V(x) in D obey the following rules in regard to the Lie derivatives:

(i) L�V[ r
sT(x)] ∈ r

sTx(RN ) .

(ii) L�V[λ( r
sT(x)) + μ( r

s
�U(x))] = λ{L�V[ r

sT(x)]} + μ{L�V[ r
s
�U(x)]} .

(iii) L�V[ r
sT(x) ⊗ p

qU(x)] = {L�V[ r
sT(x)]} ⊗ p

qU(x) + r
sT(x) ⊗ {L�V[ p

qU(x)]} .

(iv) L�V[Ci
j(

r
sT(x))] = Ci

j{L�V[ r
sT(x)]} .

(v) L�V[d( pW(x))] = d{L�V[ pW(x)]} .

The proof is left to the reader.
Note that the Lie derivative of a tensor field is defined on a general differ-

entiable manifold without recourse to the existence of a connection. Moreover,
Lie derivatives produce new tensor fields out of old ones.
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In a Riemannian or pseudo-Riemannian manifold MN , the symmetric met-
ric tensor g.. (x) must exist. The symmetries or isometries of the manifold are
investigated by obtaining the existence of Killing vectors �K(x) satisfying

L�K[g.. (x)] = 0.. (x) . (A2.18)

The equation above is called the Killing equation. Equation (A2.18), by the
equation (A2.16), yields the component version

{L�K[g.. (x)]}ij = (∂�gij)K�(x) + g�j(x)∂iK
� + gi�(x)∂jK

� = 0 . (A2.19)

Introducing covariant derivatives involving Christoffel symbols, (A2.19) can
be expressed neatly as

∇iKj + ∇jKi = 0 . (A2.20)

Example (A2.5). Let us investigate the Killing equations (A2.19) in the
simple case of the Euclidean plane E 2. Using a global Cartesian chart, we
obtain that

gij(x) = δij , ∂�gij ≡ 0 .

Equations (A2.19) yield three independent equations

∂1K1 = ∂2K2 = 0, ∂1K2 + ∂2K1 = 0 . (A2.21)

These are three linear, coupled, first-order partial differential equations for two
unknown functions K1 and K2 in two independent variables (x1, x2) ∈ R

2.
Solving the first two equations in (A2.21), we get

K1(x) = F (x2) ,

K2(x) = H(x1) .
(A2.22)

Here, F and H are two arbitrary (differentiable) functions of integration. Sub-
stituting (A2.22) into the third equation in (A2.21), we derive that

F ′(x2) + H ′(x1) ≡ 0 ,

F ′(x2) = −H ′(x1) = θ0 = const. .

Solving the above ordinary differential equations, we finally get

K1(x) = θ0x
2 + t1 ,

K2(x) = −θ0x
1 + t2 ,

(A2.23)

�K(x) =
[

t1
∂

∂x1
+ t2

∂

∂x2

]

+ θ0

[

x2 ∂

∂x1
− x1 ∂

∂x2

]

.
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Here, t1, t2 and θ0 are three arbitrary constants of integration. The parameters
t1 and t2 generate translation of coordinate axes, whereas the parameter θ0

generates rotation of the axes. Therefore, the Killing vector field �K(x) generates
the group of isometry in the Euclidean plane E 2. �

Example (A2.6). Consider the surface S2 of the unit sphere. (See exam-
ples 4.3.12 and 5.1.8.) The metric tensor is furnished by

g.. (x) = dx1 ⊗ dx1 + (sin x1)2dx2 ⊗ dx2 .

The corresponding Killing equations (A2.20) yield

∂1K
1 = 0 ,

∂2K
2 + (cot x1)K1(x) = 0 ,

∂2K
1 + (sin x1)2∂1K

2 = 0 .

(A2.24)

Solving the first equation, we obtain that

K1(x) ≡ K1(x1, x2) = f ′(x2) .

Here, f is some twice-differentiable function. Now, the integration the second
Killing equation implies that

K2(x) + (cot x1)f(x2) = g(x1) .

Here, g is some differentiable function. With these results, we deduce from the
third equation that

f ′′(x2) + f(x2) + (sin x1)2g′(x1) = 0 ,

f ′′(x2) + f(x2) = C = −(sin x1)2g′(x1) .
(A2.25)

Here, C is a constant of separation. Integrating the equations above, we derive
that

f(x2) = −C + A cos x2 + B sinx2 ,

g(x1) = C cot x1 + D .

Here, A,B,D are arbitrary constants of integration. Therefore, we obtain that

K1(x) = −A sin x2 + B cos x2 ,

K2(x) = D − cot x1(A cos x2 + B sinx2) ,

�K(x) = −A

(

sin x2 ∂

∂x1
+ cot x1 cos x2 ∂

∂x2

)

+B

(

cos x2 ∂

∂x1
− cot x1 sinx2 ∂

∂x2

)

+ D
∂

∂x2
.
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There exist three linearly independent Killing vectors

�K(1)(x) := sin x2 ∂

∂x1
+ cot x1 cos x2 ∂

∂x2
,

�K(2)(x) := − cos x2 ∂

∂x1
+ cot x1 sinx2 ∂

∂x2
,

�K(3)(x) := − ∂

∂x2
.

(A2.26)

(Multiplying the above by the imaginary number i, we arrive at orbital angular
momentum operators of quantum mechanics!) �



Answers and Hints
to Selected Exercises

Exercises 1.1

2(i). Hint: For a non-zero element, the inverse is

(m + n
√

2)−1 =
(

m

m2 − 2n2

)

−
(

n

m2 − 2n2

)√
2.

Exercises 1.2

1. Hint: Investigate the linear homogeneous equations α1λ + β1μ = 0, α2λ +
β2μ = 0 for the unknown numbers λ and μ .

Exercises 1.3

3. Hint: Isomorphism is defined by

I(αi�ei) := (α1, . . . , αN ).

Exercises 1.4

2. w1 = ŵ1, w2 = ŵ2,

w3 = (cosh α)ŵ3 + (sinhα)ŵ4,

w4 = (sinhα)ŵ3 + (cosh α)ŵ4.

Exercises 2.1

2. Hint: T.. ≡ 1
2

(

T.. + T..T
)

+ 1
2

(

T.. − T..T
)

.

271
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Exercises 2.2

1. Components of the vectors �a , �b , �c are given by (α1, α2) = (−1, 1), (β1, β2) =
(1, 2) and (γ1, γ2) = (2, 1), respectively. The components of �a⊗ �b⊗�c are pro-
vided by αiβjγk ; i, j, k ∈ {1, 2} .

Exercises 2.3

3(ii). Hint: Use (2.93).

Exercises 2.4

1. The metric is not positive-definite.

2(i). In the case where g..(�a, �a) > 0, consider g..(λ�a + �b, λ�a + �b) ≥ 0 with
λ := −g..(�a, �b)/g..(�a, �a).

Exercises 3.1

2.
∂2

∂x1∂x2
f(x1, x2)|(0,0) = 1,

∂2

∂x2∂x1
f(x1, x2)|(0,0) = −1.

Exercises 3.2

4.
Xα(t) = t, α ∈ {1, 2, 3},

X 4(t) =
√

3t.

Exercises 3.3

4(i). Left-hand side

=
(

δc
jδ

i
c

)

dxj ⊗ ∂

∂xi
= δ i

j dxj ⊗ ∂

∂xi

= right-hand side.
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4(ii). Left-hand side

=
[

δc
cδ

i
j

∂

∂xi
⊗ dxj

](

wkdxk, V l ∂

∂xl

)

= Nδi
jδ

k
iδ

j
lwkV l

= right-hand side.

Exercises 3.4

1. 2W(x) ∧ 2W(x) ∧ 2W(x) = 6O(x).

Exercises 4.1

1. Hint: ∇iV
k = δk

i + N
(

xk/xi
)

.

Exercises 4.3

4. Hint:
̂Ri

jkl =Ri
jkl + δi

j [∇kψl −∇lψk]

+ δi
l [∇kψj − ψj · ψk] − δi

k [∇lψj − ψj · ψl] .

Exercises 5.1

1. Hint: See problem 1 in exercises 2.4.

4. Hint:

det
[

̂Apq(x) − ̂λ(x) ̂Bpq(x)
]

=
{

det
[

λr
p(x)

]}

{

det
[

Ars(x) − ̂λ(x)Brs(x)
]}

{

det
[

λs
q(x)

]}

.

Exercises 5.2

1. Hint: Use
{

j
jk

}

= ∂kln
√

|g| and
{

l
jk

}

Sj
l = [jk, l] Sjl .
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3. Hint: Consider the thrice-differentiable coordinate transformation such that

ĝ11 − ĝ22 =

[

∂ ̂X1(x)
∂xi

∂ ̂X1(x)
∂xj

− ∂ ̂X2(x)
∂xi

∂ ̂X2(x)
∂xj

]

gij(x) = 0

and
ĝ12 =

∂ ̂X1(x)
∂xi

∂ ̂X2(x)
∂xj

gij(x) = 0.

Assuming the local existence of two solution functions ̂Xi(x) for two equations,
prove the identities in the hatted coordinates.

8. Hint: Use the Ricci identities:

(∇u∇v −∇v∇u) Rpqrs = −
N
∑

β=1

Rq1qβ−1wqβ+1R
w
qβuv.

Exercises 5.3

2. Hint: The function χ3(τ) is implicitly given by

∫ x3

x3
0

f(y) dy = ±
√

(k1)2 + (k2)2 (τ − τ0) .

Here, k1 and k2 are arbitrary constants (with |k1| + |k2| > 0).

8(ii). exp [T (s) − T (s0)] = sec2(s − s0),

χα(s) − χα(s0) = k−2kα tan(s − s0).

Here, arbitrary constants satisfy k2 := δμνkμkν > 0.

Exercises 5.4

6. By (5.282),

0 = det [Gij − λgij ]|τ=c

=
{

det
[

G#
μν +

(

2AÄ + Ȧ2 − λ
)

g#
μν

]}

{

A−2

[

1
2
R# − 3Ȧ2

]

+ λ

}

.

Since G#
μν = G#

νμ and g#
μν is positive-definite, the roots λ(1), . . . , λN−1 of the

equations above are real. The last root, λN = A−2
[

3Ȧ2 − 1
2R#

]

, is obviously
real.
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Exercises 6.1

1(i). Hint: Use example 6.1.1.

2. Hint: Use (5.17).

Exercises 6.2

2(i). Hint: Use (6.31).

Exercises 6.3

1. Hint: Assume that

Rh
ijk + δh

jRik − δh
kRij + gikRh

j − gijR
h
k +

R

2
(

δh
kgij − δh

jgik

)

≡ 0.

Exercises 6.4

1. Hint: Use orthogonal coordinates. Since the tensor equation C
.
...(x) ≡

O
.
...(x) can be proved in the orthogonal coordinates, it must be valid for any

other chart. (Compare this with the hint for problem 1 in exercises 6.3.)

Exercises 7.1

1(ii). The Gaussian curvature is furnished by K(u) = [1 + δμν ∂μf ∂νf ]−2

det [∂α∂βf ] . The condition K(u) = 0 implies that the determinant is
∣

∣

∣

∣

∣

∂2
1f , ∂1∂2f

∂1∂2f , ∂2
2f

∣

∣

∣

∣

∣

= 0.

Thus, the functions ∂1f and ∂2f are functionally related. Therefore, there ex-
ists a non-constant differentiable function F such that F (∂1f, ∂2f) = 0.

Exercises 7.2

4. Hint:
gαβ = ewg′αβ ,

gα4 = − ewg′αβaβ ,

g44 = − e−w + ewg′αβaαaβ ,

det [gij ] = − e−2wdet
[

g′αβ

]

.
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Denoting the symbols a′λ := g′λγaγ , the following equations can be established:

{

λ
αβ

}

=
{

λ
αβ

}′
− 1

2
[

δλ
β∂αw + δλ

α∂βw −
(

g′αβ + e2waαaβ

)

g′λγ∂γw
]

−1
2
e2w
(

aαf ′λ
β + aβf ′λ

α

)

,

{

4
αβ

}

=
1
2
[

∇′
βaα + ∇′

αaβ + 2aβ∂αw + 2aα∂βw
]

−1
2
[(

g′αβ + e2waαaβ

)

∂γw + e2w (aαfβγ + aβfαγ)
]

aγ ,

{

γ
4α

}

=
1
2
e2wg′γβ (fαβ + aα∂βw) ,

{

α
44

}

=
1
2
e2wg′γβ∂βw,

{

4
α4

}

=
1
2
[

∂αw − e2wa′β (fαβ + aα∂βw)
]

,

{

4
44

}

= −1
2
e2wa′α∂αw.

Exercises 7.3

1.
∂αξ1 = δ1

α, ∂αξ2 = δ2
α, ∂αξ3 = ∂ αV, ∂αξ4 = ∂ αV ;

δαβ∂α∂βV = δαβ∂α∂βW ≡ 0;
gμν(u) = δμν + ∂μV ∂νV + ∂μW∂νW,

gμν(u) = δμν
[

1 + (∂1V )2+ (∂1W )2
]−1

= δμν
[

1 + (∂2V )2+ (∂2W )2
]−1

,

{

λ
μν

}

= gλγ [∂μ∂νV · ∂γV + ∂μ∂νW · ∂γW ] ,

gμν

{

λ
μν

}

≡ 0,

{

i
jk

}

|ξ(u)

≡ 0.

Using (7.92c), we obtain that δABKAμνgμνni
B ≡ 0.
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connected, 52
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space, 63
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covariant order, 24
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momentum operators, 108
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multiplication, 1
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normal or hypersurface orthogonal co-

ordinate, 189
null hypersurface, 234
null vector, 45
numerical tensors, 30
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order tensor field, 73
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orthogonal, coordinate chart, 194
outer product, 17, 26

parabolic, 230
paracompact, 52
parallelly propagated, 101
parametrized curve, 64
parametrized submanifold, 245
passive transformation, 8
permutation (or numerical) symbol of

Levi-Civita, 37
planar, 230
Poincaré’s lemma, 85
positive-definite, 122
positive-definite inner product, 44
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potential equation, 137
principal roots, 230
principal, normal curvatures, 241
product bundle, 257
profile curve, 231
projection, 257
projection tensor, 255
projective curvature tensor, 120
projective transformation, 120
pseudo-Cartesian, 201
Pythagoras theorem, 171

raising and lowering indices, 46
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indices, 126
real-analytic, 53
relative tensor r

sΘω of weight, 39
relative tensor field, 72
reparametrization, 67, 234
reparametrized curve, 67
representation matrix, 10
Ricci identities, 120, 140
Ricci rotation coefficients, 129
Ricci tensor, 141
Ricci-flat spaces, 215

Riemann normal coordinate chart, 185
Riemann-Christoffel curvature

tensor, 138, 186
Riemannian sectional curvature, 207
rigidity, 203
rotation group, 108
ruled surface, 174, 236

scalar density, 40
scalar product, 43
Schouten-Cotton tensor, 218
Schroedinger equation, 138
second contracted Bianchi’s identities,

143
second curvature (or torsion), 161
second fundamental form, 229
second normal (or binormal), 161
second order covariant tensor, 16
separation, 44, 122, 169
signature of a metric, 44
singularity theorems, 177
skew, 31
space of constant curvature, 209
spacelike, 166
spacelike hypersurface, 234
spacelike vector, 44
special conformal transformation, 221
spherical polar coordinate

system, 55
spinor, 14
spinor dyads, 9
spinor space in an arbitrary

field, 38
standard basis, 6
stationary, 170
stationary space-time, 245
straight lines, 171
strain-tensor, 203
stress-tensor, 203
strict components, 37
structure coefficients, 108
structure group, 259
submanifold, 245
subtensor, 191
symmetric, 20
Symmetric group, 32



Index 289

symmetric space, 213
symmetrization operation, 32
symmetrized Riemann tensor, 156

tangent (or contravariant) vector
field, 262

tangent bundle, 262
tangent vector, 60
tangent vector space, 61
tensor algebra, 30
tensor bundle, 69, 262
tensor density, 39
tensor density field, 72
tensor field, 69
tensor product, 17, 26
tetrad, 15, 125
tetrads, 9
timelike, 166
timelike hypersurface, 234
timelike vector, 45
topological invariants, 154
topological manifold, 54
topology, 52
torsion 2-forms, 113
total partial derivative, 237
totally antisymmetric, 31
totally differentiable, 63

totally geodesic hypersurface, 244
trace operation, 28
transposition, 20, 31
triads, 15
trivial bundle, 257
typical fibre, 258

umbilic, 230
unit matrix, 7
up-star (∗) duality mapping, 40

variational method, 169
vector subspace, 5
velocity potential, 204
vorticity tensor, 204

wave operator, 156
wave-function, 138
wave-mechanics, 138
wedge product, 33
winding number, 68
world-function, 177

Yano’s integral formula, 157

zero mixed tensors, 22
zero or null mapping, 10
zero tensor, 16
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