Introduction
to Plasma
Physics

Mir Publishers Moscow


















B. M. CmupHos
Beenenue
B ¢hu3nKy nnazmbl

H3patenscteso «Hayxa»
MockBa



Introduction
to Plasma Physics

by B. M. Smirnov

Translated from the Russian
by Oleg Glebov

Mir Publishers
Moscow



First published 1977
Rovised from the 1975 Russian edition

Ha ansautickon savixe

© Taanmast pojaxiua GusuKo-MaTeMaTAYeCKOH JIMTEPATYPHI
wyateancTia «llayka», 1975 r.
© Fnglish translation, Mir Dublishers, 1977



Preface

This book is based on a series of lectures delivered by the
author over a ten year period at the Moscow Power-Engineer-
ing Institute to technology and chemistry undergraduates
not specializing in physics. The book aims at providing a
concise yet general description of the physics of weakly
ionized plasma so that a budding engineer or chemist can
obtain a general understanding of the phenomena occurring
in the plasma of a laboratory setting. This understanding is
necessary since low-temperature plasma is increasingly
used in technology.

The character of the book’s intended readership demands
that the mathematics of the book be relatively unsophisticat-
ed. The author believes that the purpose of this book cannot
be achieved merely by including descriptive material and
formulas without derivation. This approach can hardly
contribute to understanding the subject since the student
cannot see all the conditions providing for the validity of
the result. We use another approach. The book extensively
employs various evaluative techniques, which show the
dependence of the result on the parameters of the problem
and give its value within order of magnitude. Moreover, for
some functions only their limiting values are determined or
simple assumptions are made to find these functions. These
methods yield a correct qualitative picture of the subject
and considerably simplify the discussion. However, the
simplicity of discussion is essentially thought-provoking
and creates a profound understanding of the subject.

The amount of the material used in the book and the form
of its presentation were chosen to provide engineering stu-
dents with the general knowledge of the fundamentals of the
plasma physics, which they will need when working with
plasma-containing systems.



Preface

The reader is assumed to know the material given in a
basic course of general college physics. The choice of prob-
lems and their treatment in the book were to some extent
prompted by the author’s experience in the applied plasma
research.

A list of literature for further reading is given at the end
of the book.

B. M. Smirnov
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1 Plasma in Nature and in Laboratory Systems

What is plasma? The term “plasma” first appeared in phys-
ics in the 1920s. Plasma is a conducting gas, that is, a gas
which contains a noticeable proportion of charged particles
(electrons and ions). To understand the conditions of plasma
formation let us compare a plasma and a mixture of chemi-
cally active gases. For instance, the following chemical
reaction can occur in the air, which is basically a mixture
of nitrogen and oxygen:

N, 40, == 2NO—41.5 kcal-mol™! (1.1)

Hence, a small amount of nitric oxide NO is present in the
air at the equilibrium between nitrogen and oxygen. Accord-
ing to the Le Chatelier principle, increasing the air tempera-
ture results in a larger equilibrium amount of nitric oxide.

The equilibrium between the neutral and charged particles
is similar to the above case. An atom or molecule consists of
bound positively charged nuclei and negatively charged
electrons. At high temperatures the bonds can be broken
giving rise to electrons and positively charged ions. For in-
stance, the respective chemical reaction for the nitrogen
molecule is

N, =NJ 4 ¢—360 kcal-mol-! (1.2)

The bonding energy of an outer electron in an atom or mole-
cule is roughly ten times the chemical bond energy. There-
fore, production of charged particles in this reaction becomes
noticeable at temperatures of the order of tens of thousands
of degrees. For instance, the sun’s photosphere, which emits
the main part of the solar radiation and where the tempera-
ture is about 6000 K and the hydrogen atom density is of the
order of 10'? cm~3, has been found to have the ratio between
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the densities of the charged particles and the neutral particles
(the degree of ionization) of about 5 % 10-3.

The equilibrium density of the charged particles at room
temperature is practically zero owing to the high bonding
energies of the electrons in atoms and molecules. However,
by placing the gas into an electric field, the gas can be made
electrically conductive even at room temperature. The
electrons become strongly heated when moving in the elec-
tric field and receiving energy from it. The electric field does
not affect the gas molecules and even if the degree of ioniza-
tion of the gas is low, the temperature of the molecules re-
mains at theroom level. Such a conducting gas in an external
electric field is called the gas discharge.

Plasma can be created in different ways. We shall discuss
below in brief the principal types of plasma encountered
in practice or research. The diagram in Fig. 1 illustrates
the parameters of the plasmas found in various systems.

Laboratory equipment for maintaining plasma. The gas
discharge is the most popular technique for producing plasma
under laboratory conditions. The gas discharge is used for
exciting most gas lasers; gas discharge as well as radiation
sources and lamps which generate radiation in a wide wave-
length range are the basis of plasmatrons. There are various
useful applications of the gas discharge.

The gas discharge is a gas space across which a voltage is
applied. Charged particles are produced in this space and
they move in the electric field and take energy from it. If
the charged particles are produced owing to the effect of an
external agent, the resulting gas discharge is called nonself-
maintained discharge, in contrast to the self-maintained dis-
charge. The principal useful types of the self-maintained dis-
charge are the glow discharge and the arc discharge; the
essential difference between them consists in the process of
electron production in the cathode’s vicinity. The electron
density is 107-10'2 ¢cm~® for the glow discharge and higher
for the arc discharge.

The density of the charged particles (electrons and ions)
in the gas discharge is much lower than the density of the
neutral particles (atoms; and molecules). This plasma is
called weakly ionized or low-temperature plasma since the
mean energy of electrons or ions in it is much lower than the
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ionization potential for the gas particles. Another extreme is
the hot plasma where the mean energy of ionsis much higher
than the ionization potential of the gas particles. Such plas-
ma contains ions and electrons and practically lacks neutral
particles,

An example of hot plasma is the thermonuclear plasma,
that is, the plasma which must be created for the course of
a controlled thermonuclear reaction. The most practicable
thermonuclear fusion reaction involves deuterium nuclei
or nuclei of deuterium and tritium (the hydrogen isotopes).
To make possible this reaction the deuterium or tritium ions
must be able to enter the reaction during the time of plasma
confinement, that is, when the ions are in the reaction volume.

In the existing laboratory installations, this condition
is satisfied at the ion temperature over hundreds of millions
degrees and when the product of the density N of charged
particles by the plasma confinement time T exceeds
10'®s-cm 3. For the plasma containing deuterium and tritium
nuclei, Nt must be more than 10'* s-cm~3 (the Lawson crite-
rion). If this condition is met, the self-maintaining thermo-
nuclear reaction can occur when the heat released by the
reaction maintains the temperature of the particles needed
for continuation of the reaction. The existing laboratory
installations do not achieve these values.* However, the
thermonuclear plasma is carefully studied and some advance
is forseeable in this field.

Note that the energy of radiation from the sun and stars
also is produced in thermonuclear fusion reaction involving
the hydrogen nuclei, or protons. This reaction is less effi-
cient than the reaction with the deuterium or tritium ions,
but since the reaction volume in stars is very large, the tem-
perature proves to be of the order of ten million degrees,
rhat is, considerably lower than the temperature of the labo-
ratory thermonuclear plasma for a more favourable reaction.

* The Tokamak-type installations, which are considered at pres-
ent to be the most promising ones for controlled thermonuclear fusion,
make it possible to reach values of Nt less than 103 s-cm-3 and ion
temperature less than 107 K [see M. S. Rabinovich, Fizika plazmy 1,
335 (1975): “Results of the V International Conference on plasma
physics and controlled thermonuclear fusion, Tokyo, 10-15 Novem-
ber 1974"; English translation in Soviet Journal of Plasma Physics).
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14 Introduction to Plasma Physics

The low-temperature plasma is used in the laboratory in-
stallations of various types, apart from the gas discharge
which can produce plasmas with different parameters. Let
us discuss some of these installations. If a magnetic field is
applied perpendicular to the flow of weakly ionized gas, an
electric current passes perpendicular to the flow and to the
magnetic field. If an electric field is applied opposite to this
current, we obtain an electric power generator which trans-
forms the kinetic energy of flow into electric energy. Such
installations are called the magnetohydrodynamic (MHD)
generators.

The greater the magnetic field, the density of the charged
particles, and the gas flow velocity, the greater the energy
that is produced by the unit volume of the MHD generator.
The magnetohydrodynamic transformation of energy is a
very promising method since it provides for high power pro-
duction per unit volume of the installation and high efficien-
cy. There are two types of the MHD generator configuration:
open-cycle and closed-cycle. In the MHD generators of the
open-cycle type, the working gas passes the conversion vol-
ume only once and then is discharged. Application of such
MHD generators already has beean started at heat power
plants where they contribute to increasing the total plant’s
efficiency. In the elosed-cycle MHD generator the working
gas repeatedly passes the conversion volume. Practicable
closed-cycle MHD generators are still being developed.

If we connect two parallel metal plates with different
work functions*, this will give rise to a potential difference
across the vacuum gap between the plates. If we then heat
one of the plates to a high temperature, there will be some
electron emission from it and part of the electrons will reach
the cold plate. We shall heat the plate with the higher work
function and interconnect the plates via a load. Since the
electrons spend energy when passing from one plate to an-
other through the vacuum gap, the electric energy will be
liberated at the load. Hence, this system, which is called the
thermoemission converter, converts thermal energy into
electric energy.

* The work function is the energy needed by an electron to leave
a metal’s surface.
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The efficiency of the thermoemission converter is low (less
than 20%) and for a high temperature of the plates its main
advantage is compactness, that is, it produces a high electric
power per unit area of the plates. The uncompensated charge
of electrons in the gap between the plates gives rise to an
electric field £ given by the Poisson equation:

E
2% —4ne(N,—N,) (1.3)

where IV, is the electron density, V; is the ion density which
is zero in this case, and z is the distance to one of the plates.
Hence, the electrons give rise to the following potential
difference (K = —dg/dz):

@ = 2neN d? = 2njd?/v, (1.4)

The output voltage is decreased by this value; the output
voltage of the thermoemission converters amounts, typically,
to about one volt. In (1.4) d is the distance between the
plates, j = eN v, is the electric current density, and v, is
the electron current velocity.

From the above equations it readily may be estimated that
the effect is absent for the practicable energy flux of about
1 W-cm~2 if the width of the gap between the plates is much
less than 10 pm. This must be done for the plate temperature
of about 2000 K, when there is intense evaporation of the
material from the plate surface. Hence, the above condition
is technologically unfeasible. However, this problem can be
solved by filling the gap between the plates with plasma,
which essentially will determine the parameters of the
thermoemission converter. '

The electrogasodynamic (EGD) generator is a less well-
known device than the MHD generator. In the EGD genera-
or, the gas flow containing ions of the same polarity (only
negative or only positive) is directed through an electric
field so that the ions are carried by the gas flow opposite to
the field. Hence, the ions “produce” electric power by con-
verting the energy of the gas flow. The output voltage of the
EGD generator can be rather high, but its power and specific
power are not high since the ion densities in the gas flow are
small.
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Interestingly, the concepts of the MHD and EGD genera-
tors and the thermoemission converter were suggested as
early as the end of the last century. But the high-temperature
materials necessary for constructing practicable systems
have been developed only recently.

The same is true for the plasmatrons, the gas-discharge
devices in which the electric energy is used for carrying out
chemical reactions. Plasmatrons first were developed at the
beginning of this century. However, because of the high
cost of electric power at that time, it was too expensive to
convert into chemical energy. Now plasmatrons are increas-
ingly used in industrial applications, which make it pos-
sible to decrease considerably production areas, to obtain
higher-quality products and to carry out processes in one
stage, thus getting rid of the useless intermediate products.
The above examples illustrate the fact that technological
innovations are not necessarily due to the advances in pure
science but can be initiated by developments in the technolo-
gy itself.

Space plasma. Apart from the laboratory plasma, the
attention of the scientists is increasingly drawn to the plas-
mas in the atmospheres of the earth and the planets, in the
stars, including the sun, and in outer space.* Each of the
above plasma types exists under rather special conditions.
For instance, the plasma of the earth’s atmosphere (hundreds
of kilometers above the earth’s surface) is created by the
ultraviolet solar radiation. This plasma’s parameters sharply
vary according to certain processes occurring on the solar
surface and to the parameters of the atmosphere itself. A few
successful experiments have been carried out with temporary
variation of the atmospheric plasma parameters in limited
volumes of space.

The plasmas of stars differ greatly in their parameters.
For instancegdin the inner part of the sun where the thermo-
nuclear fusion reaction occurs, the temperature is as high as
16 million degrees. The surface region of the sun about
1000 km thick which radiates most of the solar energy is
referred to as the photosphere; the temperature of the photo-

* Over 90% of the matter in the universe consists of charged par-
ticles, that is, il is in the plasma state.
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sphere is about 6000 K and its distance from the sun’s centre
is 700 000 km. The region which is closer to the sun’s centre
is called the convective region since the energy is transported
there with convective movement of the solar plasma in
strong magnetic fields. Such movement of the solar plasma
gives rise to the granular structure of the photosphere, devel-
opment of the sun spots and other nonstationary phenomena
on the sun’s surface. However, the total solar power radiated
in the optical range is fairly stable despite the nonstationary
effects.

Over the sun’s surface there is a low-density high-tempera-
ture region (the temperature of about 10¢ K) called the solar
corona; it is a rather powerful source of ultraviolet radiation.
The sun emits plasma from its surface. The stationary proton
flux emitted by the solar corona is referred to as the solar
wind. The plasma flow from the sun’s surface gives rise to
the interplanetary plasma. The electrons in this plasma are
captured by the magnetic field of the earth and give rise to
the radiation belts around the earth (at a distance of a few
thousand kilometers). The high-energy electrons and protons
produce various eflectls in the earth’s atmosphere, in particu-
lar the auroras.

The interstellar plasma has a very low density and a tem-
perature of about 3 K. The energy exchange between the par-
ticles of this plasma proceeds in a peculiar way via the in-
teraction with the electromagnetic radiation field. The in-
terstellar plasma is a source of information on the develop-
ment of the universe.

2 Statistics of Weakly lonized Gas

Distribution of particles by state. Let us assume that
we consider an ensemble of a large number of particles and that
each of the particles can be in one of the various states des-
cribed by a set of quantum numbers i. We have to find how
many particles of this system are in a given state. For in-
stance, we consider a molecular gas and have to find the
number of molecules in a given vibration-rotational state.
Discussed below are problems of this type.

2—01607
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Let us consider a system of particles containing a definite
number N of particles which does not vary with time. Let
us denote the number of particles in the ith state by n;;
then the following relation must hold:

N=2n (2.1)
1

Furthermore, our system of particles is closed, that is, it
does not exchange energy with the outside world. Hence,
if the total energy of the system is € and the energy of the
particle in state i is &;, then the following relation is satis-
fied owing to conservation of the total energy of the system:

8 = 2 gini (22)

Our closed system is in the state which is termed thermo-
dynamic equilibrium.

When the particles collide, they change their states, so
that the number of particles in a given state is continuously
changed. Hence, the probability that a given number of par-
ticles are in a given state is proportional to the number of
possible realizations of this distribution.

Let W (ny, ng, . . ., 1y, . . .) denote the probability that n,
of the particles are in the first state, n, of the particles are
in the second state, and so on, and let us calculate the number
of possible realizations of this distribution. First, select
from the total number NV of the particles n; particles which

are in the first state; there are Ch, = (T—T,I)T,l ways to

do that. Next, select n, particles which are in the second state
from the remaining N — n, particles; this can be done in
Cn,™ ways. Continuation of the procedure yields the follow-
ing expression for the probability:

AN|
Wny,ngy ooiyngy o0)= Hn-l (2.3)

where A is the normalization constant.
The Boltzmann distribution. Let us find the most probable

number of particles, n;, in a given state i. It should be taken
into account here that n; > 1, and for n; = r; the probabili-
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ty W of distribution of particles by state and the logarithm
of this piobability have maximums. Let us denote dn; =
= n; — n; where n; > dn; > 1. Assuming that n; > 1, we
expand Iln W at the maximum. Using the relation

n, n n;

Innl=In[[ m= D) nm~ S Inzdz
m=1 m=1 0

we find d In n;l/dn; = In n;. From this relation and Eq. (2.3)
we obtain

InW (ng, ng, ..., 0 ...)
=InW (ny, ng, ..., 0y, ...)
_ dn2

— D\ Inndny— 4 3} =+ (2.4)
i PR

The maximum condition for this quantity gives
> Inn; dn; =0 (2.5)
i

Making use of Eqs. (2.1) and (2.2), we find the following
relations for dn;: '
2dn; =0 (2.6)
and '

2 &idn; =0 2.7)

The mean number of particles in a given state, n;, can be
found from Eqs. (2.5)-(2.7). Multiply Eq. (2.6) by —In € and
Eq. (2.7) by 1/T where C and T are characteristic parameters
of our system. Adding the resulting relations, we find that

2 (Inn;—InC+ &/T)dn; =0

Since this equation holds for any dr;, the term in the paren-
theses is equal to zero. This equation yields the following
expression for the most probable number of particles in a
given state:

n;==Cexp (—&,/T) (2.8)
This distribution is termed the Boltzmann distribution.
2*
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Let us determine the physical meaning of the parameters C
and 7T in Eq. (2.8). These parameters describe the particle
system being considered and their values can be found
from the additional conditions (2.1) and (2.2) which this
system should meet. For instance, condition (2.1) yields

c ; exp (—&;/T) = N. This shows that C is a normaliza-

tion constant proportional to the total number of particles.
The energy parameter T' is termed the temperature of the
system; according to Eq. (2.2) T can be related to the mean
energy per particle.*

Before considering specific cases, we must make sure that
for large n; the probability that the number of particles in

this state noticeably differs from #n; is low. Transform
Eq. (2.4) taking into account Eq. (2.5):

W(n‘,ng, ...,ni,...)
- = — .72
=W (ny, ng, ..., n;, ...)exp[—z%]

This shows that the probability is noticeably decreased if

the difference between the number of particles and the mean

value is An; ~ 7372, 1f the number of particles in the state

is high, the relative variation An;/n;~ ni /% issmall. Hence,
the observed number of particles in this state practically
coincides with the most probable number.

The statistical weight of a state and the distribution of
particles in a gas. In the above discussion, the subscript i
denoted one state of a particle. Now, let us take into account
the fact that this state can be a degenerate one. Let us
introduce the quantity g, referred to as the statistical weight,
which is equal to the number of states with the same quan-
tum number. For instance, a rotational state of a molecule
with the rotational quantum number J has the statistical
weight of 2J 41, that is, it equals the number of possible
angular momentum projections on a given axis. Taking the
sum over the degenerate states in Eq. (2.8), we can trans-

* We express here the temperature in energy units and, hence,
do not write the Boltzmann constant & = 1.38 X 10-16 erg-K-! as
is sometimes done.
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form it into -
n;=Cygjexp (—§&;/T)
where the subscript ; designates now a group of states. This
equation yields a relation for particle densities:
%

Nj= No—exp(—Tj) ‘ (2.9)
Here N; and N, are the densities of particles in the jth and
ground states, g; is the excitation energy for the jth state,
and g; and g, are the statistical weights of the jth and ground
states.

Let us find the statistical weight of the continuous spec-
trum states. The wave function of a free particle with mo-
mentum p, moving along the axis z is given, up to an arbi-
trary factor, by exp (ip,z/%) if the particle moves in the posi-
tive direction and by exp (—ip,x/R) if the particle moves in
the negative direction (% is Planck’s constant % divided by
2n). Let us put the particle into a potential well with infi-
nitely high walls so that the particle can move freely only
in the region 0 <C z <C L. Let us construct the wave function
of the particle in the potential well as a combination of the
above functions. The wave function of the particle must be
zero at the walls of the well; the boundary condition for
z = 0 shows that the wave function of the particle is pro-
portional to sin (p,z/h), and the boundary condition for
z = L yields the p0551b1e values of the particle’s momentum:
p.LIh = nn where n is an integer.

Hence, a particle with a momentum in the range from p,
to p,+dp, can be in dn = L dp,/(2nk) states if we take
into account the sign of the momentum; if the particle is in
the interval dz, the number of states for a free particle is °

dp, dz

dn = o (2.10a)

The formula for the three-dimensional case is
dpxdr dpydy gp,d: dp dr
A= — = ok —omh = AP (2.10b)
The number of states given by Eq. (2.10) is the statistical
weight for the continuous spectrum states since it deter-
mines the number of states corresponding to a given range
of continuously varying parameters. The quantity dp dr is

termed an element of phase space.
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Now let us consider some particular Boltzmann distribu-
tions. First, let us study the distribution of diatomic mole-
cules among the vibration-rotational states. For not too large
vibrational quantum numbers v, the excitation energy of the
vth vibrational level of the molecule is Zwv where %o is the
gap between the neighbouring vibrational levels in the ener-
gy space. Hence, according to Eq. (2.9) we find that

N,= Nyexp (—kov/T) (2.11)
Since the total density of the molecules is N = 2 N,
= Ny D) exp (—hwv/T) = Ny [1 — exp ( hco/T)] 1 the

densityvN,, of the molecules at the vth vibrational level is
' hov ho \ -1
N,,=Nexp(-— T )[1—exp(~lT)] (2.12)

For the rotational state with the angular momentum J,
the excitation energy is BJ (J 4 1) where B is the rotational
constant of the molecule. Since the statistical weight of a
rotational state is 2J -}-1, Eq. (2.9) yields the following ex-
pression for the density of molecules at a given vibration-
rotational state:

B BJ (J+1
Ny =N, (@ +1)exp| _‘TJF)] (2.13)
Here we made use of the normalization condition >, N,; =
J

= N, and assumed that B € T, which is typically the case.

Let us now consider the spatial distribution of particles
in a uniform field. The particles are in a half-space; the force
F acts upon each particle so that the potential energy U
of each particle is U = Fz. Equation (2.9) yields the follow-
ing distribution of the particles in space:

N (z) = N (0) exp (—Fz/T)

where N (0) is the particle density at the origin, and N ()
is the particle density at the point z. A particular case of
this formula is the distribution of the molecules in the
earth’s atmosphere by height under the effect of the gravi-
tational field:

N = N (0) exp (—MghiT)  (2.14)



Statistics of Weakly lonized Gas 23

Here M is the molecule’s mass, g is the acceleration of gravi-
ty, and A is the height above the earth’s surface. For nitrogen
Mg/T is 0.41 km*! at room temperature, and so the atmos-
pheric pressure varies noticeably when going up a few kilo-
meters. Equation (2.14) is called the barometric height for-
mula.

The Maxwell distribution. Let us consider oné more dis-
tribution of particles by state, namely, the distribution over
the velocities of gas particles. First, we shall discuss the
one-dimensional problem. The number of the particles with
the velocities in the range from v, to v, +dv, is designated
as n (v,) dv,. The energy of these particles is Mvy/2 (M is
the particle mass) and the statistical weight is proportional
to the number of states corresponding to the velocity range.
The number of states is dz dp,/(2n#) where p, = Mv, is
the particle’s momentum, and dz is the coordinate range of
the particle. The statistical weight in this case is seen to be
proportional to the given velocity range and Eq. (2.8) yields

My2

n (v,) dv, = C exp ( ——27.—) dv,
where C is the normalization factor. The normalization con-
+ o0
dition S n (v,)dv, = N (N is the total number of particles)

M
2nT

- 1/2
yields C = N( ) ” Let us introduce a new function
+-00

¢ (vy) = n (v,)/N normalized to unity: S o (v,) dv, = 1;

hence, the probability that a particle has the velocity v, is

90 = () "o (—22)  215)

Equation (2.15) is termed the Maxwell distribution.

Write down the above result for the three-dimensional
case. The number of particles having velocities in the range
fromv tov 4 dv is n(v) dv where

n(V)=No (v:) ¢ (v,) 9 (v,)

= (—2‘%—) 30 exp( —-Mz—;,z) (2.15a)
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where v = (vi 4 vj 4 vI)Y2 is the speed of a particle.
Using Eq. (2.15a) we can determine the mean kinetic energy
of a particle:

0
= —gp11n

exp ( — IZTZ )vzdv

o'—-’13

aT ——Inal?? ———T (2.16)
where a does not depend on the temperature. Hence, the
mean kinetic energy of a gas particle is 37/2 and the mean
kinetic energy per one degree of freedom is 7/2. Equation
(2.16) may be used for the definition of temperature.

The Saha distribution. Another case of interest we shall
consider here is the equilibrium between continuocus-spectrum
and discrete-spectrum states. Let us find the relationship be-
tween the densities of electrons, ions, and atoms involved in
the following processes:

A* e > A

where 4% is the ion, e the electron, and 4 the atom. Let us
assume the plasma to be quasineutral, that is, the ion density

equals the electron density.
Equation (2.9) yields the following expression for the

ratio between the mean number of the clectrons, n, = n;,
and the mean number of the atoms, n,, in the ground state:

ni _ gegi ( _dpdr_ I+ p%2m
== S @nn)s X p( T )

;a 8a
Here g, is the statistical weight of electrons, g; and g, are
the statistical weights of the ion and the atom corresponding
to their electron states, I is the ionization potential of the

atom, p is the free electron momentum so that I p%2m
is the energy needed for removing the electron from the atom



Statistics of Weakly lonized Gas 25

and transferring to it the kinetic energy p%2m, and
dp dr/(2nk)? is the number of states in an element of phase
space, that is, the states in the given range of coordinates

and momentum of the particle.
Integration of this expression over the electron momentum

yields

_;L_ge_gi(mT 3/2 (__I_)S
me | fa 2nh2)) exp| —7) ) dr

Let the total volume of the system be V. When integrating
this equation over volume, we should take into account that
the state of the electron system is not changed if the coordi-
nates of two electrons are interchanged. Therefore, to calcu-
late the number of states per one electron, we must take
into account only the volume per one electron. Hence we find

S dr = V/n,. Using as notation for the electron density
N, = n,V, the ion density N; =n;/V, and the atom density

N, = n,/V, we can find the following relationship between
these quantities:

et () Pen(—F)

This equation is called the Saha distribution.
Equation: (2.17) can be written in the form of the Boltz-
mann- distribution (2.9):

Ne _ gcont. 1
N_a-_-Cgo_:texp(—-T—) (2.18)

where geont. = 5;# (2—'"5%)3/2 is the effective statistical
weight of the continuous spectrum. It can be readily seen
that this weight is rather high for the ideal plasma. Owing
to the high statistical weight of the continuous spectrum, the
degree of plasma ionization is about unity for the tempera-
tures T« I. These temperatures are low compared to the
excitation energy of the atom. Hence, the relative number of
excited atoms is small; at the temperature comparable to the
excitation energy this is because almost all the atoms dis-

sociate into ions and electrons.
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Dissociation equilibrium in the molecular gas. Let us
consider the equilibrium between atoms and molecules in
the molecular gas where the following reaction occurs:

X + Y2 XY

The relationship between the densities of the atoms Ny and
Ny and the molecules NV xy which are in the ground vibra-
tion-rotational state is given by the Saha distribution (2.17):

NxNy _gxgy [ BT \3/2 D
Nxy (v=0,7=0) _ gxv (2nn2) exP(— T) (2.19)

Here p is the reduced mass of the atoms X and Y, and D is
the dissociation energy of the molecule. In contrast to the
above case of ionization equilibrium where all the atoms
were in the ground state, here most molecules are in excited
states.

Making use of Eqs. (2.12) and (2.13), we can find the rela-
tionship between the total density of molecules N xy and the
density of molecules in the ground state Nyy (v = 0,
J = 0):

NXY(U:O,J=O)~———{1—exp (—%)]%ny

Substituting this relation into Eq. (2.19), we obtain finally

NxNy __ gxgy (_;_1_7'_)3/2 B
Nxy gxyY T

2nh2
X[i-—exp(—hTm)]exp(-——?) (2.20)

Planck’s distribution. Let us assume that radiation is
in thermodynamic equilibrium with the walls of the vessel
it fills and with the gas in the vessel. This radiation can be
described by the temperature T equal to the temperature of
the gas and the walls, and it is called black body radiation.

Let us find the mean number of photons in one state. The
energy of a photon in a given state is Ziw. Since photons obey
Bose-Einstein statistics, any number of photons can be in
a given state. From the Boltzmann formula (2.11) we find
that the relative probability of n photons being in a given
state is exp (—FAon/T). The mean number "of photons in
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the same state with a given energy is

s I
== =exp(—=—)—1]| 2.21
Z exp (__fi;_n) [ ( T ) ] ( )

n

Equation (2.21) is referred to as Planck’s distribution.
The laws of black body radiation. The energy of the elec-
tromagnetic radiation field per unit volume and unit fre-
quency range is termed the spectral radiation density U,,.
Hence, the energy of the electromagnetic radiation field in
the frequency range from ® to ® 4 do filling volume V is
given by VU, dw. On the other hand, this energy can be writ-
ten as 2hwn,V dk/(2n)3 where factor 2 accounts for the two
types of polarization of the transverse electromagnetic wave,
V dk/(2n)3 is the number of states in the given volume of the
phase space, n, is the number of photons in one state, and Zo
is the energy corresponding to this state. When we equate
the above two expressions for the energy and make use of the
dispersion relation ® = kc between the frequency ® and the
wave vector k of the electromagnetic wave (c is the velocity
of light), we find that the spectral radiation density is

o3
Uo=-zzn0  (2:22)

0=

Replacing in Eq. (2.22) n, by Planck’s distribution (2.21),
we obtain

. hod
U= ot (exp ﬁ—m—i) ’(2.23)
T
Equation (2.23) is called Planck’s radiation formula. For
the extreme case when 7Aw/T &£ 1, it yields the Rayleigh-
Jeans formula
2T

12
Uo=rgg, 7-<1 (229

For the other extreme case, Ziw/T > 1, it yields the Wien
formula

Uo="% exp(—22), 2251 (2.25)

‘23 T
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Let us calculate the flux of radiation emitted by the sur-
face of a black body, that is, the energy radiated from the
unit surface area per unit time. Alternatively, this quantity
may be interpreted as the radiation flux coming from a hole
in a cavity with opaque walls filled with black body radia-
tion. The black body surface radiates an isotropic flux

0o

c S U, do so that the energy flux %%cs U, dois emitted

0 0
in the elementary solid angle dQ. Let us take the projections
of the elementary radiation fluxes on the resultant flux
vector which is normal to the emitting surface and take into
consideration only the part of the flux which leaves the
emitting body. Then we derive a formula for the resultant
radiation flux:
/2 oo

J= S = S U, do 25 cos 0d cos
0

1
0
oo

=< S Uy do = oTé (2.26)
0

where 0 is the angle between the normal to the surface and
the direction of the emitted photon, and the constant o =

= Inc®hd ) ex—1

0
is termed the Stefan-Boltzmann constant. Equation (2.26) -
represents the Stefan-Boltzmann law.

The radiation flux as a function of the parameters used in
Eq. (2.26) ¢an be determined by considering the dimensions
involved. We deal with the following parameters: the char-
acteristic energy of the photon 7', Planck’s constant % and
the velocity of light ¢. The only combination of these param-
eters which has the dimension of the energy flux erg-cm~2s~!
is T%/(h3c?), so that J ~ T*/(h3c?) as in Eq. (2.26).

1 3 2 _ a1
S T dr = g = 5.67 x 1072 W-em—K -,
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3 The Ideal Plasma

The ideality of a plasma. We shall consider a plasma whose
properties are similar to those of gas. When we observe a
particle of such a plasma, the particle travels most of the
time in a straight line at a constant velocity. To make this
possible the energy of interaction between the particle and
the surrounding particles at the mean distance between them
must be considerably less than the mean kinetic energy of
the particle. This condition is termed the condition of gase-
ousness for a system of particles, and the ideal plasma is the
plasma which complies with this condition with respect to
the interaction between charged particles.

Let us formulate the condition of ideality for a plasma.
The interaction between two charged particles is described
by the Coulomb potential whose absolute valueis| U (R) | =
= e2/R where e is the charge of electron or singly charged ion,
and R is the distance between the particles. The mean dis-
tance between the charged particles is of the order of N;/3
where N, is the density of electrons equal to the density of
ions. Ilence, at the mean distance between the particles the
energy of interaction between them is | U | = €?N1/3. The
mean kinetic energy of the charged particle is of the order of
T where T is the temperature of the plasma expressed in
energy units. Hence, we see that the parameters of an ideal
plasma must satisfy the following condition:

Nl gt @)

In the discussion below we shall deal only with the ideal
plasma. The nonideal plasma is not found in nature and so
far it is impossible to create it under laboratory conditions.

Charged particles in a gas. We consider here the weakly
ionized gas, that is, the gas in which the density of charged
particles is considerably lower than the density of atoms or
molecules. Nevertheless, many properties of the weakly
ionized gas, in particular the electric ones, are due to the
charged particles in it. For instance, the degree of ionization
in the powerful discharge-driven molecular gas lasers is
10-7-10-%. The electric energy in these lasers is transferred
from an external source to the electrons and then converted
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into the laser radiation energy. The presence of the electrons
in the gas, though their concentration is low, determines
the operation of the laser driven by electric discharge.

The interaction and collisions between charged and neutral
particles determine many properties of weakly ionized gas.
Some properties of weakly ionized gas are due only to the
interaction between the charged particles. Though the
concentration of charged particles in -this case is low, the
long-range Coulomb interaction between them can prove in
some cases to be more significant than the short-range interac-
tion between the charged and neutral particles. Below we
shall discuss such properties of the weakly ionized gas which
are due to the long-range interaction between the charged
particles and which are not affected by the short-range in-
teraction involving the neutral particles.

Screening of charge and field in a plasma. Let us con-
sider penetration of the electric field produced by external
charges into plasma. Since this field affects the distribution
of charged particles in plasma, rcdistribution of charged
particles affects in its turn the field. The result is that at a
certain distance the external field is completely screened by
the plasma.

Let us find the variation of potential of the external elec-
tric field in a plasma. Then we write down Poisson’s equa-
tion:

divE = — V% = 4ne (N; — N,) (3.2)
Here E = —grad ¢ is the electric field strength, ¢ is the
potential of the field, &; is the density of the ions which are
assumed to be singly charged, and N, is the density of the
electrons. Let us determine redistribution of the charged
particles in the external field. The densities of the ions and
electrons can be found from the Boltzmann distribution (2.9):

N; = N, exp (—eq/T), N, = N, exp (eq/T) (3.3) -

Here N, is the mean density of the charged particles in the
quasineutral plasma (that is, the plasma with the equal
average densities of electrons and ions), and T is the tem-
perature of the plasma.

Substitution of Eq. (3.3) into Poisson’s equation (3.2)

yields
V2@ = 8nNge sinh (eq/T) (3.4)
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Assuming e@/T < 1, we transform Eq. (3.4) into
Ve =oq/r}, (3.5)
where
T \1/2
ro=( ) (3.6)

8nNoe2 :

is the so-called Debye-Hiickel radius.

Equation (3.5) has a solution which exponentially de-
creases far from the boundary. For instance, if a constant
electric field penetrates a plasma through a plane boundary,
Eq. (3.5) is transformed into d?p/dz* = ¢/rp where the z
axis is normal to the boundary plane. This equation yields
the following expression for the electric field strength:
E = E, exp (—a/rp) where E, is the electric field strength
at the gas boundary, and z is the distance between a given
point in the plasma and the gas boundary.

For the field of a test charge in a plasma, Eq. (3.5) has
the following form:

1 @ ®
200 =— —
V = dr2 (rcp) - T%

where r is the distance from the test charge. If this test charge
g is in the vacuum, the right-hand side of the equation,
which is proportional to the density of charged particles in
a plasma, vanishes and we obtain ¢ = ¢/r. The equation
has the same solution for r — 0, where there are no charged
particles and no plasma effects. Hence, we derive the follow-
ing expression for the potential of the test charge:

@:%exp(—rLD) 3.7

Thus, the Debye-Hiickel radius is the characteristic distance
at which plasma screens the external field. The effect of the
field of a charged particle on the surrounding particles is
compensated at the same distance. Let us verify the validity
of the condition eqp/T < 1 for the interaction of particles in
a plasma. This condition was used to simplify Eqgs. (3.4)-
(3.5). Since the interaction between the charged plasma par-
ticles and the field of the test charge is manifested at dis-
tances of the order of the Debye-Hiickel radius, we have to
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introduce into the above condition the potential at this
distance. This, up to a numerical factor, yields the follow-
ing form for the condition:

e ()

TDT

FIG. 2. ¢l
The potential drop )
in the gas gap as

a function of coordinate z.
1—the density of charged
particles is zero.

2—the gas contains
charged particles and
the Debye-Hiickel radius
is smaller than the gap
width.

which proves to be the same as the condition for an ideal
plasma (3.1).

Let us find the number of charged particles involved in
screening the field of the test charge by a plasma. This num-
ber can be estimated as the number of charged particles in
the sphere with the radius of the order of the Debye-Hiickel
radius; up to a numerical factor, it is given by

T3 \1/2

riNo ~ (7)1
that is, this number is high for the ideal plasma.
& Consider a gas gap in the external electric field. If the
gas does not contain charged particles, the external field
is uniform. If there are charged particles, the potential
drops mainly at the edges at a distance of about the Debye-
Hiickel radius (Fig. 2). Let us evaluate the density of
charged particles for uniform potential distribution in the
gap 10 cm wide. For the characteristic electron temperature
T of about 1 eV we find N, € 3 X 10* cm™3. This is a very
low density of electrons. For instance, in the glow gas dis-
charge N, ~ 107-10'2 ¢m-3.
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Oscillations of plasma electrons. The characteristic size
for plasma, as shown above, is the Debye-Hiickel radius.
Let us determine the characteristic time of plasma response
to external fields. To do this, find what happens if all the
electrons of plasma are removed a certain distance z, to the
right starting from the plane z = 0 (Fig. 3). This will give

FIG. 3. N,

Distribution
_1 N0

of electrons for plasma
oscillations.

0 % x

rise to an electric field whose strength is given by Poisson’s
equation (3.2):

E
%=4ﬂe(N‘—Ne)

If we assume that the electric field strength is zero for z < 0,
for z > z, Poisson’s equation yields E = — 4meNyz,
where N, is the mean density of charged particles in the
plasma. The movements  of all the electrons in this field
produce a change in the position of the gas boundary. The
equation of motion for each of the electrons can be written as
d(z+z -
m Ltz d_t*; ) _ g

where m is the electron mass, and z is the distance of the
electron to the boundary z,; the distance is not related to the
phenomena being considered and does not depend on time.
Thus, the equation of motion for the electron may be writ-
ten as

dzzo

—dt_z = — (J)%Io (3.8)
where
o0 == ( SalNes® )” 2 (3.9)

is the Langmuir, or plasma, frequency.
3—01607
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The solution of Eq. (3.8) shows that in this case the motion
of the electrons has an oscillatory character with a frequency
®o. Hence, 1/w, is the characteristic time of plasma re-
sponse to an external effect (for instance, if the external field
is applied instantly, the distribution of the field in the
plasma shown in Fig. 3 is established in time of about 1/w,).
Note that rpw, = (2T/m)Y? is the thermal velocity of
electrons. Hence, the characteristic time of plasma response
to external effects is the time during which the electrons
cover the distance of about the Debye-Hiickel radius.

The skin effect. Let us consider penetration of slow-
varying fields into the plasma. The characteristic frequency
o of variation of these fields is small compared to the plasma
frequency; hence, we can apply Ohm'’s law for the plasma,
j = oE where j is the current density in plasma, E is the
electric field strength, and ¢ is the plasma conductivity
corresponding to the constant electric field. To describe the
variation of the fields, we must add to Ohm’s law the Max-
well equations

dn . 1 OE
corlH=—=1—2 5+
. o (3.10)
curlE= ———, divH=0
c ot

where H is the magnetic field strength.

Let us assume that the characteristic frequency o of
variation of the external fields is small compared to the
plasma conductivity ¢ so that, taking into account Ohm’s
law, the first Maxwell equation can be transformed into curl
H = 4noE/c. Substituting the resulting expression for the
electric field strength into the second Maxwell equation
(here we make use of the relation curl curla = grad diva —
— V?a) and taking into account the third Maxwell equation,
we derive an equation for the magnetic field:

oH c2
T= 4:'[0’ VZH (3.11)

A similar equation can be derived for the electric field.
Using Eq. (3.11) and dimensional analysis, we find that
the characteristic size corresponding to the distribution of
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fields is
I~ (_°2-)“2 (3.12)

4noo

If this size is small compared to the size of the plasma, the
external fields and the currents in plasma are concentrated
only at the surface of the plasma and penetrate into it to a
depth of about . This phenomenon is referred to as the skin
effect, and the layer at the plasma surface where the external
fields penetrate and where the plasma currents flow is termed
the skin layer. Equation (3.12) shows that the smaller the
skin-layer thickness is, the higher is the plasma conductivity
and the frequency of variation of the fields.

Let us make some numerical estimates. The conductivity
of the plasma of the upper atmosphere at the height of about
100 km is about 10° s™! and the plasma frequency is about
3 X 107 s71. For the frequencies of the order of the plasma
frequency the electromagnetic waves penetrate into. plasma
for fractions of a meter, that is, the depth of penetration
is considerably less than the depth of the atmosphere. It
can be seen that the electromagnetic signals whose frequen-
cies are lower than the plasma frequency cannot pass through
the upper atmosphere.

4 Elementary Processes in Plasma

Act of collision of particles in a plasma. Let us analyze
the collision of two particles in plasma. We have to find a
parameter for describing this act of collision. Denote the
first particle by 4 and the second particle by B. Let us
consider the collision which alters the inner state of the
particle 4; describe the state of the particle A by the sub-
script i before the collision and by the subscript f after the
collision. Assume that each collision of the test particle 4
with particle B can result only in transition of particle 4
into state] f. The probability W(¢) that particle A has not
altered its state by time ¢ is given by the following equation:

aw

T = —'V”W (4.'1)
where v;; is the frequency of transition of particle 4 from
state i to state f following the collision with particle B.

3e
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Let us introduce a frame of reference where the Lest par-
ticle A is at rest. The higher is the frequency of variation
of the particle’s state, the larger the incident flux j of parti-
cles B. The quantity v;;/j does not depend on the density of
the B particles. Hence, this ratio characterizes the act of
collision between two particles. It is termed the cross section
of inelastic collision of particles. This cross section can be
defined as the ratio between the probability of transition
from one state of a particle to another state per unit time
and the incident flux of particles.

If all the B particles travel at the same velocity, the flux
of the B particles in the frame of reference linked to particle
Ais|vy —vp | [B]. Herev, and vy are the velocities of the
particles A and B, and [B] is the density of the B particles.
Hence, we can write the following relationship between the
frequency v;; of transitions between the states and the cross
section o;; of transition:

Viy=[B]|Va— Vs |0y (4.2)

where the cross section o;; of transition depends only on the
relative velocity of collision of the particles.

When particles A and B have different velocities described
by a certain distribution, the frequency of transitions of
particle A following collisions with particles B is

vif=[Bl(|va—Vg|0i) =[B] (kij) (4.3)

The angle brackets here denote averaging over the relative
velocities of the particles, and k;; =|vy, —vg| oy is
the rate constant of the process. This rate constant also
characterizes. the act of collision between the particles. The
rate constant of the transition process is useful when meas-
uring or analyzing the frequency of transitions between the
states in a gas or a plasma, that is, when we are interested
in the frequency of transitions averaged over the velocities
of the particles.

Using the rate constants for the process of transition, let
us derive the balance equation for the A particles which are
in a given state i. The balance equation describes variation
of the particle due to appearance of new particles in the
given state and transitions of the particles from this state
into other states. The form of the balance equation depends
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on the processes resulting in the transitions invelving the
given state. Denote the density of A particles in the state f
by N; and assume that all the transitions between the states
of particle 4 are due to collisions with B particles. Using the
definitions of the rate constant for the transition process, we
can write the balance equation for particles 4 in the follow-
ing form:

%=[B]2kfiNf—[B]NtZku (4.4)
1 f

Here N; is the density of A particles in state i and %;; is
the rate constant for the process of transition of particle A
from state i to state f. The balance equation (4.4) can be
rcadily extended to cover other processes.

Elastic collision of particles. Let us consider elastic colli-
sion of two particles, that is, the collision which does not
alter the internal states of the particle and changes only
their directions of motion. The motion of these particles is
described by the following equations (Newton's equations):

.o aU . aU
MBy= — -, MiRa— — -
Here R, and R, are the radius vectors of the respective par-
ticles, M, and M, are their masses, U is the potential of the
interaction between the particles, which depends on the
distance between them: U = U (R, — R,), dU/0R; is the
force with which the other particle acts on a given particle,
Let us introduce new radius vectors: the vector of the
centre of mass of the particles, Ro = (MR, M ,R,)/ (M, + M,),
and the separation between them, R = R; — R,. The New-
ton equations in these variables have the following form:
(My+ M) Re=0, pR= —2L
Here p=M,M,/(M,+ M,) is the reduced mass of the
particles. It is seen that the centre of mass travels at a con-
stant velocity, so that to find the cross section of elastic
collision we have to analyze the motion of one particle with
amass p in a central force field. Though the above discussion
was in terms of classical mechanics, in quantum mechanics
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the situation is the same. Indeed, in quantum mechanics
there is also the free motion of the centre of mass in the
absence of external forces, and collision depends only on the
distance between the particles R.

Figure 4 shows the path of a particle with mass p in the
centre-of-mass frame of reference when the central potential
of interaction between the colliding particles depends only

FIG. 4.

The trajectory of

a particle in a central
field in the
centre-of-mass frame
of reference: p is

the impact parameter,
R is the radius vector
of the particle P
with the reduced mass,
0 is the scattering angle
in the centre-of-mass
frame of reference,

and rg is the distance

of closest approach,

that is, the minimum
distance between

the particles for

a given impact parameter.

on the distance | R; — R, | between the particles. The pa-
rameters describing the collision also are shown in Fig. 4.
Let us find the relationship between the impact parameter p
and the distance of closest approach r,. To do this, make
use of the conservation of the momentum, which is pvp for
large distances between the particles and pv.r, at the distance
of closest approach; here v = |v; —v,| is the relative
velocity of the particles, and v, is the tangential component
of the velocity at the distance of closest approach where the
normal component of the velocity is zero. Conservation of
energy gives wj/2 = pv*2 — U (r,) and we find the follow-
ing relationship between the impact parameter and the
distance of closest approach of the particles:

02 _ Ulro)
= (4.5)
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where ¢ = pv?/2 is the energy of the particles in the centre-
of-mass frame of reference.

To determine the cross section of scattering of the parti-
cles, we use the centre-of-mass frame of reference where
scattering can be considered as motion of one particle in a
central force field. Let us define the differential cross section
of elastic scattering as the ratio of the number of collisions
per unit time that scatter the particles into the elementary
solid angle dQ at a definite angle to the flux of incident par-
ticles. Consider a beam of particles of density N and velocity
v falling on the scattering centre so that the flux of particles
is Nv. In a central force field the particles scattered into the
elementary solid angle dQ = 2nd (cos 6) at the angle ©
have an impact parameter from p to p--dp since the scat-
tering angle 6 depends on the impact parameter. The number
of particles scattered per unit time into the given elemen-
tary solid angle is 2mp dp Nv, so that by definition the
differential cross section in the central force field is

do = 2np dp (4.6)

Elastic scattering of particles gives rise to many macro-
scopic parameters of gas and plasma: these¥parameters
depend on the cross sections of elastic scattering of the gas
and plasma particles averaged over the scattering angles.
Of importance here is the average cross section, the main
contribution to which is given by scattering at large angles.
An estimate of this cross section can'be made from Eq. (4.6).

Let us estimate the cross section of scattering at large
angles. For large-angle scattering the interaction potential
at the distance of closest approach is comparable to the
kinetic energy of the particles; hence, the cross section for
large-angle scattering is given by

o =mnp? (4.7)
while

U (po) ~1
&

The most often used averaged cross section of elastic
scattering is the so-called diffusion, or transport, cross sec-
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tion, which is defined as
o= S (1 — cos 0) do (4.8)

where 0 is the scattering angle. The small scattering angles
do not contribute to the diffusion cross section since they
appear in the integrand with a weight factor 6%/2. All the
macroscopic parameters related to the elastic scattering of
electrons by atoms can be expressed through the diffusion
cross section. Some transport parameters due to collisions
of atoms and molecules can be expressed through another

averaged cross section, 0» = | (1 — cos? 0) do. It may be

seen that this averaged cross section also depends on the
large-angle scattering.

Another widely used parameter is the so-called gas-kinetic
cross section o4, which is defined as the averaged cross sec-
tion of elastic scattering of gas atoms or molecules at large
angles for thermal energies. This rough parameter amounts
to about 10-1% ¢m? (see Appendix 1).

Since v ~ Nvo is the frequency of collisions between the
test particle and the gas particles, the quantity t ~ 1/v is
the characteristic time between two successive collisions
for the given test particle, and the quantity A = vv ~
~ (No)~! is the distance covered by the test particle be-
tween two successive collisions referred to as the mean free
path. As follows from the definition of the mean free path,
its value can be only estimated similar to the characteristic
cross section for particle collision.

The total cross section of scattering and the cross section
of capture. Let us consider the total cross section of the

elastic scattering of particles, 0, = S do. In classical terms

the total cross section must be infinite. Indeed, the classical
particles are scattered at any distance from each other and
at any energy of interaction, and the total cross section must
take into account all these scatterings. Hence, the total
cross section of scattering is essentially a quantum quantity
and depends on #.

Let us estimate' the total cross section of particles gov-
erned by’ laws of classical mechanics. The variation of the
particle’s momentum following a collision with another
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particle is given by

+ o0
Ap= S Fdt
where F = —9U/0R is the force with which one particle

acts upon the other particle, and U is the potential of the
interaction between the particles. Hence, we find that Ap ~
~ U (p)/v where p is the impact parameter. According to the
Heisenberg uncertainty principle, the value of Ap can be
determined up to an accuracy of k/p. Hence, the main
contribution to the total cross section of scattering is given
by the impact parameters that satisfy the relation Ap (p) ~
~ hlp, and the total cross section estimate is given by

0y ~ p? (4.9)

while p,U (p;)/(Fv) ~ 1.
In particular, if U (R) = CR™™, the total cross section
is given by

0y ~ (C/hv)*/™—1 (4.10)

Since the value of the total cross section is determined by a
quantum effect, it tends to infinity for the classical limit.
This can be demonstrated with the above equations by tend-
ing Planck’s constant to zero.

Let us consider the scattering of particles in the case of
attractive interaction with the potential increasing at small
distances faster than 1/R2. Assuming that the variation of
the interaction potential is monotonic, we can use Eq: (4.5)
to derive the function p(r,) shown in Fig. 5. We see that no
distance of closest approach exists for impact parameters p
less than peapture- Such collisions result in particles approach-
ing each other to! infinitesimall distances, or one particle
is said to capture the other one. For the inverse-power poten-
tial U (R) = —CR™™ the capture cross section is

nn C(n—2) 72/n (4.11)

— 2 — =7
Ocapture = Weapture = 77 —3 %

Here the relationship between the cross section and the
parameters is the same as in Eq. (4.7). For instance, for the
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polarization interaction between an ion and an atom U (R) =
= —Pe?/(2R*) where B is the polarizability of the atom and e
is the charge of the electron, the cross section for the po-
larization capture of the ion by the atom is

e2 \1/2
Ocapture = 270 ( 'FTUT‘)

(4.12)

FIG. 5.

The impact parameter p
as a function

of the distance of
closest approach ry for
an attractive potential
which increases faster
than 1/R2? at

small distances. Pcapturel—

The condition of gaseousness and the ideality of plasma.
The condition of gaseousness for a system of particles can be
formulated in terms of the cross section of particle collision.
We shall define a gas as a system of weakly interacting par-
ticles in which every particle most of the time behaves like
a free particle, that is, travels in a straight line at a constant
velocity and only for a relatively short time interacts strong-
ly with other particles, thus changing its velocity, direction
of motion and, possibly, the internal state. The strong in-
teraction between the particles will be characterized by the
cross section of elastic scattering at large angles. Then a
test particle interacts strongly with another gas particle if
the second particle is in the sphere of the volume of about
0%?% around the test particle. The gas volume per particle
is 1/N where N is the density of particles. This leads to the
following form of the condition of gaseousness:

No¥2& 1 (4.13)
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Under this condition the average potential of interaction
between the test particle and the surrounding particles is
much lower than the particle’s mean energy.

Let us apply the above condition to a system of charged
particles. Since the interaction between charged particles is
governed by the Coulomb law, | U (R) | = €*R,.Eq. (4.7)
yields the following expression for the cross section of elastic
collision between charged particles:

o~ et/T? (4.14)

where T is the mean energy of the charged particles, that is,
their temperature expressed in energy units. Note that
Eq. (4.13), which is a condition of the ideality of plasma,
coincides with Eq. (3.1):

Ne8/T8 < 1 (4.15)

The types of elementary processes. Given below is a gen-
eral description of the elementary processes occurring in a
weakly ionized plasma, of the mechanisms of these proces-
ses, and of the magnitudes of their cross sections. The facts
are presented in Tables 1-3. More detailed information on
some of the processes will be presented later. Here we shall
discuss some common features of the mechanisms of certain
processes.

Some processes of collision between electrons and mole-
cules occur via the stage of formation of intermediate bound
states of the electron and the molecule. For instance, Fig. 6
shows the terms of the diatomic molecule and the negative
molecular ion. The molecular terms are the energy levels of
the molecule depending on the distance between the nuclei.
The negative molecular ion is in the auto-ionization state,
that is, it has a finite lifetime and can decay into a molecule
and a free electron. Therefore, the energy level of a negative
ion cannot be determined precisely and possesses a certain
width.

Taking into account the auto-ionization state of the nega-
tive molecular ion, let us describe the process of collision
between the electron and molecule which occurs via formation
of this state. Assume that at the moment of collision be-
tween an electron and a molecule, the distance between the
nuclei is R,. Since the characteristic time of the electronic
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processes is considerably less than the characteristic time
of the nuclear processes, the distance between the nuclei in
the molecule will -not be changed during this process of
electronic transition (the Franck-Condon principle). There-
fore, the molecule can capture the electron if the energy of
the incident electron is close to the energy difference be-
tween the negative ion and the moleculc for a given distance

Fig. 6.

The terms of a molecule
(solid line)

and a negative ion
(dashed line).

€ is the energy

of the captured
electron when

the distance between
the nuclei is Ry,

between the nuclei (see Fig. 6). Since this energy difference
varies with the distance between the nuclei, the range of the
electron energies at which it can be captured by the molecule
producing a negative ion is extended to a width of a fraction
of an electron volt. The cross section of the electron capture
by the molecule exhibits a resonance with a width of a frac-
tion of an electron volt.

A variety of processes of electron scattering on atoms or
molecules depend on the formation of the bound state of the
electron attached to these particles. For elastic and inelastic
collisions between the electron and the atom this gives rise
to resonances on the cross section of scattering versus the
collision energy curve. Some processes proceed only via the
auto-ionization state of the electron and the atom or mole-
cule. For such processes the cross section versus the electron
energy curve exhibits one or a group of resonances whose
position and character depend on the properties of the auto-
ionization state. Among such processes are the excitation of
the vibrational levels of the molecule, dissociative attach-
ment of the electron to the molecule, and dissociative recom-

4—04607
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bination of the electron and the molecular ion. An illustra-
tion of the processes of this type is presented in Fig. 7,
which shows the cross section of the dissociative attachment
of the electron to the carbon dioxide molecule as a function
of the electron energy.

Inelastic collisions of_atomic particles. The term atomic
particle refers here to an atom, ion, or molecule. Let us

[

FIG. 7.

The cross section

of dissociative
attachment of

an electron

to a carbon dioxide
molecule

(e4COg — O0-+CO)
as a function of

the energy of incident
electron.

o

w
I

I

Cross section, 10™'° cm?
N
|

| ] ] 1

The maxima 0 L L
at the electron 4 6 8 10
energies 4.4 and 8.2 eV Electron energy, eV

correspond to

the positions

of the auto-ionization
levels of the negative
ion COgz.

consider inelastic collision of atomic particles which results
in a change in the internal state of one of them, for instance,
in its electronic state. If the characteristic times of the
particle approach are high compared to the characteristic
electronic times, then the electrons have time “to follow” the
motion of the nuclei and for each nuclear configuration to
establish the same distribution as for the infinitely slow
motion of the nuclei. It is clear that for infinitely slow col-
lisions the system finally will return back to the initial
state and no transitions will occur. Therefore, if the time of
approach of the nuclei is small compared to the characteris-
tic electronic times, the probability of inelastic collision
with electronic transition is small.

The characteristic time of approach (or collision) of the
nuclei isjof the order of a/v where v is the relative velocity of
the particles, and a is of the order of atomic size. The charac-
teristic electronic time for the given transition is of the order
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of /Ag where Ae is the energy )difference of the levels be-
tween which the transition occurs. Hence, the suggested
criterion can be written as follows:

Aea

2 > 1 (4.16)

The criterion (4.16) is called the adiabatic Massey principle;
if this inequality is satisfied, the transition proves to be
adiabatically unlikely.

There is also low probability, adiabatically, of such events
as the transitions between the electronic states of atoms
following collisions with atoms, ionization in the atom-atom
or atom-molecule collisions at the energies of the order of
a few electron volts, and the transitions between the vibra-
tional molecular levels at thermal energies. The cross sec-
tions of these processes are smaller than the gas-kinetic cross
sections by a few orders of magnitude. For other processes,
the adiabatic criterion (4.16) is satisfied only at large dis-
tances between the nuclei. The interaction between the atom-
ic particles draws together the electronic, levels between
which the transition occurs. Hence, the adiabatic criterion
(4.16) is not satisfied starting from a certain distance be-
tween the particles and the process proceeds with a high
probability.

This can be illustrated by the process of decomposition of
a negative] ion following; the collision with the atom:
A-+ B—> AB + e—> A+ B+e. At a certain; distance
between the nuclei the term of the A-B system intersects
the boundary of the continuous spectrum, that is, the AB
term. Therefore, therc is a higher probability for the elec-
tron to be detached from the negative ion.

Another process of this type is the associative ionization
when an atom and an excited atom collide: 4 4 B* —
— AB* 4 e. Figure 8 presents the terms for the initial
and final channels of the reaction. Similar to the above
processes, the mechanism of this reaction is determined by
the initial-state term moving into the continuous-spectrum
region. The reaction results in decomposition of the auto-
ionization state AB* giving rise to a free electron.

Some processes occur with a small variation in the electron-
ic energy; they are termed the resonance processes. These

4%
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processes satisfy a condition opposite to criterion (4.16)
even for large distances between the nuclei. Hence, the -
resonance processes are effective when the colliding particles
pass at large distances from each other, the distances con-
siderably greater than the sizes of the particles. Hence, the
resonance processes can have cross sections which are con-
siderably larger than the areas of the particles cross sections.

FIG. 8.

Atomic terms E
in associative

ionization and
dissociative ,
recombination: R
A+ B¥ == ABt+-e.

A+B”

ABY

The resonance processes include the resonance charge ex-
change, the processes resulting in depolarization of the atom
or in variation of its fine or hyperfine electronic structure,
mutual neutralization from collision between ions, transfer
of excitation, etc.

Charge exchange and similar processes. Let us consider
the processes in which the electron is transferred from the
field of one atomic core to the field of another atomic core.
Among these processes are the resonance charge exchange,
mutual neutralization of negative and positive ions, spin
exchange, and some types of excitation transfer accompanied
by exchange of one or two valence electrons. For instance,
Fig. 9 represents the potential of the interaction between
the electron and the atomic cores in the case of the resonance
charge exchange for the cores of the same type.

Let us estimate the cross section of the resonance charge
exchange as a function of collision velocity. If the distance
between the nuclei of the atomic cores remains constant
(Fig. 9), the transfer of the electron from one atomic core
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to another will occur with a certain frequency . The main
contribution to the cross section of the charge exchange is
given by those collisions for which the characteristic time
of particles collision a/v is comparable to the time 1/® of
the electron transfer from one atomic core to another. Here v
is the relative velocity of the nuclei and a is a characteristic
size which can depend on the distance between the nuclei.

Fig. 9.
Cross section of the v

equipotential surface R
for an electron in the
field of two identical |
r

atomic cores. l | B

1 and 2 are : I T .

the positions of the 1

??uclei of the cores, f '
is the distance '

between them, and ¥ _1_

I is the ionization H

potential, that is,

the binding energy

of the electron

to one of the cores.

The frequency of transfer o(R) is proportional to the proba-
bility of the potential barrier penetration by the electron;
quantum mechanics gives @(R) ~ exp (—yR) where y =
= (2mlI/k*'/2, I is the binding energy of the electron in the
atomic core (the ionization potential of the atom), and m
is the electron mass.

Hence, the main contribution to the cross section of the
charge exchange is given by the electron transitions at cer-
tain distances R,, which are determined by the collision
velocity: exp (—yR,) ~ v. This yields the cross section of
the resonance charge exchange (ores. ~ R3) as a function of
the collision velocity:

Ores. = 0o lnz%’- (4.17)
where g, and v, are certain parameters of the system. A simi-
lar velocity dependence is found for other resonance proces-
ses which do not involve elastic scattering and are accompa-
nied by the exchange of one or two electrons. The cross
section of the resonance charge exchange is seen to be only
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slightly dependent on the collision velocity. The same con-
clusion follows from Appendix 2 where the cross sections of
the resonance charge exchange are given for specific atomic
pairs. These data show that the cross section of the resonance
charge exchange is larger than the gas-kinetic cross section.

5 Formation and Decomposition of Charged
Particles in Weakly lonized Gas

Since the electric characteristics of the weakly ionized gas
are due to the charged particles, the processes of their for-
mation and decomposition are of special importance.

The charged particles in the weakly ionized gas are pro-
duced in the collisions between the electrons and the atoms
or molecules. Ionization by electron impact may occur in
two ways according to the state of the gas. The ionization
of the atom or molecule following one collision with the elec-
tron is termed the single ionization. When the collisions
with the electrons make the atom or molecule pass a number
of excited states and ionization occurs from an excited state,
this ionization is called the multistage ionization. Ionization
of this type occurs when the electron density is sufficiently
high and the excited atom or molecule does not have time
to decay between two successive collisions with the electrons.

The charged gas particles decompose in various ways. For
instance, neutralization of the charged particles occurs at
the walls of the vessel filled with the weakly ionized gas.
Mutual neutralization of the charged particles (the collisions
between electrons and positive ions or positive and negative
ions) is termed the recombination of charged particles. This
process is characterized by the recombination coefficient, a,
which appears in the balance equation for the density of
charged particles:

A — —aN.N, (5.1)
where N, is the electron density and N; is the ion density.

Tonization of an atom in a single collision with an electron.
Let us consider the process of detachment of the atomic elec-
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tron in collision between the atom and another electron:
e +A4— 2 4 A* (5.2)

The incident electron interacts with the valence electron of
the atom; between them there occurs an exchange of energy
exceeding the ionization potential of the atom, that is, the
binding energy for the valence electron in the atom. Let
us analyze this process in terms of the simplest model devel-
oped first by J.J. Thomson. Assume that the valence elec-
tron is at rest, the motion of electrons is governed by the
classical laws, and the electrons do not interact with the
atomic core during the collision. Far from providing a quan-
titative description of the process, this model gives a correct
qualitative explanation of it.

In the framework of this model, ionization occurs each
time the valence electron receives energy exceeding the
ionization potential I of the atom. Hence, we have to find
the cross section for such collision in which the electrons
exchange a given energy Ae. Consider the process in which
the energy transferred, Ae, is much lower than the energy of
the incident electron, € = mv?*/2. Then the incident elec-
tron travels in a straight line, the valence electron may be
assumed at rest during the collision, and the variation of the
electron momentum is perpendicular to the path of the
incident electron in the plane of motion.

Newton's equation for variation of the momentum of the
incident electron isF = dAp/dt where F = ¢®R/R?3 is the force
with which the valence electron acts on the incident elec-
tron, and R is the distance between the electrons. Hence, the
component of the momentum variation in the direction per-
pendicular to the path satisfies the equation dAp,/dt =
= e?p/R® (p is the impact parameter of the collision; see
Fig. 10) and this variation is

w?Z
Apy— S o dt=

- 0O

2¢2
pv
ITere we made use of the following relation for the free motion

of the electron: R? = p? 4+ v*?. Now we can find the energy
lost by the incident electron and received by the valence
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electron:

Al’i __2 et

2m pzmv2 p2¢

where € is the energy of the incident electron. Hence, we
find the following expression for the cross section of colli-
sions accompanied by the exchange of the energy Ae:

ed dA
do = 2mp dp = :e: (5.3)

Ae=

Owing to the method of its derivation, Eq. (5.3) is valid
for Ae € €.* Now we shall extrapolate it to cover the
range Ae ~ &. Ionization in the Thomson model occurs when
the energy transferred, Ae, exceeds the ionization potential
of the atom, I; hence, we obtain the following expression for
the cross section of atom ionization:

Oion = S do —ﬁ(T '6) (5.4)

Ae>T

This expression for the ionization cross section is called the
Thomson formula. The formula was derived for the atom
with one valence electron. For an atom with several valence
electrons the cross section (5.4) must be multiplied by their
number.

Note that we can make directly some conclusions about
the ionization cross section using classical concepts. Indeed,
we can make use of the following classical parameters: the
electron mass m, the interaction parameter 2, the energy of
the incident electron &, and the ionization potential of the
atom I. The most general form of the cross section expressed
in terms of these parameters is

Ojon = —’rn;: f( ) (5.5)

where f (8/I) is a universal function (that is, identicai for
all atoms). In particular, for the Thomson model , Where ad-
ditional assumptions are made, this functlon is '
L
f (2)= _‘__2

* Actually, Eq. (5.3) is valid over! the whole range Ae*< %
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The Thomson formula gives a correct qualitative expres-
sion for the ionization cross sections. In the vicinity of the
threshold, the ionization cross section is proportional to the
energy; it exhibits a maximum when the energy of the inci-
dent electron is comparable to the ionization potential, and
this maximum is of the same order of magnitude as the cross-
sectional area of the atom. For high energies of the incident

FIG. 10. The path of the incident electron

Collision between

an electron and a resting
electron for a large
impact parameter.

The resting electron

electron, the ionization cross section decreases with the
reciprocal of the energy.

Recombination of pairs of positive and negative ions.
This process. can be represented by the following scheme:

A* 1 B-—>A B (5.6)

The recombination consists in the valence electron going
over from the field of the atom B to the field of the ion A*.
This tunnelling of the electron is effective when the distance
R, between the ions is comparable to or somewhat larger
than the size of the negative ion. Let us simplify the problem
and assume that the electron is transferred when the distance
of closest approach, r,, is less or equal to R, and is not
transferred for larger impact parameters. Using Eq. (4.5),
we obtain the following expression for the cross section of
the ion pair recombination:

Oreo. = M2 = 1R [1+ €3/(eRy)] (5.7)

Here p, is the impact parameter for the collision in which
the distance of closest approach is R,. For low collision
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energies e £ e*/R,, Eq. (5.7) yields
Oror. =Ry (5.8)

Hence, we find the constant of the ion pair recombination
o = V0. = T 2¢2R,/(ep)V2. Averaging this quantity over
the Maxwell distribution (2.15a) for the relative velocity of
the ions yields

0 = (UOrec.) = 2V 27 Roe?/V uT (5.9)

where the angle brackets denote averaging over the ion
velocities.

Triple processes. The processes represented by the scheme
A4+B4C—>AB +C (5.10)

are referred to as the three-particle or triple processes.
Among them are anumber of processes described in Tables 1-3.

The triple process results in the binding of two colliding
particles while the third particle carries away the energy
released in the process.

The balance equation for the densities of the particles
produced in the process (5.10) has the following form:

d’;f‘ =& [A1[BIIC]  (5.11)
where [X]is the density of the respective particles, and 8% is
the constant of the triple process, which does not depend on
the particle densities and has the dimensions cm®s~!. The
triple process can involve a large number of pair collisions.
Typically, the process (5.10) first gives rise to an excited
state of the bound system AB, which later goes over to its
ground state following multiple pair collisions.

Thomson’s theory for the constant of the triple process.
Let us follow Thomson's argument in evaluating the constant
of the process (5.10) under the following conditions®: the
energy required to break the A-B bond is considerably higher
than the thermal energy of the particles, the motion" of the
particles is governed by classical laws, and formation of

* Thomson developed his theory for the process 4- 4 B+ + C —
- A + B 4 C, but it can be readily extended to the general case.
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the bound state of particles is due to their interaction. These
conditions make it possible to estimate &% for some triple
processes and to determine the relationship between #% and
the parameters of the problem.

Formation of the bound state of the particles A and B
occurs in the following way. When particles A and B ap-
proach each other, their kinetic energy increases since the
potential energy of attraction between these particlesconverts
into kinetic energy. Assume that when these particles are
close by, a third particle C hits one of the two particles and
takes from it some of its energy. If the energy transferred to
the particle C is greater than the initial kinetic energy of
particles A and B, the bound state of these particles is
produced.

Our calculations will be based on the above considera-
tions. Let us assume that the characteristic energies of the
particles are of the order T and the mass of the particle C
is comparable to the mass of one of the first two particles
so that the characteristic energy exchange is of the order of
the thermal energy of the particles, 7. Since this energy
exchange must exceed the initial kinetic energy of the parti-
cles A and B, the potential of the interaction between these
particles during collision with the particle C must also be
of the order of 7. Thus, let us define the so-called critical
radius b by the following relation:}

UG ~T  (5.12)

where U is the potential of the interaction between the
particles A and B.

Now let us estimate &, the constant of the triple process
(5.10). The frequency of conversion of particle B into particle
AB is equal, by order of magnitude, to the product of the
probability for the particle B to be in the critical region
[B] b® and the frequency [C] vo of collisions with particle C.
Here v is the characteristic relative velocity of collision
and o is the cross section of the collisions between particleC
and particles A or B, which result in the energy exchange of
the order T'. If the masses of the colliding particles are com-
parable, this cross section equals the cross section of the
elastic collision of the particles,
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This estimate yields the following expression for the rate
of production of particles AB:
AWBL _ (4] (B8 (C)vo
A comparison of this expression with the definition of the
constant of the triple process (5.11) yields the following

estimate for &%
& ~ bdvo (5.13)

The process (5.10) is a triple process if the density [C] of
particles C is small and hence there is a low probability
that the colliding particles A and B will interact with par-
ticle C in the critical region. This condition is satisfied if
the critical radius b is small compared to the mean free path
A ~ (IC] 6)7! of particle 4 or B:

[Clob K 1 (5.14)

If this condition is not satisfied, the process (5.10) is not a
triple process and Eq. (5.13) is inapplicable.

Triple recombination of electrons and ions. The process
of triple recombination of electrons and positive ions is im-
portant forghigh-density plasma; it can be represented by the
following scheme:

2¢e +A*—> A F e (5.15)

In the framework of the Thomson theory, the triple collision
produces initially an excited atom whose ionization poten-
tial is of the order of the thermal energy 7', and later this
atom goes over to the ground state following multiple colli-
sions with electrons. The Thomson theory can be applied to
this process since the classical laws are valid for the highly
excited state of the atom (7' € I, where I is the ionization
potential of the atom).

Let us evaluate the constant of the process (5.15) proceeding
from Eq. (5.13). According to Eq. (4.14), the cross section
of the elastic collision of electronsis ¢ ~ €%/ T2, and accord-
ing to Eq. (5.12), the critical radius for the Coulomb inter-
action between an electron and an ion is b ~ €% T; hence,
the constant of the process (5.15) is

a ei0
=g~z (516)
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where a is the recombination coefficient defined by Eq. (5.1).
Equation (5.16) is valid if the condition (5.14) is satisfied;
in this case this condition coincides with the condition of
plasma ideality (3.1) and has the following form:

Neb/T? L1

Equation (5.16) presents a correct relationship between
the recombination coefficient and the parameters of the
problem. This relationship can be derived in a simpler way
using dimensional analysis. Indeed, for the suggested mecha-
nism of the process (5.15), its constant depends only on the
parameter of the interaction e2?, the electron mass m, and
the thermal energy T (the temperature of the electrons).
There is only one combination of these three parameters which
has the dimensions cm® ! of the constant of the triple proc-
ess; it can be readily seen that this combination coincides
with Eq. (5.16).

A similar procedure can be used to determine the constant
of the process of formation of the molecular ions from the
atomic ions by the following scheme:

A 424> A54+4  (5.47)

This process is due to the polarization interaction between
the ion and the atom; the potential of this interaction is
U (R) = —Pe*2R* where R is the distance between the ion
and the atom, and P is the polarizability of the atom. Only
the combination of the interaction parameter fe?, the mass
of the nucleus M, and the thermal energy of the particles T'
has the dimension of é%¢; this combination is

(Be2)®/" '
The same expression for the constant for the process (5.17)
can be derived directly from the Thomson formula (5.13).

Triple recombination of the positive and negative ions.
The process of triple recombination of ions in triple colli-

sions may be described by the following scheme:
A* +B- +C—>A +B +C (5.19)

The process gives rise initially to a bound state of the positive
and negative ion A*-B-; after a while a valence electron is
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transferred from the field of the atom B to the field of the
ion A* and the bound state decays into two atoms 4 and B.

The second stage of this process occurs spontaneously
following the capture of the negative ion by the positive ion
so that the triple recombination is determined by the for-
mation of the bound state of these ions. Hence, let us estimate
the constant for the process (5.19) assuming the Coulomb
interaction between the ions and the polarization interaction
between the ion and the atom. If the atom mass M is com-
parable to the mass of one of the ions, Eq. (4.12) for the cross
section of the atom-ion collision and Thomson's formula
(5.13) yield

a €8 [ Be2\1/2

#=5;~7 (5r) (5-20)
Equation (5.20) is valid if the condition (5.14) is satisfied,
which in our case means that

e 1/2
[C]%<<1 (5.21)

Inserting into Eq. (5.21) the polarizability of the atom, which
is about several atomic units, we find that at room tempera-
ture [C] is much less than 10% cm™2, that is, the process of
triple recombination of positive and negative ions is dis-
rupted in this case at the gas pressure of about one at-
mosphere.

Processes involving formation of a long-lived complex.
If collision of particles produces unstable bound states with
large lifetimes, the constant of the triple process can prove
to be larger than the value found from Thomson's theory.
Such continuous spectrum bound states are termed auto-
ionization states. An auto-ionization state can appear when
the excess kinetic energy of the particle is transferred to the
internal degrees of freedom. For instance, in the interaction
between the ion and the electron the bound state of the
particles can be produced by exciting the inner or valence
electrons of the ion and forming a bound state of the incident
electron and the ion. If the energy of the incident electron
is less than the excitation energy for the inner electrons of
the ion, such a system can decompose into an ion and a free
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electron owing to transfer of the excitation energy to an
inner electron of the ion.

In a similar way, we can produce the auto-ionization state
of a molecule with an ion or atom by transferring the excess
energy to an excited vibration-rotational state of the mole-
cule. There are other types of the auto-ionization states, and
all such states are the bound states of particles whose dis-
crete energy levels lie in the continuous spectrum. The life-
times of the auto-ionization states are great compared to the
characteristic times for such systems, that is, the times in
which the particles pass the interaction region. This is due
to the fact that decay of the auto-ionization state involves
transition between various degrees of freedom. It is the large
lifetimes of the auto-ionization states that determines their
significance for production of the bound states of colliding
particles.

Formation of the bound states of particles via the auto-
ionization states can be described by the following scheme:

k
A4 BZPW gper (5.22a)

AB* 55 A+ B, (5.22b)

k
AB** + C 12 AB 1 C,  (5.22)

3
AB* 4+ C-2 4L B+ C (5.22d)

Here AB** is the auto-ionization state of the particles; the
quantities written over the arrows are the constants for the
respective processes and the lifetime of the auto-ionization
state AB**. Hence, the balance equation for the density
of the auto-ionization states has the following form:

d[AB** AB*
_Ldt_] =0= [A] [B) kcapture—[T]

- [AB"] [C] (kquench. + kdecomp.)
The equation yields

*ky [A] [B] kcapture
[AB ] - T"—f— [C] (kdecomp.+"quench-)
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The equation for the process (5.22¢) is

E [;;B] = kquench, [AB**] [C] = [4] [B] [C]

kcapturefqueneh. T
1+IC] (kquench. 1 #decomp.) T

A comparison of this balance equation and the definition ot
the constant of the triple process (5.13) shows that this
process is a triple process if the condition

[C] (Fquench. + kgecomp.) T K 1 (5.23a)

is satisfied, and the constant of the triple process in this
case is given by

X

& = kcapturekquench. T (5-231))

For another limiting case

[C] (kquench. + ¥gecomp.) T 1 (9.24a)

the density of the particles C is so high that the rate of
production of the bound state AB does not depend on [C]
and we have

PO kquench.
# [C] o kcap ture kquench. + kdecomp. (5.241))
The particles C affect the factor Aguench./(Aquench. + Kdecomp.)
in Eq. (5.24b); this factor is the probability that the colli-
sion between particle C and particle AB in the auto-ioniza-
tion state will force AB to transfer to the stable bound state.
The lifetime of the auto-ionization state increases sharply
with an increase in the number of the internal degrees of
freedom since the excess energy can be distributed over a
larger number of the degrees of freedom. The auto-ionization
state produced in collision of systems with large numbers of
degrees of freedom is called a long-lived complex. It is the
formation of a long-lived complex that makes it possible to
satisfy the condition (5.24a). For instance, the lifetime of the
long-lived complex made up of large molecules and elec-
trons is of the order of 10-%-10-* s, that is, the condition
(5.24a) is satisfied for [C] > 10'-10' cm~3. Typically, the
lifetime of the long-lived complex is considerably smaller
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and the process has a triple character. Note that we can
obtain Thomson's formula (5.13) by replacing 7 in Eq. (5.23b)
with the transit time of the interacting particles.
Dissociative recombination of an electron and a molecular
ion. This process can be described by the following scheme:

e + AB* > A* + B (5.25)

FIG. 11. E
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The high importance of the process is due to the fact that
the coefficient of dissociative recombination does not depend
on the densities of the particles and the rates of recombination
are relatively high.

Figure 11 illustrates the mechanism of dissociative recom-
bination. It shows the term of the ground state of the mole-
cular ion and also one of the terms of the molecule consisting
of atom B and atom A* in an excited state. These terms
intersect for a certain distance R, between the nuclei so
that for smaller distances the state A*B is an auto-ionization
state. It is this auto-ionization state that makes possible
dissociative recombination.

In the course of dissociative recombination, the electron
colliding with the molecular ion is captured to the auto-ioni-
zation level. Since the interaction between the atoms in the
auto-ionization state is repulsive, they move apart. If the

5—01607
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auto-ionization state does not have time to decay while the
atoms move apart to the distance R, the result is a stable
state of the particles, that is, there occurs recombination of
the electron and the molecular ion giving rise to the excited
atom and the atom in the ground state.

Dissociative recombination is a fairly complicated process
since the number of the auto-ionization states of the system
A*-B is large (sometimes, infinite) and the lifetime of these
states (with respect to decomposition into an electron and a
molecular ion) depends on the distance between the nuclei.
Moreover, the recombinating molecular ion can be in excited
vibrational states and this fact also influences the magnitude
of the recombination coefficient. Owing to the above diffi-
culties the general expressions for the recombination coeffi-
cient can hardly be derived, while the expressions for special
cases which are highly involved carry insufficient informa-
tion and we shall not discuss them here. Note that when the
conditions for dissociative recombination are satisfied, the
recombination coefficient has the same or higher order of
magnitude as the respective quantity for atoms.

Let us consider a simple model of dissociative recombina-
tion of an electron and a complex molecular ion. The latter
has a large number of internal degrees of freedom which can
absorb the excess energy. Therefore, any capture of an elec-
tron on the auto-ionization level can be assumed to result
automatically in recombination, and the electron is captured
if it gets into the region of strong interaction with the mole-
cular ion, that is, into the region where this ion is located.

This model can be used for estimating the coefficient of
dissociative recombination of an electron and a complex
molecular ion. Let us assume that the behaviour of the
electron is governed by classical laws and that if it gets into
the region of the size R, the recombination will occur. This
model was used above in the analysis of the ion pair recom-
bination and it yielded Eq. (5.9), which in this case gives

a ~ 5Ree* ) mT (5.26)

where R, is of the order of the size of the molecular ion, and
m is the electron mass.

Equation (5.26) can be used for estimating the coefficient
of dissociative recombination. At room temperature the coef-
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licient of dissociative recombination of an electron and a
complex molecular ion is of the order of 10-% ¢cm3®s~1, which
agrees with experimental results.

Ionization processes in collisions between an atom in an
excited state and an atom in the ground state. Associative
ionization is the process opposite to dissociative recombina-
tion and can be described by the following scheme:

A* - B—~AB* fe  (5.21)

The colliding atoms occur on the term which intersects the
molecular ion term (see Fig. 11), and the respective state
is the auto-ionization state for the distances between the
nuclei less than R,. It is this state that decomposes into a
molecular ion and an electron. The cross section of associa-
tive ionization depends on the lifetime of the auto-ionization
state. Hence, at low energies only a limited number of the
excited states have significant cross sections of-associative
ionization. This process is important for production of
charged particles in plasma.

Another practically important ionization process in col-
lisions of atoms is the Penning effect, which can be described
by the following scheme:

A* -+ B—> A4 4 B* te (5.28)

where A* is a metastable atom whose excitation energy is
higher than the ionization potential of atom B. The meta-
stable atomic state is an excited state which does not decay
or which decays slowly due to radiation transition. Such
metastable states are found, for instance, in atoms of inert
gases or atoms of alkali-earth metals but not in atoms of
alkali metals. Since the metastable atoms have large life-
times, their concentration in the weakly ionized gas can be
high and exceed the concentration of the charged particles.
Ilence, the rate of production of charged particles is changed,
owing to the Penning effect, by addition of an easily ionized
impurity to the weakly ionized gas even in such small quan-
tities as a few per cent of the density of the gas.

The Penning effect is essentially the decomposition of the
auto-ionization state of system A*B. The initial state of the
system is the auto-ionization state for any distance between
the nuclei. However, for large distances the lifetime of

5%
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this state is large because of the weak interaction in the
system. The lifetime of the auto-ionization state decreases
with decreasing distance between the nuclei, and the Penning
effect occurs if this state is able to decay during the collision.

Stepwise ionization of atoms. In the gas-discharge plas-
ma, the mean electron energy is usually considerably lower
than the ionization potential of the atoms. Under these
circumstances single ionization of atoms can occur only
in collisions with the high-energy electrons from the tail
of the distribution function. Ionization can occur also when
the atom passes a number of excited states in collisions
with electrons and is ionized from an excited state; this
process is termed stepwise ionization. Let us find the con-
stant of stepwise ionization assuming that the electrons
have the Maxwell velocity distribution and the electron
temperature is considerably lower than the ionization po-

tential of -the atom:
T.L 1 (5.29)

Assume that the electron density in the system is sufficiently
high and all the transitions between the excited states of
the atoms are due to collisions with the electrons. Under
these assumptions stepwise ionization proves to be the detai-
led reverse of the process of triple recombination of an elec-
tron and ion (5.15). In these processes the atoms undergo
the same transformations but in the opposite directions.
Assume that the electrons in the system are in thermo-
dynamic equilibrium with the atoms. Under these condi-
tions the charged particles are produced as a result of step-
wise ionization while their decay is due to triple recombina-
tion; hence, the balance equation for the electron density is

ddl::le =0=NeNakstep.—aNeNi

Here N, is the atom density and Fkstep. is the constant of
stepwise ionization of the atoms. Since the electrons and
atoms are in thermodynamic equilibrium and the Saha dis-
tribution (2.17) gives the relationship between their den-
sities, we obtain the following relationship between the
constants of the above processes:

O gegi (ﬁ@_):’/z exp ( _._I_) (5.30)

N, g, \2nk2 T,

kstep. =
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where g, g; and g, are the statistical weights of the electron,
ion and atom, respectively, and T, is the electron tempera-
ture.

It should be noted that relationship (5.30) is valid for
any ratio between the atom and electroni densities since the
constants ksiep. and /N, do not depend on the densities
of the particles. The assumption of the thermodynamic
equilibrium in the system was made only to help us find
the relationship between the constants.

Inserting Eq. (5.16) for the triple recombination coeffi-
cient into Eq. (5.30), we obtain the following expression
for the constant of stepwise ionization:

gi met®

. T
Bt = AL Emep (— ) (6:3D)

where 4 is a numerical factor identical for all the atoms.
Let us compare the constant of stepwise ionization with
the constant of single ionization, which is given in this

case by

b 280y (=) (25 0

where € is the energy of the incident electron. If the con-
dition (5.29) is satisfied, this integral convergesin the vicin-
ily of the ionization potential where the cross section is
given by oy, = 0, (§/I — 1); here o, is of the order of
the atomic cross section. Taking into account the condition
(5.29) and using this cross section, we find

kion-—:(sT")Uzcoexp(—-TI:) (5.32}

m

A comparison of Egs. (5.31) and (5.32) yields (o, ~ a}
where a, is the Bohr radius)

Eion ( h2T, )7/2
kstep. met

This ratio is much less than unity owing to the condition
(5.29) and to the fact that the ionization potential of the
atom, I, is of the order of me*/#h2. Hence, if the conditions
arc suitable for stepwise ionization, this process at low
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electron temperatures proves to be more efficient than the
single ionization of an atom.

Thermodynamic equilibrium conditions for excited atoms.
When deriving Eq. (5.31), we made an implicit assumption
that the excited atoms involved in ionization are in thermo-
dynamic equilibrium with the atoms in the ground state.
Let us find out the conditions under which this assumption
is valid.

Let us consider two states of the atom, the ground state
which we denote by the subscript “gr.”, and the excited
state denoted by “exc.”. A transition between these two
states can be due to collisions with electrons; the excitation
constant averaged over theelectron velocities will be denot-
ed by Fkgr.exc., the constant for the opposite transition
by kexc.gr.- Apart from that, there are other mechanisms
of decay of excited states (radiation, decay at the walls,
etc.) for which the lifetime is t. Let us determine the condi-
tion of thermodynamic equilibrium under these circum-
stances.

The balance equation for the density of excited atoms in
our case is

dNexc.

at 0 == Ngr.Nekgr.exc. “‘Nexc.Nekexc.gr.

Nexe.
—fere.  (5.33)

First, we shall consider the plasma in which the transitions
between the states occur in collisions with the electrons,
that is, T — oo. Then the density of the excited atoms is
given by the Boltzmann distribution (2.9):

_ 8exc. __he
Nexe, = Ngr. £2% exp ( — )

Hence, we obtain the following relationship between the
constants:
. . Ag
kgr.exc. = kexc.gr. %exp ( __TT) (534)
where Ag is the energy difference between the states, and
T. is the electron temperature. Since kgr.exc. and kexc.gr.
do not depend on the density of the atoms, relationship
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(5.34) is valid when the thermodynamic equilibrium between
the atom states is disrupted. This relationship follows di-
rectly from the principle of detailed balancing.

The balance equation (5.33) and Eq. (5.34) can be used
to determine the density of the excited atoms:

Nexc. -N kgr.exc. (1+ 1 )—1

gr. kexec.gr. Nekexe.gr.T
Ag 1 -1
— N, . Bexc oy (___)(1 )
gr. ggr. P T, + Nekexc.gr.'l'

It can be readily seen that our system is in thermodynamic

equilibrium when
Nekexc.gr.t > 1 (5.35)

that is, when the time of decay of a given excited state
via the collision with an electron is considerably less than
the time of its decay via other decay channels. This condi-
tion is satisfied at high electron densities. The lifetime of
excited atoms with respect to radiative transition is larger
for higher excited levels. Therefore, condition (5.35)is not
satisfied, typically, for the lower excited states of atoms
while the higher excited states are in thermodynamic equi-
librium.*

Now let us discuss once again Eq. (5.31) and determine
how it can be applied taking into account the radiative
transitions in the atoms and also the decay of the excited
atoms at the walls of the vessel filled with plasma. Equa-
tion (5.31) is valid if radiative transition does not affect
the process, that is, if condition (5.35) is satisfied for the
excited atoms (here t is the lifetime of the excited states
with respect to radiative transitions). Actually, this con-
dition should be satisfied only for the lower excited states.
Moreover, the excited atom must have time to undergo all
the transformations leading to ionization long before it

* This means that the Boltzmann distribution (2.9) gives the rela-
tionship between the densities of the atomic excited states i and %,
tho transitions between which occur owing to collisions with the elec-
trons. These excited atoms may be not in thermodynamic equilibrium
oither with the free electrons or the atoms in the ground state if there
is no general thermodynamic equilibrium.
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can drift to the wall of the vessel. Hence,
Nekstep.'tdrltt >1

where Tyt is the characteristic time for the atomic drift
to the wall.

6 Physical Kinetics of Gas and Plasma

The kinetic equation. We have to give the mathematical
description of the system of particles comprising the gas.
Though collisions in the gas are rare and each particle
spends only a small fraction of its time, No%2, strongly
interacting with other particles (see Sec. 4), the significance
of these collisions is that they result in energy exchange
between the particles. Hence, a description of the system
behaviour must take into account collisions of the particles
though we can confine ourselves only to the pair collisions,
since the probability of the triple collisions is by a factor
of No®? less than the probability of the pair collisions
while the probability of collisions between a larger number
of particles is even lower.

Now we have to choose a parameter for describing the
system. The state of an individual particle is described by
the velocity v and the inner quantum numbers J. We have
to find at each moment of time how many particles in each
state are at each point in space. Hence, we describe the
system by a distribution function f (v, J, r, t) so that
f(v,J,r, t) dv. is the number of particles in unit volume
at point r at moment ¢ which have the inner quantum num-
bers J and the velocities in the range from v to v 4 dv.
Hence, the density of particles at point r at moment ¢ is,
by definition,

N, = S fv, J, 1, 8) dv (6.1)

J

The evolution of the system can be described by the
equation which is satisfied by the distribution function
f (v, J, r, ) and which is called the kinetic equation. We
assume in this equation that the variation of the number of
particles in a given state is due to the pair collisions be-
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tween the particles. The equation can be written as

I~ Iear. (6.2)

where I, is the so-called collision integral, which takes
into account the variation of the number of particles in
a given state owing to collisions with other particles.

Let us write down the left-hand side of the kinetic equa-
tion which describes the motion of particles in external
fields in the absence of collisions

daf f(v+dv r--dr, t4-dt)—f (v, 1, 1)

dat - dt
In the absence of collisions we have dv/dt = F/M where F
is the force of the external field acting on the particle, M
is the mass of the particle, and dr/dt =v. Hence,

af 0f F 5f

a + M v

so that the kinetic equation is trans{ormed into
of of , F of

W_*_vﬁ —IM—'W:ICOI.(]‘) (63)

Equation (6.3) describes the development of the system in
time and is called the Boltzmann kinetic equation.

Let us consider the collision integral. It characterizes the
variation of the distribution function owing to collisions
between the particles. The collision integral’s dimensions
are f/t where f is the distribution function, and T is time.
The.characteristic time t for variation of the distribution
function owing to collisions is of the order of the time  of
collisions between the particles, (Nvo)~1, where N is the
density of the particles, v is the characteristic velocity of
collision, and o is the cross section of the large-angle col-
lisions. The collision integral is zero if the velocity distri-
bution function is the Maxwell function f,.

Proceeding from the above properties of the collision
integral, we can derive the following simple approximation:

Icol. = - f:—jo‘ (6'4)

where f is the distribution function, and the characteristic
time T is of the order of the time between collisions and
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dopends on the velocity. Approximation (6.4) is called the
“tau” approximation; it yields approximate solutions of
the kinetic equation which give a correct form of the
distribution function.

Lot us illustrate our discussion by applying the tau ap-
proximation to study the evolution of the system returning
to the equilibrium state following a disturbance. There are
no external fields and the system is uniform, so we obtain
for the kinetic equation (6.3) in the tau approximation
the following form:

of __ __f—=h
at T
The solution of this equation is

f="fo +1f (v, 0) — fol exp (—t/7) (6.5)
where ¢ is time, f (v, 0) is the velocity distribution func-
lion at zero time, and f, is the Maxwell distribution func-
tion. Relaxation of the system to its equilibrium occurs
during a period of time which is of the order of the time
hetween two consecutive collisions of the particles.

Macroscopic equations for a gas. The distribution func-
tion yields detailed information about a system of particles
and can be used to express all the macroscopic parameters
of the system. Hence, the kinetic equation may be used to
derive all the equations for these macroscopic parameters.
Below we shall derive the simplest macroscopic equations
from the kinetic equation.

Let us integrate the kinetic equation (6.3) over . the velo-
cities of the particles. The right-hand side of the equation is
the total variation of the density of particles per unit time
due to collisions. Assuming that in the volume considered
there is no production or decomposition of particles, we
find that the right-hand side of the resulting equation
equals zero:

5 g—idv—{— S v -g—:-dv-l——f? S% dv=0
Let us change the order of differentiation and integration
in the first and second terms and make use of the fact that
Sfdv = N and Svf dv = Nw where N is the density of
the particles, and w is their mean velocity referred to as
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the drift velocity. The third term is zero since the distri-
bution function for the infinite velocity is zero. Hence, we
obtain

I L div(Nw)=0"  (6.6)

This equation is termed the continuity equation.

To derive another equation, we shall multiply the kinet-
ic equation by Mv; and integrate over the velocities of the
particles (M is the particle mass and v; is the respective
component of the particle’s velocity, i = z, y, z). The right-
hand side of the resulting equation is the variation of the
total momentum of the particles due to collisions per unit
time. Let us consider a system of identical particles. In
this system, collisions do not change the total momentum of
the particles so that the right-hand side of the equation is
zero and the macroscopic equation has the following form:

7} 7}
SMv,-a—idv—{— S Mvivh(;;f;dV+Fh S Ui af dv=0

Here the subscripts i and k& denote the components of the
appropriate vector (i, k¥ = z, y, z) with summation over
k, and z is a coordinate. Let us change the order of inte-
gration and summation in the first two terms and integrate
the third term by parts:

S dvv, = v,f| S dvfd;, = — Nb;;,

where §;, = 1 when i = kand §;, = O when i =4 k. Finally,
we obtain

55 (MNw)) + ;N (Mv)) — NF, =0

where the angle brackets denote averaging over the distri-
bution of particles.
Let us define the pressure tensor as

Pin= (M (v; — w;) (v — wy)) (6.7)

Inserting this tensor into the above equation, we find that

——(A[Nw,)—{— l"—|—ax (MNw;wy)—F; =0
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Subtract from this equation the continuity equation

Muw; %V +a—(ka)] = 0. Finally, we obtain

1 0P _
at+N bzy, —F;=0 (6.8)

The form of this equation for the mean momentum depends
on the, representation of the pressure tensor, which is deter-
mined by the properties of the system. We shall discuss
below a special form of representation for this tensor. The
macroscopic equation for the mean energy has an even more
complicated form.

The macroscopic equations (6.6) and (6.8) have been de-
rived for a one-component gas. Let us transform these equa-
tions to apply to a multicomponent system. The right-hand
side of the continuity equation is the variation of the num-
ber of particles of a given species in unit volume per unit
time due to production or loss of the particles of this spe-
cies. In the absence of production or loss of this species,
the continuity equation for this species has the form (6.6)
irrespective of the presence or absence of other species in
the system.

The right-hand side of Eq. (6.8) for the multicomponent
system should contain the variation of the momentum of
a given species per unit timejowing to collisions with other
species. If the mean velocities of two species are different,
there occurs the momentum transfer betweenthem. Hence,
the momentum transfer between two species is proportional
to the difference between their mean velocities. Therefore,
we can write Eq. (6.8) in the following form:

aw(Q) + 1 .go‘(lg) w(‘l) awgq)_ p&‘l)
ot ' M N, Oz k oz, ~ M,
(5) Q)
w.” —w:
= 2 R (6.9)
Tgs

s

The subscripts s and g denote here the particle species, and
Tqs is the characteristic time of the momentum transfer from
the species g to the species s. Since this transfer does not
change the total momentum of the system, the characteris-
tic time of the momentum transfer satisfies the following
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equation:
MgNg MgNg

o e (6.10)

The equation of state for a gas. The relationship be-
tween the macroscopic parameters of the gas (the pressure p,
the temperature I', and the particle density N) is given by
the equation of state. Let us derive this equation for a homo-
geneous gas. Let us express the gas pressure in terms of the
distribution function. Let us introduce a new coordinate
system in which the gas (or a given gas volume) is resting.
In this coordinate system, the pressure is the force acting
on a unit area of an imaginary surface in the system.

The flux of particles with the velocities in the range from
v, to v, - dv, through the given unit area is dj =v,f dv,
with the x axis being perpendicular to the area. Reflection
of each particle from the area is elastic, that is, the normal
component of its velocity is reversed: v, - — v,. Hence,
the particle of the mass M transfersto theareaa momentum
of 2Mv,. The force acting on the area is the variation of the
momentum per unit time. Hence, the gas pressure is giv-
en by

p= S 2Mv, X v fdv, =M S vifdv, = MN (v3)

vx>0

The integration in the first term is over the velocities v,
that exceed zero; it should be taken into account that the
gas pressures on both sides of the area are the same.

In the above formula, v, is the particle velocity com-
ponent in the frame of reference where the gas is resting
as a whole. The gas pressure in the general case is given by

where w, is the component of the mean velocity. In the coor-
dinate system in which the gas is resting the distribution
function for an isotropic gas f (v,) does not depend on direc-
tion. Under these circumstances the gas pressure is the
same in all directions:

P = MN (v — wy)®) = MN {(vy; — wy)?
— MN (v, — w))»  (6.12)
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Here we have a simple relationship between the pressure
tensor (6.7) and the gas pressure:
Pin=pOin (6.13)

The definition of the gas temperature (2.16) relates the
temperature to the mean kinetic energy of particles in the
frame of reference in which the mean velocity is zero; hence,

we obtain
3T/12 = M (v — w)2)/2

Using Eq. (6.12), we find the following relationship between
the pressure and the temperature:
p=NT (6.14)

Equation (6.14) is known as the equation of state for a gas.
Let us write the macroscopic equation (6.8) for the mean

momentum in the case of the isotropic gas when the pressure
tensor has the form (6.13).* Inserting Eq. (6.13) into Eq.
(6.8), we obtain

aw grad'p F

2wy w+EEE_F o (6.15)
Here w is the mean velocity of the gas, p = MN is the
mass density, and F is the force acting on one particle.
In the absence of external fields (F = 0), this equation
is called the Euler equation. Equation (6.9) for a multi-
component system is transformed in this case into

Ws—Wg

Oq M,

ow, grad p F
a_tq 1 (WaV) Wq -+ q 9 _ E = (6.16)

where the subscripts ¢ and s denote the gas particle spe-
cies.

7 Transport Phenomena in Weakly lonized Gas

Transport phenomena in gas and plasma. Transport of parti-
cles in a gas. The transport phenomena in gas and plasma
primarily are due to thegradientsof the macroscopic param-

* Since Eq. (6.13) is valid also for the isotropic liquid, the equa-
tion derived below describes not only a gas but a liquid as well.
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eters. These gradients give rise to fluxes that finally equal-
ize the macroscopic parameters over the gas or plasma vol-
ume,

Let us consider the simplest transport phenomenon due
to the transport of particles. If the density of a given particle
species is not spatially uniform and this gas state is hydro-
dynamically stable, there is a directional flow of particles
tending to equalize in space the density of the given particle
species. If the density of the given species varies slightly
over the mean free path, that is, the density gradient is
small, the diffusion flux density j is proportional to that
gradient:

i=—PDgrad N (7.1)

The factor Z in Eq. (7.1) is called the diffusion coefficient.
Let us estimate the magnitude of the diffusion coeffi-
cient. The net diffusion flux density equals the difference
of the flux densities in opposite directions; each is, by order
of magnitude, equal to Nv where &V is the density of a given
species, and v is the characteristic velocity. Prior to colli-
sion each particle travels the distance of the order of the
mean free path A ~ (Vgo)~! (here ¢ is the characteristic
cross section of collisions between the given species and
other gas particles, and N, is the total gas density). Hence,
the net diffusion flux density of the particles is ANv where
AN is the difference in the densities of the given species at
two points separated by the distance of the order of the
mean free path. And so we obtain AN ~ A grad N and
the diffusion flux density j ~ Av grad N. A comparison
with Eq. (7.1)* yields the following estimate for the diffu-
sion coefficient**: '
Ti/Z

* We neglect here the sign of the flux density. Naturally, the
direction is determined by the fact that it tends to equalize the par-
ticle density, so that the sign in Eq. (7.1) reflects this fact. The same
can be said about the signs for other transport phenomena.

** This formula can be derived using dimensional analysis. The
parameters ', M, and A, which describe the motion of an individual
particle in gas, make up only one combination with the dimensions
of the diffusion coefficient 2, which is AT1/2/M1/2,
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‘Here T is the temperature of the gas, M is the mass of the
particles, and it is assumed that the mass of the diffusing
species are of the same order of magnitude as the mass of
the other particles. Let us analyze the restoration of the
equilibrium gas density after a density gradient has been
established. Inserting (7.1) into the continuity equation
(6.6), we obtain the equation for the particle density, which
is known as the equation of diffusion: ’

2L — VAN (7.3)

Let us denote by L the characteristic distance at which there
occurs a noticeable variation of the gas density. Then
Eq. (7.3) yields the characteristic time of the density var-
iation, 1, ~ L3P ~ L*(vA).

Macroscopic analysis of the transport of particles in
gas is valid if the characteristic variations of the density
occur in time intervals which are considerably larger than
the characteristic time between two consecutive collisions
of the particle t ~ A/v. Hence, we obtain v/t ~ (ML)? K 1,
that is, the macroscopic analysis of transport phenomena
is valid if the gas density varies markedly at a distance con-
siderably larger than the mean free path of the particles.

Energy and momentum transport in a gas. We have
discussed the transport of [particles in a gas. Transport of
energy and momentum occurs in a similar way when the
appropriate gradients exist in the gas. For instance, the
temperature gradient gives rise to the heat flux vector
defined as

Sv—fd (1.4)

This heat flux vector tends to equalize the temperature of
the gas in different regions; the flux vector is zero when
the temperature is constant over the gas volume. Hence, the
heat flux vector is proportional to the temperature gra-

dient:
= —xgrad T (7.5)

The factor » is the thermal conductivity of the gas. In
terms of our analysis, Eq. (7.5) is valid if the temperature
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of the gas varies only slightly over a distance of the order
of the mean free path of the gas particles.

Let us estimate ‘the magnitude of the thermal conductiv-
ity and its dependence on the system’s parameters as it
has been done for the diffusion coefficient (7.2). Imagine
a plane perpendicular to the vector grad T and calculate
the heat fluxes passing through it in both directions. Accord-
ing to Eq. (7.4), each of the fluxes is

g ~ Nv X Mv* ~ NvT

where IV is the density of particles, and v is their charac-
teristic velocity.

These heat fluxes are due to the motion of the particles,
which travel prior to collision a distance about the mean
free path A. Since the heat fluxes in both directions through
the imaginary plane are due to the particles moving on
different sides of the plane where the temperatures are
different, the net flux is

g ~ NvAT

Here AT is the temperature difference over the distance of
the order of the mean free path (the characteristic size of
the region from which the particles get to the plane without
collisions with other gas particles, that is, without energy
exchange). Hence, we obtain AT ~ A grad T and ¢ ~
~ Nv A grad T. A comparison with Eq. (7.5) yields the
following estimate for the thermal conductivity:

v ri/2 .
%~ Noh ~ — ~ 27 (7.6)
where o is the characteristic cross section for the colliding

particles.

The thermal conductivity is seen to be independent of the
density of the particles. Indeed, an increase in the particle
density gives rise to a proportional increase in the number
of particles transporting heat and to a proportional decrease
in the mean free path of the particles, that is, the charac-
teristic distance of heat transport. These two effects are
mutually cancelled.

In the case of a directional motion of gas with the average
velocity not being uniform over the cross section, the mean

6—01607
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momentum is transported between the regions with differ-
ent mean velocities of the gas. This gives rise to friction
forces, which tend to slow the motion of gas with higher
mean velocity and to equalize the mean velocity. The force
F that acts (per unit area) opposite to the direction of the
gas motion is

ow
F= —n%= (1.7)

Here w, is the mean velocity of the gas (see Fig. 12), and
the factor 1 is called the viscosity coefficient.

Let us estimate the magnitude of the viscosity coefficient
and its dependence on the parameters of the system as it
has been done for the diffusion coefficient and the thermal
conductivity. The force (7.7) acting on the unit area is due
to the exchange of particles with different mean velocities.
Let us calculate this force.

Variation of the mean momentum of the particles due
to their exchange of position is MAw, where M is the par-
ticle mass, and Aw, isthe differencebetween the mean veloc-
ities of directional motion. The flux density of particles
is, by order of magnitude, equal to Nv where /V is the den-
sity of particles, and v istheir characteristic velocity. There-
fore, the force acting on the unit area and equalling the
variation of the mean momentum of particles per unit time
is ¥ ~ NvMAw,. Since the exchange of particles occurs
between the regions separated by a distance of the order of
the mean free path, we find that Aw, ~ A dw,/dz and
F ~ NvMM\ 0w,/0z. A comparison with Eq. (7.7) yields the
tollowing estimate for the viscosity coefficient:

Ti/ZMi/Z
g

N~ NvMMA~ (7.8)

According to Eq. (7.8), the viscosity coefficient is inde-
pendent of the density of particles. Similar to the thermal
conductivity, this independence is due to compensation of
two opposite effects occurring with momentum transport.
Indeed, the number of momentum carriers is proportional
to the density while the characteristic distance of transport,
the mean free path of the particles, is inversely proportion-
al to the gas depsity.
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We have discussed the simplest transport phenomena
caused by gradients of the macroscopic properties: the
transport of particles caused by the density gradient, the
heat transport caused by the temperature gradient, and
the momentum transport caused by the gradient of the
directional velocity. Therecanalsooccur transport phenom-
ena of mixed origin. For instance, the density gradient can

FIG. 12. H Wy
The mean velocity
of the gas particles
in the presence

of viscosity.

give rise to the heat transport, the temperature gradient
can give rise to the transport of particles, and so on. These
effects are due to specific relationships between the macro-
scopic parameters N, T, w, etc., which characterize the
system. The picture can be even more complicated in the
multicomponent system where a pressure gradient can be
maintained for a long time for a given species. To analyze
all these effects, we can use the general approach applied
for deriving Egs. (7.2), (7.6), and (7.8).

Thermal conductivity due to the internal degrees of free-
dom. The characteristic cross section for the elastic col-
lisions of particles is considerably larger than the cross
section for inelastic collisions. Hence, the cross sections
in Eqgs. (7.2), (7.6), and (7.8) are those for the elastic col-
lisions of particles while the inelastic collisions do not
affect transport phenomena. One exception is the thermal
conductivity of gas where the internal degrees of freedom
affect the heat transport in a peculiar way. Let us assume
that the gas at each point is in thermodynamic equilibrium
with respect to the internal degrees of freedom. Then trans-
port of particles between regions with different temperatures
results in the transport of the internal energy of the particles

6*
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though the internal energy difference is converted into
the energy of translational motion (or vice versa) in the
course of numerous elastic collisions. This phenomenon
results in an increase in the thermal conductivity.
Let us represent the heat flux vector as a sum of two
terms:
4= —%trans1. gTad I' —%intern, grad T (7.9)

Here the first term is due to the transport of translational
energy of particles, similar to Eq. (7.5), while the second
term is due to the internal degrees of frecedom. Hence, the
thermal conductivity is a sum of two terms:

% == %transl. - Xintern. (7°1O)

and we have to find the second term.

Let us describe the internal state of the particle by the
label i. Since the spatial density of particles with a given
internal state i is not uniform because of the temperature
gradient, there is a diffusion flux density of these particles

Ji=—P;grad N; = _@igradTa—aI%

where &; is the diffusion coefficient of the particles with
a given i. Denote by &; the excitation energy of the ith
internal state of the particle. Then the heat flux vector due
to the internal degrees of freedom is

. dN;
Qintern. = Z gi]i = — 2 é’i@i T grad T
i i

A comparison with Eq. (7.9) yields the following expres-
sion for the thermal conductivity for the heat transport due
to internal degrees of freedom:

aN;
Xintern. = 2 €9, ‘ﬁ" (7.11)

1

Equation (7.11) is simplified if the diffusion coefficient
does not depend on the excitation of the internal degrees of
freedom of the particle. This is the case, for instance, when
the respective internal degrees of freedom correspond to
the rotational or vibrational excitation of molecules. In
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this case we obtain

N a
Xintern. =9 Z 8i ’5771‘:1@'6—7: Z 8,’N,’

i

— 9L @N)=INey  (1.12)

Here N = }_‘, N; is the total density of the gas particles,
1
& = N"IZ &N; is the mean excitation energy of the

1

particles, and cy is the specific heat per molecule correspond-
ing to excitation of the internal degrees of freedom. For
instance, if excitation of the internal degrees of freedom is
sufficiently effective, in other words, if ¢y ~.1, then Egs.
(7.42) and (7.2) yield %iptern. ~ T2/ (M %0), that is,
Hintern. Nas the same order of magnitude as the thermal
conductivity (7.6) due to the translational motion of par-
ticles.

Let us consider another special case when the therrhal
conductivity due to internal degrees of freedom is
nificant, namely, the thermal conductivity of a monoatgmic
gas with a slight admixture of molecules. The density of
molecules N,, is related to the density of atoms &, through
Eq. (2.20):

N%/Nm=f(T)exp (— DIT)

Here f (T) is a power function of temperature, and D is
the dissociation energy of the molecule. Since D > T, we
obtain
Nm _ D
ar =7z Vm

Inserting this relation into Eq. (7.11), we find that
D\2
“tntern. =D () Nm  (7.43)

where & is the!diffusion coefficient for the molecules in the
monoatomic gas. Compare this parameter with the thermal
conductivity % trans), (7.6) due to the heat transport in
the translational motion of molecules. Equations (7.2),
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(7.6), and (7.13) yield

Xintern. D\2 Ny,
Xtransl. ~ ( T ) N, (714)
In the case being considered, we have N,, < N,. However,
since the complete dissociation of the molecules occur at
the temperatures which are low compared to the molecule
dissociation energy (T' € D), the ratio (7.14) can be about
unity for comparatively low concentrations of the mole-
cules in the gas. '
The mobility of particles. The Einstein relation. When
a particle travels in vacuum in a field of external forces,
it is uniformly accelerated. If this particle travels in gas,
the collisions with the particles of the gas give rise to a fric-
tion force whose action determines the mean velocity of
directional motion of the particle. When the external force
is small, that is, the mean velocity w of directional motion
of the particle is small compared to the thermal velocity
of the gas particles, the velocity w is proportional to the
acting force F:
w = bF (7.15)

The proportionality factor b is known as the mobility of
the particle. In the small-force approximation, the mobil-
ity does not depend on the magnitude of the external
force F.

Let us consider the motion of the test particles in a gas
under the action of an external field, the particles being in
thermodynamic equilibrium with the gas. According to
the Boltzmann formula (2.9), we have the following spatial
distribution of the density of the test particles:

N = N, exp (—U/IT) (7.16)

where U is the potential of the external field, T is the gas
temperature, and N, is the density of the test particles at
the point where the potential U is assumed to be zero.

Since the density of the test particles is not uniform over
the cross section of the gas, the gradient of density gives
rise to a diffusion flux density

j=—@grad1\/’=z—gr;d—UN= ——';Z,—)-FN
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Here we used the Boltzmann formula (2.9) for the density of
the test particles and the relation F = — grad U for the
external force. Under thermodynamic equilibrium, when
there is no net directional motion of the test particles, the
diffusion flow of the test particles is compensated by the
flow of the test particles under the action of the external
force, the flow being wN = bFN according to Eq. (7.15).
Since the net flow is zero, we obtain the following relation-
ship between the diffusion coefficient and the mobility of the
test particles:

b=PIT (7.17)

Equation (7.17) is known as the Einstein relation, and it is
valid for the small fields which do not disturb the thermo-
dynamic equilibrium between the test particles and the gas
particles.
Equation (7.2) yields the following estimate for the
mobility:
b~ (MT) 2 (No)t (7.18)

The Navier-Stokes equation. Let us derive the equations
for transport of momentum and energy in a viscous gas.
The equation for momentum transport can be derived from
Eq. (6.15) by taking into account the viscosity of the gas.
Confining ourselves to the one-component gas, we can use
Eq. (6.8) as the basis for the equation of momentum trans-
port where we should add to the pressure tensor a term ac-
counting for the viscosity. Using the frame of reference of
Fig. 12 and Eq. (7.7), we find that this term, proportional
to the viscosity coefficient, is given by

’ ow
‘gsacz= — ﬁ

Under our conditions the only nonzero component of the
velocity is along the z axis and the acceleration is along the
Z axis..

Assuming that under the above conditions the pressure
tensor is determined only by viscosity and noting that this
tensor is symmetrical, we can write it in the following gen-
eral form:

J‘lk‘:—'ﬂ ( i+ h+061h—&z—l) (7.19)

5;; oz ]
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Here summation is assumed over the subscripts appearing
two times. The factor a can be found in the following way.
The forces of viscous friction in gas are due to the fact that
adjacent gas layers move with different velocities. If the
gas is decelerated as a whole, that is, if the derivative
dw;/0z; is made nonzero, this mechanism of friction dis-
appears and the force due to the gas viscosity must vanish.
Hence, the trace of the pressure tensor due to the viscosity

must be zero, that is, E‘, &4 = 0. Thus, we find a = — 2/3,

1
and the viscosity term of the pressure tensor can be written
as
- ow; ow;
Fin=—n(mtim—30uz) (720
Let us add to the viscosity term of the pressure tensor
(7.20) the term (6.13) due to the gas pressure. Inserting
this pressure tensor into Eq. (6.8), we obtain

d d
a—v:—i—(wv)w: ___g_l‘ip_P_I__:)I_Vzw
+ 35 grad div W (7.21)

Equation (7.21) describes momentum transport and is
called the Navier-Stokes equation.

The equation of heat transport. Let us derive the heat
transport equation for the moving gas in which there occurs
heat transport due to heat conduction. Let us write the
balance equation for the variation of the energy of the gas

in an elementary volume V. Denote by & the mean energy
of a gas particle and by N the density of the gas (to simplify
the treatment we consider a one-component gas). The varia-
tion of energy in the volume V is given by

%SENdr: —§ads
\ 4 S

Here q is the heat flux vector, S is the surface enclosing
the volume V, and ds is the element of the surface. The
minus accounts for the fact that the heat outflow through
the surface around the volume decreases the energy con-
tained in the volume.
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Making use of the Gauss theorem, we can transform the
above equation into

S[‘,%(EN)-Fddi]dr:O

v

Since this integral is zero for an arbitrary volume V, the
integrand must be zero:

2 EN)+divg=0  (7.22)

This equation of heat transport has the same form as the
continuity equation (6.6) for transport of particles.

The heat flux vector in Eq. (7.22) can be written as a
sum of two terms. The first term is the heat flux eNw due
to the gas motion. The second term is the heat flux due to
thermal conduction, which is —x grad T according to Eq.
(7.5) where % is the thermal conductivity coefficient. Insert-
ing these heat fluxes into Eq. (7.22), we obtain the following
equation for heat transport:

2 (eN)+ div (eNw) —xv2T =0

Subtraction from the above equation of the continuity
equation (6.6) yields

N2 Nwgrade=»v?T  (7.23)

Assume that the mean energy of the molecule, which is
the sum of the internal energy and the translational energy,
is proportional to the temperature. This is the case if the
gas temperature is the same as the temperature of the in-

ternal degrees of freedom. Hence, we obtain e = cyT
where ¢y is the specific heat per molecule*. Thus, the equa-
tion of heat transport (7.23) can be transformed into

aT % 2

‘E+wgrad T= = V2T (7.24)

* For a monoatomic gas cy = 3/2; if the gas temperature of a

binary molecular gas is identical to the rotational temperature and
if the majority of molecules are in the ground vibrational state and
in the rotational states with high quantum numbers, then for this
gas cy = 5/2.
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The diffusion motion of particles. Let us study the diffu-
sion motion of particles in gas. Denote by W (r, t) the pro-
bability that a test particle is at point r at time f. Assume
that at the zero time the test particle is at the origin so
that the function W (r, ¢) is spherically symmetric. The
function W (r, ?) is normalized thus:

fwe narar=1 (.25
0
This probability function satisfies the diffusion equation
(7.3) for the test particle travelling in the gas:

%’;’ =PVEW  (7.26)

Since the function W is spherically symmetrical, Eq.
(7.26) can be written in the following form:

1 o2
G =T+ 53 W)

We are interested in average characteristics. Let us multi-
ply the above equation by 4nridr and integrate the result
over r. The left-hand side of the equation yields

00 00
ow d drZ
" _a [ 2 2 gy U°
S4nr dr — - = 5rW><4nr dr = n
0 0

where 7% is the mean square of the distance. Integrating
twice by parts and using Eq. (7.25), we transform the right-
hand side of the equation into

D S 4nredr L R 2 W)= —32 S 42 ar 207)
0 0

=6 S bartdr W =69
0

The resulting equation is
i
dat
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Since at zero time the particle was at the origin, the solution
of the equation is given by

r2 =67t (7.27)

In the case of spherical symmetry, we have 2= =2 =
= r?/3 so that

Pop_F—20t  (1.28)

Equations (7.27) and (7.28) describe the diffusion motion
of the particle characterized by numerous collisions with the
gas particles so that each collision changes the direction
of the particle’s motion. This motion is sometimes called
Brownian motion. For Brownian motion the distance trav-
elled varies as the square root of time.

Convective instability of a gas. If the temperature gradient
is large in a gas which is in a field of external forces, there
may appear a more effective mechanism of heat transport
than thermal conduction, which is called convection. This
process consists in the movement of the warmer gas into
the colder regions and the colder gas into the warmer re-
gions.

Let us analyze the stability of a gas at rest with respect
to development of convection. Consider a gas at rest in
which a temperature gradient is maintained in the field of
external forces. The parameters of the gas are subjected to
a small perturbation, which is due to a slow motion of the
gas and corresponds to convection. If this perturbation
proves to be possible, convective instability can develop .in
such a gas. We have to find what conditions are necessary
for the development of the convective instability, that is,
for convective heat transport.

Let us formulate the simplest problem, namely, the so-
called Rayleigh problem. The gas fills a gap between two
infinite parallel walls. The temperature of the lower wall
is T,, the temperature of the upper wall is T,, and T, is
higher than T,. The force of the external field is directed
downwards perpendicular to the walls. The distance be-
tween the walls is L. Find the conditions for the develop-
ment of convective instability.
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Let us represent the parameters of the gas as sums of
two terms: the first term is the parameter for the resting
gas and the second term is a small perturbation of the para-
meter due to the convective motion of the gas. Thus, the
gas density is N 4 N’, the gas pressure is p, + p’, the
gas temperature is 7 4 7', and the gas velocity is w (it
is zero in the absence of convection). Insert these parame-
ters into the stationary equations of continuity (6.6), of
momentum transport (7.21), and of heat transport (7.24).
The zero-order approximation is

grad pp = — FN, y2T' =0
In the first small-parameter approximation these equations
yield
divw=0,

grad (po+p') | V2w _
R b o L

(To—Ty) _ % ,
wz_L__;_ Vzl

The parameters of the above problem are used in the last
equation. Here the z axis is perpendicular to the walls.

Transform the first term in the second equation (7.29).
Up to the first order of approximation, this term is

grad (po+p’) __ grad py + gradp’  gradpy N
N N

N+ N N N

N’ grad p’

=F(1—5)+55>
According to the equation of state (6.14), for agas N = p/T,
and so we find that N' = (ON/0T),T' = — NT'/T. Insert-

ing this relation into the second equation, we can write the
system (7.29) in the following form:

divw=0,
grad p’ T 1 .
~—w~ —Fg—xVw=0, (7.30)

_ wL 2
V= SN @=T Y L

Let us reduce the system of equations (7.30), which con-
nect the parameters of the gas, to an equation for one para-
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meter. First, we apply to the second equation of (7.30) the
operator div and .take into account the first equation of
(7.30). We find that

v’ F or

N T 0 (7.31)
Here we assume that (7, — T'3)/T; € 1. Therefore, the
unperturbed parameters of the gas do not vary much inside
the volume being considered; we shall neglect their varia-
tion and assume that the unperturbed gas paramelers are
spatially constant.

Inserting w, from the third equation of (7.30) into the
zLh component of the second equation and applying the
operator V* to the result, we obtain the following equation:

1 9 o var’ nxL 2)3 P —

N o VP —F =ty =1y (VT =0
Using the relation (7.31) between V?p’ and T’, we obtain
finally

(V2)3 T' — _%(VZ_%) T' (732)

where the dimensionless combination of parameters

‘(T‘——Tg) CVpN2L3
R= T (7.33)
is called the Rayleigh number.

Equation (7.32) shows that the Rayleigh number deter-
mines the possibility of the development of convection. For
instance, in the Rayleigh problem the boundary conditions
at the walls are 7' = 0, w, = 0. Also, the tangential forces
1(0w,/0z) and M(0w,/0z) are zero at the walls. Differentiat-
ing the equation div w = 0 with respect to z and using the
conditions for the tangential forces, we find that at the
walls (0*w,/0z%) = 0. Hence, we have the following boundary
conditions:

I'=0, w,=0, 2%_0
— Y z— VY m'—

Denote by z = 0 the coordinate of the lower wall and by
z = L the coordinate of the upper wall. The general solu-
tion of Eq. (7.32) with the boundary condition 7' = 0 at
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z2 = 0 can be expressed as
T’ = Cexp li (kyx + kyy)] sin k,z (7.34)

The boundary condition 7' = 0 at z = L yields k,L = nn
where n is an integer. Inserting the solution (7.34) into
Eq. (7.32), we obtain
(K2L2 4 n2n2)3
R="—rr— (7.35)

where k% = kX |kj. The solution (7.34) satisfies all bound-
ary conditions.

Equation (7.35) shows that convection can occur for
Rayleigh numbers not less than a minimum number Rmpi,

corresponding to n = 1 and Ky = n/(LY 2):

274
len = T

The magnitude of Ry, varies according to the geometry of
the problem, but in all problems the Rayleigh number char-
acterizes the possibility of convection.

Convective motion of a gas. Let us analyze the simple
case of motion of gas in the plane zz. Inserting the solution
(7.34) into the equation

. 6wx
divw= —|— 02 =

we find the following expressions for the components of the
gas velocity:

w, = wy cos kx sin % ,
iz (7.36)

wy sin kx cos —-

Wy= — T

kL
where n is an integer, and the characteristic velocity of
gas wy is assumed to be small compared to the respective
parameters in the gas at rest; for instance, w, is small com-
pared to the thermal velocity of the particles.

Let us trace the motion of a gas element. The equations
of motion for this element are dz/dt = w, and dz/dt = w,;
using Egs. (7.36) for the components of the gas velocity,
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we obtain
dz

in nnz
= —Etankxcot——L—

This equation describes the path of the gas element. The
equation yields

sin kz sin MEZ- =C" (7.37)

where C is a constant determined by the initial conditions.

FIG. 13.

The paths of the gas
elements in the Rayleigh
problem for n=1, k=n/L.

The constant C varies from —1 to 41; its value depends on
the initial positions of the gas elements being considered.
Of special significance are the lines at which ¢ = 0. These
lines are given by the following equations:

z=—£—m,, x=-% me (7.38)

where m; and m, are integers, and m, > 0 and m, => 0.
The straight lines (7.38) divide the gas into cells. The gas
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particles which are inside a cell can travel only inside this
cell and cannot leave it. Indeed, Egs. (7.36) show that the
component of the gas velocity normal to the cell boundary
is zero, that is, the gas cannot cross the boundary between
the cells. These cells are known as the Benard cells.

Equation (7.37) shows that inside each cell the gas ele-
ments travel along closed paths around the centre where
the gas is resting. Figure 13 snows the paths of the gas ele-
ments in the Rayleigh problem for n = 1 and k = n/L,
that is, for the Rayleigh number R = 8n*. In the Rayleigh
problem, the Benard cells are pyramids with regular poly-
gon bases; in the general case, these cells have a more com-
plicated shape.

Convective heat transport. Compared to the thermal con-
duction, convection is a more effective mechanism of heat
transport. Let us analyze heat transport in the Rayleigh
problem. The resting boundary layers of thickness § are
formed at the walls whose temperatures are constant. The
thickness of the boundary layer is determined by the vis-
cosity of the gas, and the heat transport on the boundary
layer is due to thermal conduction. Then this heat is trans-
ported by gas flows so that the heat flux transported in the
Rayleigh problem equals the heat flux due to thermal con-
duction in the boundary layer:

g=x|gradT | ~ MS__T_z)

Applying the Navier-Stokes equation (7.21) to the bound-
ary region, we can estimate the thickness of the boundary
layer. This equation describes continuous transition between
the wall and the moving gas flows. Now to the second equa-
tion of (7.30) we have to add the term M(wV)w, which
cannot be neglected here. A comparison of separate terms of
the zth component of the resulting equation yields, by
order of magnitude,

2 N
M2~ LTy —Ty) (TAT—“) ~L 2 (1.39)
Hence, we obtain
nzT 11/3
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Let us compare the heat flux transported by gas in the
above problem and the heat flux transported due to heat
conduction in the resting gas. The heat flux due to heat
conduction is geong. ~ % (I'y — T,)/L where L is the
separation of the walls; thus, we have

¢« L _ [NZFML3(T,—T2) 1/3
6 12T

~G'P . (1.41)

dcond.
Here G is the dimensionless combination of the parameters,

_ N?2FM (T,—Ty) L3

G T

(7.42)

known as the Grashof number. A comparison of the Rayleigh
number (7.33) and the Grashof number (7.42) yields the
ratio between them

R _ evy
G Mx

Note that the continuity equation (6.6), the equation of
momentum transport (7.21), and the equation of heat trans-
port (7.24) used above are valid not only for a gas but also
for a liquid. Therefore, the results obtained are applicable
to liquids as well. However, gas has some peculiarities in
this respect. For instance, Eqs. (7.6) and (7.8) yield that
for gas the ratio n/(Mx) is about 1. Furthermore, the specific
heat ¢y of one molecule is also about 1. Hence, the Rayleigh
number has the same order of magnitude as the Grashof
number for gas. Since convection develops at high Rayleigh
numbers, we find that for convection G > 1. Hence, accord-
ing to Eq. (7.41), we find that heat transport via convection
is considerably more effective than heat transport in a
resting gas via heat conduction.

The ratio (7.41) between the heat fluxes due to convection
and thermal conduction has been derived for an external
force directed perpendicular to the boundary layer. Let
us derive the respective relation for the external force di-
rected parallel to the boundary layer. Let the z axis be
normal to the boundary layer and the external force be di-
rected along the x axis. Then to the second equation of the
system (7.30) we add the term M (wV)w and compare the
terms of the zth component of this equatior. The result is,

7—01607
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instead of Eq. (7.39), equal to

2 Ty—T
veopfild Ak (743

Equation (7.43) yields an estimate of the thickness of the
boundary layer:
n2TL 14
8 ~ | nermr (T,—-T,)]

Hence, we find the ratio between the heat fluxes of con-
vection and thermal conduction:

9 L g
dcond. b G (7'44)

The ratio between the heat fluxes in this case is seen to
be different from that for the external force perpendicular
to the boundary layer [see Eq. (7.41)]. However, the con-
vective heat flux in this case is still considerably larger than
the heat flux due to the thermal conduction in the resting
gas.

The instability of convective motion. New types of
convective motion develop when the Rayleigh and Grashof
numbers increase. This disturbs the ordered convective
flow and finally disrupts the stability of the convective
motion of gas giving rise to disordered or turbulent flow
of gas even if it is contained in a resting closed system.
Let us analyze the development of turbulent gas flow.

We consider once again the Rayleigh problem: a gas at
rest is in an external field between two infinite and parallel
planes maintained at different constant temperatures. We
analyze the convective motion of gas (7.36) corresponding
to sufficiently high Rayleigh numbers with n > 2. In
this case there can simultaneously develop at least two differ-
ent types of convective motion. Figure 14 shows two types
of convective motion for the Rayleigh number R = 108n*
corresponding to the wave number &k, = 9.4/L for n =1,
and k, = 4.7/L for n = 2.

Let us analyze the example of convection illustrated in
Fig. 14. Using the above parameters, we combine the solu-
tions so that the gas flows corresponding to » = 1 and
n = 2 travel in the same direction in some regions of the
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gas volume. Then in other regions these flows will necessarily
travel in different directions. Two types of motion can
develop for any Rayleigh numbers.

The fact that the problem has two solutions correspond-
ing to opposite gasflowsin some regions does not necessar-
ily mean that the ordered flow of gas is disturbed. Indeed,
we can always make a combination of two solutions describ-

FIG. 14.

The types of
convective motion
in the Rayleigh
problem for R=108s4.
The mixing of the
gas flows travelling
in opposite
directions finally
results in a random
gas molion,

or turbulence.

ing a mixture of the two types of motion. For instance, if
two gas flows travel in the opposite directions with the
same velocity and amplitude, such a combination of solu-
tions corresponds to a gas that is stationary in the given
volume.

Nevertheless, the fact that increasing the Rayleigh num-
ber gives rise to new types of solutions means that the
convective flow can become turbulent. We assume that in
the system there is ordered convective flow corresponding to
one of the solutions. Then a small perturbation in one of
the regions of the gas volume gives rise to another type of
flow. At the boun lary of this region two opposite gas flows
meet so that the kinetic energy of motion of the gas flows
transforms into the thermal energy of gas. This results in a
disordered motion of the gas. The development of turbulence
changes the character of heat transport.
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8 Transport of Charged Particles
in Weakly lonized Gas

The mobility of charged particles. The conductivity of a
weakly ionized gas. Let us analyze the motion of charged
particles in a gas in the presence of an external electric
field. The mobility of charged particles K is defined as the
proportionality factor between the mean velocity of charged
particles w and the electric field strength E:

w = KE (8.1)

The force of the electric field acting on the electron or singly
charged ion is F = ¢E, and a comparison of Eqs. (8.1)
and (7.15) yields

b= Kle (8.2)

Hence, for charged particles the Einstein relation (7.17)
is transformed into

K = eDIT 8.3)

where & is the diffusion coefficient of the charged particle
in the gas. Equations (8.3), (7.2), and (7.18) yield the fol-
lowing estimate for the mobility of a charged particle (an
electron or a singly charged ion) in gas:

K ~ e (MT)™/2 (No)™* (8.4)

where NV is the gas density, and o is the characteristic cross
section of collision between the charged particle and the
gas particle.

Let us find the conductivity ¥ of a weakly ionized gas,
that is, of a gas which has a small concentration of charged
particles, that is, a small ratio between the current of the
charged particles and the electric field strength. The electric
current due to the electrons is

ewN, = eK N E

where N, is the density of electrons, K. is the mobility of
electrons, and w is the mean velocity of electrons in the
electric field E. A similar expression can be written for
the electric current due to the ions. Equation (8.4) shows
that the mobility is inversely proportional to the square
root of the particle’s mass. Since the depsities of electrons
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and ions in the quasineutral plasma, which is the one we
usually consider, are the same, the electric current in the
weakly ionized gas is due mostly to electrons, and the
gas conductivity is

3 —eK,N, (8.5)

Using Eqs. (8.4) and (8.5), we can estimate the conduc-
tivity of a weakly ionized gas:

2 ~ Nee? (mT) ™2 (No.o) ™t (8.6)

Here m is the electron mass, and ¢,, is the characteristic cross
section for collisions between electrons and the neutral
gas particles whose density is N.

Ambipolar diffusion. Assume that a plasma haS been
formed in a small volume of gas and it tends to spréad over
the whole gas volume. Let us analyze the decay of this
plasma. In our case, the charged particles are spreading in
the gas volume via the diffusion mechanism. Equation
(7.2) shows that the electrons have a considerably larger
diffusion coefficient than the ions; therefore, the electrons
are spreading over the gas volume considerably faster than
the ions. This results in a disturbance of quasineutrality of
the plasma and in the emergence of electric fields in the
plasma created by the charged particles.

The electric field E created due to the spatial distribu-
tion of the charged particles satisfies Poisson’s equation:

div E = 4ne (N; — N,) (8.7

where N, and N; are the densities of the electrons and
ions*. The flux densities of the electrons and ions in the
system are the sums of the diffusion flux density and the
flux density due to the electric field:

jo=—%,grad N, — K_N_E, (8.8a)
ji = — @i grad Ni —_ KiNiE (88b)

In the above equations &, and P; are the diffusion coeffi=
cients of the electrons and ions in the gas, and K, and K,
are the mobilities of the electrons and ions.

* From now on the jons are assumed to be singly charged,
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Let us consider such a mode of development that the
plasma remains quasineutral in the process of motion.
This is the case for relatively high densities of charged par-
ticles; the separation of charges gives rise to large fields
which prevent further separation and preserve the quasi-
neutrality of the plasma. This phenomenon is termed the
ambipolar diffusion. In this case N, = N; = N so that
AN=|N,— N;| € N, and the fluxes of the electrons
and the ions are the same.

Let us analyze Eqs. (8.8) for the electron and ion flux den-
sities in the case of the ambipolar diffusion. Equation (7.2)
for the diffusion coefficient and Eq. (8.4) for the mobility
show that each of the terms in Eq. (8.8a) for the electron
flux is much larger than the respective term in Eq. (8.8Db)
for the ion flux. For the electron flux to be equal to the ion
flux, the first term in Eq. (8.8a) must almost cancel the
second term. This means that the electric field strength
must  be = — (P./K,) X (grad N)/N = — (T.le) X
X (grad N)/N. Inserting this into Eq. (8.8b), we find the
flux density of the charged particles:

i=—9D,grad N 8.9
D, =D; 1 +TJT;) (8.10)

where

is known as the ambipolar diffusion coefficient. In the
above analysis, we made use of the Einstein relation (7.17)
and assumed that the electron temperature T, differs from
the ion temperature T';. Thus, the ambipolar diffusion of
the charged particles is a diffusion-like motion with the
time parameter corresponding to the ions.

Let us determine the conditions under which the ambi-
polar diffusion occurs. Assume that the characteristic size
of the plasma at which the plasma parameters vary notice-
ably is L. The above expression for the electric field strength
yields the following estimate (grad N ~ NJ/L):

E ~ T,eL
Poisson’s equation yields

ANEIN,,—-Nﬂ:'diVEI T,

Gne  4netl?
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Using the Debye-Hiickel radius (3.6), we find that
AN ( rp \2
()

N

With the above condition for ambipolar diffusion, AN & N,
we obtain the following condition for the realization of
ambipolar diffusion:

rp L L (8.11)

that is, the Debye-Hiickel radius of the plasma must be con-
siderably smaller than the characteristic size.

The mobility of ions in a foreign gas. Equation (8.4)
gives an estimate of the mobility of ions for small electric
fields. Now we shall analyze ion motion in gas under real
conditions for arbitrary electric fields. First, consider th¢
motion of ions in a foreign gas where the scattering of the
ion is due to elastic collisions between the ion and the
gas particles. For low collision energies, the cross section
of the collisions is determined by the polarization interac-
tion between the ion and the gas particle: U = — Be?/ (2R*)
(here P is the polarizability of the gas particles, e is the ion
or electron charge, and R is the distance between the ion
and the particle). Equation (4.11) then gives the cross
section for the capture of an ion by an atom:

2 \1/2
Ocapture = 27 (%) (8.12)

Here ¢ = pv?2 is the energy of the relative motion of the
particles, p is the reduced mass, and v is the relative velocity
of the collision. The frequency of collisions between the
ions and the gas particles (atoms) does not depend on the
velocity of collision.

Taking into account that the mean energy of ions, e, is
of the order of the thermal energy, we find from Eqs. (8.4)
and (8.12) the mobility of the ions as a function of the
parameters of the problem:

K (8.13)

1
T N w7
The mobility of ions in the parent gas. When ions travel
in the parent gas, their mobility is determined by the reso-
nance charge exchange between ions and gas particles,
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This is the case when an ion can be produced from the gas
particle (atom or molecule) by removing one electron. The
resonance charge exchange can be described by the following
scheme: 5

A* A —> A4 + A4 (8.14)

Here the tilde designates one of the nuclei. The process

FIG. 15. lo

The relay process | lon
of resonance charge

exchange between lon scattering

an ion and an atom. angle

Before collision
After collision

consists in the electron transferring from one atomic core
to another. ’

For thermal collision energies, the cross section of the
resonance charge exchange is considerably larger than the
cross section of the elastic collision between the ion and
the atom. Therefore, the main contribution to the cross
section of the resonance charge exchange is made by the
collisions in which the atom and the ion travel along straight
lines. Under these circumstances the ion travels in the gas
via a relay mechanism (see Fig. 15). The resonance charge
exchange changes the path of the ion since it is associated
now with another nucleus. Therefore, into Eq. (8.4) for
the ion mobility for low electric fields we must insert the
cross section of the resonance charge exchange instead of
the cross section of the elastic collision between the ion
and the gas particle.

Let us analyze the ion mobility in the parent gas for
high electric fields when the mean ion energy is consider-
ably higher than the thermal energy of the gas particles.
Under such conditions the gas particles colliding with the
ion can be assumed to be at rest. Hence, we can visualize
the motion of the ion in the following way. The resonance
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charge exchange between the ion and the gas particle gives
rise to an ion with a zero velocity, the ion then being accel-
erated by the electric field until the next charge exchange
between it and a gas particle takes place. Therefore, the
only nonzero velocity component of the ion, v, = (eE/M,)t,
is along the electric field (M; is the ion mass, and ¢ is the
time elapsed since the last charge exchange).

Denote by W (¢) the probability that the ion will not
make a charge exchange with a gas particle during the time
t after the last charge exchange. This probability function
catisfies the equation of radioactive decay:

aw
- —vW
here v = Nv,0.. is the frequency of the resonance charge

exchange, NV is the density of the gas particles, and 0.
is the cross section of the resonance charge exchange. The

solution of this equation is
t

W () =exp [ — S v (t") dt’]

0
The velocity distribution of ions is described by the function
f (vy). Since the ion velocity v, along the field is determined
by the time ¢ elapsed since the last charge exchange, the
distribution function f (v,) is proportional to the probability
that the ion has not exchanged charge up to the moment .
Using the normalization condition, we find the distribution
function

o) =N (Z5) " exp (—2E2), 0, >0  (8.45)

Here N; is the ion density, A = 1/(Noys.) is the mean
free path of the ions, and the cross section of the resonance
charge exchange is assumed independent of the velocity,
as is the case in reality. Hence, we obtain the following
expression for the mean velocity and the mean energy of the
ion:

2eEMN \1/2
w=(ve) = ( =L ) (8.16)

(FMwty=7eEr  (84T)

I
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It may be seen that for high electric fields the ion mobility
K varies with the field strength as £-1/2. The above equations
hold when the characteristic ion energy is considerably
higher than the thermal energy:

eEAS>T  (8.18)

Equation (8.18) is the criterion for a high field in terms of
this problem. When the condition (8.18) is not satisfied, the
drift velocity of the ion is small compared to the thermal
velocity, the velocity distribution function for the ions is
close to the Maxwell distribution, and the ion mobility does
not depend on the electric field strength for any types of
collisions between the ion and the gas particle. Under these
circumstances the electric field is assumed to be small. When
the condition (8.18) is satisfied, these relations do not
hold.

Recombination of ions in a dense gas. Let us analyze
recombination of the positive and negative ions in high-
density gas for which the conditions opposite to conditions
(5.14) and (5.21) are satisfied. Under such circumstances,
frequent collisions of the ions with the gas particles prevent
them from approaching each other and thus the time of
recombination is, primarily, the time required for approach-
ing. If the separation of the ions is R, each ion is under the
action of the field produced by another ion whose strength
is e/R?. This field makes the ions move towards each other
with a velocity w = e (K, + K_)/R? where K, and K _ are
the mobilities of the positive and negative ions in the gas.
The expression for the drift velocity w is valid for R > A
where A is the mean free path of the ions in the gas.

Now let us determine the frequency of decay of the posi-
tive ions due to recombination. Imagine a sphere of radius R
around the positive ion and compute the number of negative
ions entering this sphere per unit time. The number is the
sphere surface area times the flux density of the negative
ions N_.w = N_e (K, + K_)/R®. Proceeding from this,
we write the balance equation for the density N, of the
positive ions as

dn,
a

= — N+N-4JT€ (K+—|—K..)
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A comparison with Eq. (5.1) yields the recombination coef-
ficient
“a = 4ne (K+ + K.) (8.19)

Equation (8.19) is known as the Langevin formula.
Let us consider this type of recombination in more detail.
The ions approach under the action of the Coulomb force

FIG. 16. In o
The recombination In &,
coefficient of

positive and negative

ions as a function

of gas density. In «,

and collide with the gas particles in the course of this ap-
proach. When the distance between the ions is R, we have
e®A/R* £ T; this relation is the opposite of the condition
(8.18). Hence, the mean kinetic energy of the ions is the
same as for an infinite distance between the nuclei. This
is the case also for R ~ b [see Eq. (5.12)], when the poten-
tial of the interaction between the ions is of the order or more
than their thermal energy, that is, the ions are in a bound
state. Thus, the main difficulty encountered in this type
of ion recombination is not the production of the bound state
as is the case for the triple recombination but the approach
of the ions up to the distances at which charge exchange can
occur. The higher the gas density the more difficult is the
approach, and Eqs. (8.4) and (8.19) indicate that the recom-
bination coefficient for ions in a dense gas decreases with
increasing gas density.

The recombination coefficient of ions as a function of
gas density. We have determined the recombination coef-
ficient of the positive and negative ions in a gas under various
conditions. Thus we have the general picture of the ion-
ion recombination. Figure 16 presents the qualitative rela-
tionship between the recombination coefficient and the gas
density. Let us analyze this relationship.

For low gas densities (region 7) recombination is due to.
the pair collisions of ions, the recombination coefficient
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is given by Eq. (5.9), and the order-of-magnitude estimate
of the coefficient is o, = A% (m®uT)/? since in Eq. (5.9)
we have Ry, > a,. Here p is the reduced mass of the ions,
m is the electron mass, and a, = #%2/(me?) is the Bohr radius.
The recombination coefficient in region 2 is given by Eq.
(5.20); we have a, ~ [C] (e5/T®) (Be?*/ M)'/? where B is the
polarizability of the particle species C, [C] is its density
and M is the mass of particle C.

The gas densities of the order of Ny ~ a, (T/e%)5/2f-1/2 cor-
respond to the transition from region 7 to region 2.

Region 3 is described by the Langevin theory and Eqs.
(8.13) and (8.19) give the following order-of-magnitude
estimate for the recombination coefficient in this field:
a; ~ e [Cl/(Bn)2. The transition between regions 2 and
3 corresponds to the density N, ~ (T/e?)%/2f-1/2, This density
corresponds to the greatest recombination coefficient o5 ~
~ e*n~Y2T-3/2; it is found for the pair process assuming the
Coulomb interaction cross section. Thus, the greatest recom-
bination coefficient has the same order of magnitude as the
rate constant for the elastic collision of ions.

Given below are the numerical values of the qualities
indicated in Fig. 16 for the ions produced in air at room
temperature: N, ~ 107 cm™3, N, ~ 10® cm™3, a; ~
~ 10-% ecm3-!, and apax ~ 1078 cm®sL.

9 Plasma in External Fields

The electron motion in a gas in an external field. Let us
consider the motion of electron gas to which electric and
magnetic fields are applied. To make a correct qualitative
description of the relevant phenomena let us make use of
the simplest form of the collision integral, that is, the tau
approximation (6.4). The kinetic cquation for the electron
distribution function can be written as
of | F of f—fo '

ot m W T ©-1)
where F is the force of the external field acting on the elec-
tron, m istheelectron mass, f, is the equilibrium distribu-
tion function realized in the absence of external fields,
1y = Nve,, is the frequency of the elastic collisions of elec-
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trons and the gas particles, NV -is the gas density, v is the
electron velocity, and o,, is the cross section of elastic col-
lisions of electron and the gas particles. To simplify the
analysis we shall assume that 7 is independent of the electron
velocity.

Let us study the force F of the external magnetic and
electric fields acting on the electron. We assumé that the
electric field varies harmonically and the magnetic field is
constant and normal to the electric field. From this gene-
ral case we can derive all the special cases of interest for us.
The force which acts on the electron is

F = ¢E exp (iot) +~ vXH 9.2)

where E and H are the electric and magnetic fields, o is
the frequency of variation of the electric field, and v is the
electron velocity. Let the vector H be parallel to the z axis
and the vector E lie in the zy plane, that is, H = kH and
E = iE, + JE,. Here i, j, k are the unit vectors along the
axes z, y, z, respectively.

The kinetic equation (9.1) yields the equation for the
‘mean velocity of the directional motion of an electron;
w = N;! Svf dv. We multiply Eq. (9.1) by the electron

velocity, divide it by the electron density, and integrate
over the electron velocities. The first term gives

v S o dv-—(—iSvfdv):%v—

Using expression (9.2) for the force in the second term in the
modified Eq. (9.1) and integrating by parts, we get for this
term the following formula:
= ex (imt)gv(E—ai- dy = — £ iot) \ fd
mN, &XP ) av) v——mexp(zm) fav
E .
= ——% exp (iot)

The third term transforms into
9,
m—:N S v ((v XH) %—) dv
__eH af of e
__cheSv( ,,a vxav)dv=—mw)(H
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The right-hand side of the equation can be transformed as
follows, taking into account that f, is a spherically symmetri-
cal function and 7 is independent of the velocity:

1 (G=1) __ v
~ N, S R dv=—2
Finally, we obtain the following equation for the mean ve-
locity of the electron:

F
e 9.3)

Equation (9.3) is the equation of motion for the electron
travelling in the field of an external force F. The collisions
between the electron and the gas particles are accounted for
by the frictional force mw/x.

The conductivity of a weakly ionized gas. Let us write
the components of Eq. (9.3). We denote by w, = eH/(mc) the
so-called cyclotron frequency and introduce the parameters
a, = eE./m and a, = eE,/m. Hence, we obtain the following
system of equations:

o | e, oxp (o0)+ ousy,
dw w
v v
@ T T O
dw,

w. .
% +T’ = a, exp (int)

We wish to find the steady-state solution of this system of
equations, which does not depend on the initial conditions.
It has the following form:

o+ v1 .
W =12 (m?_ 02)F 2ior-1 2 OXP (iwt)
Wy = e _‘D(gz)+ 57l Gx €XD (i0)2) (9.4)

1 ,
W, = =y a, exp (iwt)

The solution (9.4) may be used for analyzing the behav-
iour of a weakly ionized plasma in the external electric and
magnetic fields. The electric properties of a weakly ionized
plasma are due to the motion of electrons whose mean veloc-
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ity is given by Eq. (9.4). For instance, for a constant elec-
tric field (0 = 0y = 0), Eqgs. (9.4) yield
eE

wW=—1 (9.5)
m
and the electron mobility is
K,=—x (9.6)
m

which is in agreement with Eq. (8.4): t~! ~ No (T/m)Y2.
The conductivity of a weakly ionized plasma in this case
is given by Eq. (8.9):

Zo=N_.*t/m (9.7)

which agrees with Eq. (8.6).

The Hall effect. When a magnetic field is applied to
a weakly ionized plasma, its conductivity ceases to be a sca-
lar. The motion of electrons under the action of the magnetic
field gives rise to electric current perpendicular to the
electric field, apart from the current parallel to the electric
field. The electric current in the weakly ionized plasma in

the direction i is D, E,2;, where E, is the electric field
3

strength in the direction of k, and X, is the conductivity
tensor. According to Egs. (9.4), this tensor has the form

1+iot ©oT
1+ (03 —w?) 2+ 2i0t 1+ (03— 0?) 12+ 2ieT
WoT 1+iov
Zo| TF(@—of) o T 2oy 1T (03— ) P 2iav 0 9.8)
1
0 0

1+ iov

where 3, is the conductivity in a constant electric field
[see Eq. (9.7)]. The imaginary terms in the conductivity
tensor describe the phase shift of the electric current in the
plasma with respect to the electric field. We can now use
(9.8) to analyze various limiting cases.

(i) A weakly ionized gas in a variable electric field (v, = 0).
The conductivity in this case is & = Zy/(1 4 iwt). If the
variation frequency of the electric field is small (07T <K 1),
an electron is slowed down because of the collisions with
the gas particles, and the conductivity of the plasma is deter-
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mined by the conductivity X, for a constant electric field.
For high electric field frequencies the electron changes its
direction of motion because of the variation of the polarity
of the electric field. Since collisions with the gas particles
in this case are not significant, T does not enter the expres-
sion for the conductivity:

s (99
tm

Because the conductivity is an imaginary quantity, the

phase lag between the electric current and the field is /2.

(ii) A weakly ionized gas in skewed constant electric and

magnetic fields. In this case the current has two components:

one along the electric field and the other perpendicular to

the electric and magnetic fields; the respective components of
the conductivity tensor are

2= zlzzoﬁ% (9.10)

1
Z 14 0212

For high magnetic fields (w,t> 1)* the resulting current
is perpendicular to the electric and magnetic fields. The
conductivity in this limiting case does not depend on the
collision time T and is given by

_ 20 _ Neez
Bi=gk=T (9.41)

If the transverse electric current does not pass the bounda-
ry of plasma, it results in a separation of charges, thus giving
rise to an electric field that stops the electrons. This gives
rise to a potential difference in the direction perpendicular
to the electric and magnetic fields. The phenomenon is
known as the Hall effect.

The cyclotron resonance. When ot > 1 and oyt > 1, the
conductivities in the directions parallel or perpendicular

* We assume that 0yt € M/m where M is the ion mass, and m
is the electron mass. Otherwise, the ions will drift in the same direc-
tion and with the same velocity as the electrons do, and the conduc-
tivity of plasma will be small compared to the value given by Eq. (9.11).
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to the electric field are

2“ 2[1 l(‘-')o_mz)
=
s (9.12)
3, = 0
i z[i_i(a)g—-wz)
o 2wt~ ]

The conductivity is seen to have a resonance at o = @y,
and its value is 3, = ¥, = X,/2. The resonance width is
Ao ~ 1/x. This conduct1v1ty resonance at an electric
field frequency ® equal to the cyclotron frequency o, is
called the cyclotron resonance.

The cyclotron resonance has a simple physical meaning.
In a magnetic field, an electron travels along a circular orbit
with the cyclotron frequency w,. If an electric field is ap-
plied in the plane of circular orbit and if this field varies
so that its direction remains parallel to the electron velocity,
the electron continuously receives energy from the field.
Similar to electron motion in the constant electric field, the
electron is accelerated until it collides with an atom. Hence,
in both cases the conductivities are of the same order of
magnitude and are expressed in terms of the frequency 1/t
of collisions between the electron and the atom. If © £ w,,
the conductivity is considerably lower since the conditions of
interaction between the electron and the field are not opti-
mal.

The mean electron energy. Let us estimate the mean
energy of electrons travelling in a gas in a constant electric
field. Since the electrons take on energy from the electric
field, their mean energy can be much higher than the ther-
mal energy of the gas particles. When determining the mean
energy of electrons, we shall take into account only their
elastic collisions with the gas particles.

To do this we have to write the balance equation for the
electron energy since the electrons obtain energy from the
electric field and dissipate it in the collisions with the gas
particles. Let us determine the mean energy given up by
the electron and obtained by the gas particle in the elastic

8—01607
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collision between them. This energy is
_(P+AP2 P2 (PAP) +(AP)2

(PAP) + (Ap)2

Here P is the momentum of the gas particle before the colli-
sion, AP is the variation of the momentum of the gas particle
due to the collision, Ap is the variation of the momentum of
the electron due to the collision (conservation of momentum
yields AP =— Ap), and M is the mass of the gas particle.

The mass of the gas particle is considerably larger than
the electron mass, so that in calculating the electron momen-
tum we can assume the gas particle to be at rest and to have
an infinite mass. Therefore, the momentum p of the electron
and its variation Ap in collision with the gas particle do not
depend on the momentum ¥ of the gas particle. Averaging
of the expression for Ae over all the directions of the electron
momentum yields Ae =Ap*/(2M). Since Ap ~ p and p ~

~ (me)/2 where p is the electron momentum and e is the
mean electron energy, the energy given by the electron to
the gas particle in one collision is Ae ~ me/M, and the
energy given up by the electron per unit time is Ae/t ~
~ me/(Mr).

The energy obtained by the electron per unit time from
the electric field is e(Ew) where w is the velocity of the
directional motion of the electron given by Eq. (9.5): w =
= eEt/m. Equating the energies obtained and dissipated
by the electron per unit time, we find the following estimate
for the mean electron energy:

o~ M (2 elv ) (9.13)

This estimate holds if the mean electron energy is high
compared to the thermal energy of the gas particles, so that
the electron only gives up the energy to the gas, and also if
the mean energy is small compared to the characteristic
electron energies at which there is a significant contribution
from inelastic processes.
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Using a similar approach, let us find the mean energy of
tho electron travelling in the gas in scewed constant electric
and magnetic fields. Equation (9.4) indicates that the
electron takes on from the field the energy eEw=1(eE)?X
X (1 + 02t®)~Ym so the order-of-magnitude estimate of
the mean electron energy is

- 2 -1
e~M(imE—) (:—2—{—(03) (9.14)

Let us, finally, consider the motion of an electron in the
gas in the variable electric field. If the electric field is
E cos wt, we obtain the following expression for the drift ve-
locity of the electron along the field by taking the real
part of Eq. (9.4):

; -1
wy =L (m2+_1_) (%cosmH—msinmt)

Hence, we find the energyobtained by the electron per unit
time (averaged over time):
(e£)?

—_— 1 \~-1
 _ 2
ewa— 2mt (0) + T2 )

Thus, we find the mean energy of an electron travelling in
a gas in a variable electric field:

- ek \2 -1
e~ M (4) (:—z+m2) (9.15)

The magnetohydrodynamic equations. If the plasma den-
sity is sufficiently high, we must take into account the fields
produced by plasma motion. These fields, which are due to
distribution and motion of plasma, affect the motion of
plasma, that is, the plasma parameters and the fields pro-
duced by plasma are interrelated. The motion of plasma and
variation of its parameters can be described by the conti-
nuity equation for the density of electrons and ions (6.6),
the equation for the mean momentum of the electrons and
ions (6.8), Poisson’s equation (3.2), and the Maxwell equa-
tions. The resulting system is called the system of equations

8*
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of magnetohydrodynamics:
2 +div (Vw) =0, )

ow F

rre (WV)W+ gradp 7=0,
d1vE—4ne(N- N,
4n . 1 O (9.16)
curlH————]——c— TR
1 6H
curlE:.——c—W,
divH=0

The first two equations can be written both for the electrons
and for the ions; therefore, w and N are the velocity and
“the density of the electrons or the ions, respectively. To (9.16)
we must add the equation of state of the type (6.14) and the
thermodynamic equation for the process (for instance, the
adiabatic equation of the process if the variation of the
parameters of the system is an adiabatic process). These
equations interrelate the density, temperature, and pressure
of the plasma particles. We must add to these equations also
Ohm'’s law relating the plasma current and the electric field
strength. The system of magnetohydrodynamic equations
with the addition of the above-mentioned equations and
the initial conditions will give adefinite description of plas-
ma development.

Let us analyze the plasma motion in which the velocity
of electrons is considerably greater than the velocity of ions.
Then the electric current is due to the electrons and is
given by

i= —eNw
where w is the directional velocity of the electrons, and N,
is their density. If the motion occurs in a magnetic field,
an additional electric field is produced in the laboratory
frame of reference, the field given by

1 - 1 .
E = wXH = — 2~ jXH (9.17)

This field acts on the electrons giving rise to an additional
force acting on the entire plasma. The force acting on the
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unit volume of plasma is
eE'N, = —— jXH (9.18)

If the plasma conductivity is sufficiently high, its response
to the electric field (9.17) will result in the movement of
clectrons. This movement will continue until separation of
the electrons and ions gives rise to an internal electric
field in plasma

— —L wxH (9.19)

which will compensate the field (9.17). We insert Eq. (9.19)
into the Maxwell equation —(dH/dt) = ¢ curl E and obtain
the following equation for the variation of the magnetic
field:

JH

— == curl (wXH) (9.20)

Let us analyze the variation of the magnetic field and
the plasma motion when the electric current is due to the
electrons and the plasma conductivity is high. Transform
Eq. (9.20) by writing curl (w X H) = wdivH 4 (HV)w—
—(wy) H — Hdiv w, noting that according to the Maxwell
equation div H = 0, and using the expression for div w
from the continuity equation for the electrons, N, X
x div w = — (0N /dt) — (wy)N,. We obtain

oH H 0N, H
oW a T (W H— g (wO) Ne=(HV) w

We divide this equation by N, and find that

%(%):(W“:v)w (9.21)

where
ar (7)) =7 (7)) + v 37

is the derivative at the point which travels together with
the plasma.

Let us analyze the motion of the elementary plasma vol-
ume with the length dl and the cross section ds which
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contains N,dsdl electrons. At first, assume that the vector
dl is parallel to the magnetic field H so that the magnetic
flux through this elementary plasma volumeis Hds.Let us
determine the time dependence of the magnetic flux. If the
plasma velocity at one end of the segment dl is w, then at the
other end the velocity is w 4 (dl V)w so that the variation
of the segment length during a small time interval 6t is
6t (d1v)w. Hence, the length of the segment satisfies the
equation

d
2 (d) = (V) w

which is identical to Eq. (9.21). This fact indicates that
(1) at all times the segment dl has the same direction as the
magnetic field and (2) the length of the plasma element re-
mains proportional to the quantity H/N,, that is, the
magnetic flux through this plasma element does not vary with
time during plasma motion. Thus, the lines of magnetic force
are “frozen” into the plasma, that is, their direction is
such that the plasma electrons travel along these lines.
Remember that this is the case when the plasma conductiv-
ity is high.

Let us consider the steady-state motionofahigh-conductiv-
ity plasma. According to Eq. (9.19), each plasma electron
is under the action of a force F = —¢E = (e/c) w X H =
= —(cN,)™! j X H. Inserting into the expression for the
force the current density j = ¢ (4n)~! curl H, we obtain

1 . 1
F= —?IV—BMXH:-ZR—M-HXCHI'IH

1 y

- ZniT; [E-grad H:—(HY) H] (9.22)
Let us substitute Eq. (9.22) in the second equation of the
system (9.16).We assume that the velocity of the direction-
al motion of the electrons is considerably greater than
their thermal velocity. Hence, we can neglect the term
(wy)w compared to the term (MN,)~!grad p and obtain the
following equation:

grad (p+ g-f-) — A (HV)H=0  (9.23)
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The quantity H?/(8n) is termed the magnetic field pressure;
it is the pressure with which the magnetic field acts on
the plasma. '

Let us analyze the properties of a cylindrical plasma col-
umn maintained by a direct current. Here the lines of mag-
netic forceare straight lines and Eq. (9.23) in the direction
perpendicular to the field has the following form:
grad, [p + H?(8n)] = 0. This equation shows that the
total pressure p 4+ H?/(8n), which is the sum of the gas-
kinetic pressure and the magnetic field pressure, is independ-
ent of the transverse coordinate. Let the radius of the plasma
column be a and the current in it be I so that the magnetic
field at the surface of the column is H = 2I/(ca). The total
pressure outside the column near its surface equals the mag-
netic field pressure I%*/(2nc%a?), and the total pressure inside
the plasma column equals the gas-kinetic pressure p. Equa-
ting these two pressures, we find the radius of the plasma
column

I
An increase in the current in the plasma column accompanied
by the respective increase in the magnetic field is seen to
give rise to a contraction of the plasma column. This phe-
nomenon is called the pinch effect, and the state of the
plasma column itself is known as the z pinch.

10 Waves in a Plasma

Although plasma, as a consequence of the interaction be-
tween particles, is a gas, oscillations and noises play a much
greater role than in ordinary gas. First, in a plasma that is
located in external fields and is not homogeneous, a wide
variety of oscillations can occur because of the long-range
interaction between particles. Secondly, these oscillations
vary frequently and become amplified to a relatively high
energy. In this case, the plasma oscillations determine its
parameters and development. We shall analyze the simplest
types of oscillations in gas and plasma.
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Acoustic oscillations. The natural vibrations of gas are
the acoustic vibrations, that is, the waves of compression
and rarefaction which propagate in gas. We have to find the
relationship between the frequency ® of the vibrations and
their wavelength A, which is related to the wave vector k
as follows: k = 2m/A.

In our analysis, we shall assume that the amplitude of
the system’s oscillations is small. Thus, any macroscopic
parameter of the system can be expressed as

A= Ay+ D) A, exp [i(kz—ot)) (10.1)

where A, is the macroscopic parameter in the absence of vi-
brations, 4, is the amplitude of vibrations, o is the fre-
quency of vibrations, and % is the respective wave number
(the wave propagates along the x axis). Since the vibration
amplitude is small, the vibration with a given amplitude
does not depend on the amplitudes for other frequencies.
That is to say,there is no interaction between waves of differ-
ent frequencies owing to the smallness of their amplitudes.
Therefore, we can retain only one term in the sum in Eq.(10.1)
and express the macroscopic parameter A in the following
form: )
A=Ay + A" exp li (kz — wi)] (10.2)
In our analysis of the acoustic oscillations in gas let us
write the gas density N, the gas pressure p, and the mean
gas velocity w in the form (10.2); we shall assume further
that the gas is at rest, that is, w, = 0. Using the continuity
equation (6.6) and neglecting the terms with squared oscil-
lation amplitudes, we obtain

oN' = kNgw'  (10.3)

Note that the velocity w’ of gas propagation with the acous-
tic wave is directed along the wave vector k.
Similarly, the Euler equation (6.15) yields, up to quad-
ratic terms, the following equation:
r__ ko'
0w = M_.’Vo (10.4)
Assume that the regions of compression and rarefaction of
gas do not have time to exchange energy during propagation
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of the acoustic wave, that is, the process is adiabatic. The
larger the wavelength, the better satisfied are the adiabati-
city conditions. The parameters of the acoustic wave satisfy
the adiabatic equation

pN -¥ = const (10.5)
where y =¢,/cy is the adiabatic exponent, ¢, is the specific
heat at constant pressure, and cy is the specific heat at con-
stant volume. Using the expansion (10.2), we find the fol-
lowing relationship between the wave parameters:
pf NV
o = VN, (10.6)

Eliminate the amplitudes from Egs. (10.3), (10.4), and
(10.6) and make use of the equation of state (6.14), p, = NT.
The result is the relationship between the acoustic fre-
quency o and the wave number k:

1/2
0= (y %) k (10.7)
Equation of the type (10.7), which relates the wave fre-
quency lo the wave number, is called the dispersion relation.
The sound propagation velocity (dw/dk) = (yT/M) /2, which
is called the group velocity, is seen to be of the order of the
thermal velocity of the gas particles.

Plasma oscillations. Let us analyze the oscillations
which are due to the motion of charged particles in a plasma
or a weakly ionized gas. In the simplest case of a homo-
geneous plasma and in the absence of external fields, there
are two kinds of the natural plasma oscillations since plasma
has two species of charged particles. These kinds of oscilla-
tions differ considerably since the electrons and ions res-
ponsible for them differ greatly in mass.

Let us study the high-frequency oscillations of the homo-
geneous plasma. These oscillations are due to electron mo-
tion; they are referred to as plasma waves. Because of their
large mass, the ions are not involved in these oscillations,
and when analyzing plasma waves, we shall assume the
ions to be at rest and their charge uniformly distributed
over the gas volume.

Similar to acoustic oscillations in gas, we shall derive
the dispersion relation for the plasma waves from the con-
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tinuity equation (6.6), the Euler equation (6.15), and the
adiabatic equation (10.5) for the wave. Moreover, we must
take into account the electric field produced by the motion
of electrons owing to disturbance of the quasineutrality of
plasma. We shall introduce the electric field term into the
Euler equation (6.15) while the electric field strength will
be given by Poisson’s equation (3.2).

Similar to the derivation of the dispersion relation for
acoustic oscillations, let us assume further that the macro-
scopic parameters of the oscillating plasma can be written
in the form (10.2) and that in the absence of oscillations the
mean velocity w of electrons and the electric field strength £
are zero. Hence, we obtain

—ioN, +sz0w =0, ]

—iow' 41 ”’l‘]’\’,() 1. o, l
y N' (10.8)
o VN, |
ikE' = —4meN,

Here k& and o are the wave number and the frequency of the
plasma oscillations; N, is the mean density of charged
particles, p, = N,m(vi) is the electron gas pressure in the
absence of oscillations, m is the electron mass, v, is the
electron velocity component in the direction of oscillations,
and the angular brackets denote averaging over the electron
velocities. The quantities N, w',p’, and E’' in Eq. (10.8)
are the oscillation amplitudes of the electron density, mean
velocity, pressure, and electric field strength, respectively.

Eliminate the oscillation amplitudes of the macroscopic
quantities from the system of equations (10.8). Hence, we

obtain the following dispersion relation for the plasma os-
cillations:

0% = 0] + 7y (V) k? (10.9)

where ©, = (4nNoe?/m)'/? is the plasma frequency [see
Eq. (3.9)].

Note that plasma oscillations are longitudinal in contrast
to electromagnetic oscillations. Hence, the electric field due
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to plasma waves is directed along the wave vector. This fact
was used in deriving the system of equations (10.8).

Ion sound. We consider now the oscillations that are
due to the motion of the ions in a uniform isotropic plasma.
The peculiarity of these oscillations is determined by the
large mass of the ions. Owing to its small mass, an electron
can follow the motion of an ion so that the plasma remains
quasineutral in any large volume containing a large number
of charged particles:

N.,=N;

Moreover, the electrons have time to redistribute due to the
electric field in the plasma; this distribution is given by the
Boltzmann formula

N, = Ny exp (e¢/T) =~ N, (1 + eq/T)
where ¢ is the electric potential due to the oscillation of

plasma. Hence, we obtain the amplitude of oscillation of
the ion density:

Ni=N,7> (10.10a)

where T, is the electron temperature.

Let us use the motion equations for ions. The continuity
equation

oN; |, @
. it NVuwy) =0
yields
oN;=kNgw; (10.10b)

where o is the frequency, % is the wave number, and w; i8S
the mean ion velocity due to the oscillations. Here wé as-
sume the usual harmonic dependence of the oscillation pa-

rameters on position and time [see Eq. (10.2)].
Furthermore, let us make use of the equation of motion
for ions due to the electric field of the wave M (dw;/dt) =
= ¢E = — e grad ¢ where M is the ion mass. Taking into
account the harmonic dependence (10.2) on position and
time, we obtain .
Mow; = ekp  (10.10c)

When we eliminate the oscillation amplitudes of N}, ¢,and
w; in the system of equations(10.10), we obtain the following
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dispersion relation between the frequency and the wave
number:

o=(Te)" K (10.11)

The oscillations caused by the ion motion are known as the
ion sound. Similar to the plasma oscillations, the ion sound
is a longitudinal wave, that is, the wave vector, k, is paral-
lel to the oscillating vector of the electric field, E. The
dispersion relation for the ion sound is similar to that for
ordinary sound. This is due to the fact that both types of
oscillations are characterized by a short-range interaction.
In the case of the ion sound, the interaction is short-ranged
because the electric field of the propagating wave is screened
by the plasma. This screening is effective if the wavelength
of the ion sound is considerably larger than the Debye-1liickel
radius for the plasma where the sound propagation occurs:

krD<<1

The dispersion relation (10.11) for the ion sound is valid
if this condition is satisfied.

Magnetohydrodynamic waves. Let us study the waves
developing in a high-conductivity plasma which travels in
a magnetic field. The magnetic lines of force in this case are
“frozen” into the plasma so that if the plasma current is
“shifted” somewhat so as to displace the magnetic lines of
force, the magnetic field acts so as to shift the plasma current
back. This gives rise to waves known as magnetohydrody-
namic waves.

Consider the magnetohydrodynamic waves whose wave-
length is much less than the radius of curvature of the
magnetic field:

1 H
% < | grad H |

where & is the wave number, and H is the magnetic field
strength. Hence, the magnetic force lines can be assumed
to be straight. The system of magnetohydrodynamic equa-
tions (9.16) can be used to describe the waves. As above, we
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write the plasma parameters as sums of two terms:

‘H = Hy, + h exp [i (kr — w?)],
N = N, + N’ exp [i (kr — 0?)],
p = po + P’ exp i (kr — w?)]

and also
w = w' exp li (kr — w?)]

The first term refers to the plasma in the absence of oscilla-
tions and also when the oscillation amplitude is small and does
not depend on position and time. Furthermore, we assume
that the plasma is at rest in the absence of oscillations and
its pressure is zero, that is, small compared to the magnetic
field pressure. Inserting the plasma parameters in the above
form into the system of magnetohydrodynamic equations
(9.16), we obtain the following system of equations for the
oscillation amplitudes of the plasma parameters:

kh=0, —oh=kX(wX H,),
oN' = kwN,, (10.12)

1
WW = m HO X(kx h)

Introduce a new coordinate system in which the wave
vector k is parallel to the z axis and the magnetic field
strength Hyis inthe 2y plane.The first equation (10.12) indi-
cates that magnetic field amplitude h has two components:
hy and h,. Then we write the remaining equations (10.12) in
components:

— 0h, = kw,H,,
—ohy =k (wyHo, — weHyy),

oN' =kw,N,,

Hoy
(")wz = _k 41[3\/0 h'zv (1013)
ow, = —k 4};{;’\;‘0 by,
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The system (10.13) can be divided into two independent
systems. One of these systems corresponds to magnetic
field oscillations along the z axis. The oscillation frequency
is related to the wave number by the following dispersion
relation:

Hk
a2
Another system of equations describes the oscillations in
the zy plane; it yields the same dispersion relation:

Hok
(4nN o)1/

o= (10.14)

0= (10.15)
Thus, when the wave travels perpendicular to the magnetic
field, the dispersion relations for the waves of both types
are the same. The phase velocity of the wave coincides with
the group velocity and both are equal to

Hy

U= TaNyiz

(10.16)

The velocity u is known as the Alfven velocity, and the mag-
netohydrodynamic waves are known as the Alfven waves.

Propagation of eleétromagnetic waves in a plasma. Let
us derive the dispersion relation for the electromagnetic
wave propagating in a plasma. The plasma exerts the fol-
lowing effect on the propagation of the electromagnetic
wave. The electric field of the wave gives rise to an electron
current which produces a magnetic field which, in its turn,
affects the field of the wave. Make use of the Maxwell equa-
tions for the electromagnetic wave:

1 oH

cur1E=———c- 1 9E

curlH=—j——

3 Fa 0

Here E and H are the electric and magnetic fields in the
electromagnetic wave, j is the density of the electron cur-
rent produced by the effect of the wave's field, and ¢ is the -
velocity of light.

Applying the operator —c~1(0/0¢t) to the first equation
of (10.17) and the operator curl to the second equation and
eliminating the magnetic field from the resulting equations,
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we obtain the following equation:

grad div E—V2E —- 5 —5;—;-2--67=0
We assume that the plasma is quasineutral and that div E=
= 0 according to Poisson’s equation (3.2). The electric
current j is due to the motion of the electrons: j = —eNw
where N, is the density of electrons, and w is the electron .
velocity due to the effect of the electromagnetic wave. The

equation of motion of the electron is m(dw/dt) = —eE so
that

ai . aw - ezNo

= —eNogr=—"rF

Hence, we obtain the following equation for th electric
field of the electromagnetic wave:

1 #E =
VZE— E+c2 at2 =0

where o, is the plasma frequency.

Write the electric field in the form (10.2) and substitute
it into the above equation; the result is the dispersion rela-
tion for the frequency w and the wave number & of the elec-
tromagnetic wave propagating in the plasma:

0*=0; +c%k?  (10.18)

If the plasma density is low (¥, — 0, o, = 0), Eq. (10.18)
is the same as the dispersion relation for the electromagnetic
wave propagating in a vacuum: o = kec. The dispersion rela-
tion (10.18) shows that the electromagnetic waves whose
frequency is lower than the plasma frequency cannot propa-
gate in a plasma. Such waves are damped in the plasma and
the dispersion relation (10.18) shows that the characteristic
distance of this damping is of the order ¢/(w}—w?)Y2.
Damping of plasma oscillations in a weakly ionized plasma.
When deriving the dispersion relation for the plasma oscil-
lations, we neglected the interaction between the electrons
and the neutral particles. This interaction results in the
fading of the plasma oscillations because the energy of the
electron oscillations is transferred to the neutral particles.
To account for this interaction in the dispersion relation for
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the plasma waves, let us use Eq. (6.16), rather than
Eq. (6.15), as the equation for the mean electron momentum.
Then the second equation in the system (10.8) is transformed
into

ikp’ ek’

wl
= (10.49)

—iow'

and the remaining equations of this system are not changed.
Here 7 is the characteristic time of the elastic collision
between an electron and a neutral gas particle giving rise to
a noticeable change in the electron momentum. We assume
that the mean velocity of directional gas motion is zero.
We replace the second equation in (10.8) with Eq. (10.19)
and eliminate the amplitudes from the resulting system.
The result is the following dispersion relation instead of

Eq. (10.9):
O =@y ) 2—=  (10.20)

To derive this relation we assumed that
ot>1  (10.21)

Substituting (10.20) into Eq. (10.2), we find that the
wave amplitude decreases with time as exp (—t/t) and this
decrease is due to the scattering of electrons by the gas
particles. The condition of the existence of the plasma
waves is that the characteristic time of the wave damping
must be considerably less than the oscillation period, namely
condition (10.21) must hold. The frequency of collisions be-
tween an electron and the gas particles is 1/t ~ Nvo where
N is the gas density, v is the characteristic electron velocity,
and o is the cross section of the collision between the electron
and gas particles. Assuming that this cross section is of
the order of the gas-kinetic cross section (~ 1071% cm?), the
characteristic electron energy is of the order of 1 eV, and the
frequency ® is of the order of the plasma frequency (3.9),
we obtain the following estimate for condition (10.21):

NN > 10712 em?®/?

This indicates that in some gas-discharge plasmas the condi-
tion of existence of plasma oscillations will not be satis-

fied.
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The interaction between plasma waves and electrons. The
above mechanism of damping of plasma waves is due to the
collisions between electrons and gas particles. The energy
exchange can occur also in the absence of collisions. Let
us analyze the interaction between electrons and plasma os-
cillations. We introduce the frame of reference in which the
wave is at rest. This wave captures the electrons whose veloc-

FIG. 17. ©
Interaction of electrons Noncaptured electron
with plasma
oscillations.

Captured
electron

ity is close to the wave's velocity (Fig. 17). There is a con-
tinuous energy exchange between the wave and the electron
captured in the potential well of the wave.

For instance, if in the frame of reference in which the
wave is at rest an electron travels along the wave with a ve-
locity u and reverses its direction of motion in a certain
time period, then it transfers to the wave during this time
period the following energy:

m (vph.+ )2 m (vpp, —u)?

Ae = 5 — 5 = 2mvph U

Here vy, = o/k is the phase velocity of the wave. The
characteristic velocity of the captured electrons in the frame
of reference connected with the wave, u, is of the order of
(ep/m)/® where ¢ is the amplitude of the wave potential.
It may be seen that the energy exchanged between the wave
and the noncaptured electron is of the order of e while for
the captured electron this energy is of the order of vy (meg)'/2,
that is, for small wave amplitudes, considerably higher
than the energy exchanged by the noncaptured electron.
Hence, when analyzing the energy exchange between elec-

9—01607
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trons and plasma waves, we can consider only the electrons
captured by the wave.

Since the captured electron oscillates in the wave's field,
the energy exchanged between the electron and the wave must
be zero when averaged over a large time interval. But this
is not the case when we take into account the collisions be-
tween the captured and noncaptured electrons. The energy
exchange between these electrons results ultimately in the
energy exchange between electrons and the wave. In other
words, the interaction between the electrons and the wave al-
ters the distribution function for the electrons with veloc-
ities close to the phase velocity vy, of the wave. Indeed,
the result of the interaction is that the number of electrons
with the velocities vy, 4+ » and vy, — u become equal.
However, the collisions tend to restore the distribution func-
tion of electrons, and this process results in the energy ex-
change between the electrons and the wave.

Let us assume that the energy exchange between electrons
takes less time than the period of oscillation of the captured
electron in the potential well of the wave. The frequency of
these oscillations is of the order of k(eqp/m)/? ~ (eE'k/m)Y/3~
~ (e2N./m)Y/? where k is the wave number, and ¢, E’, N; are
the amplitudes of the electric potential, of the electric field
strength of the wave, and of the electron density, respectively.
To derive this frequency, we made use of the last equation
of the system (10.8). The frequency of the energy exchange
between the electrons equals the frequency of collisions be-
tween the electrons, N.,wo, of the order of N.(e*/T?) x
X (T'/m)1/? [see Eq. (4.14)] where N, is the electron density,
and 7 is the electron temperature. Hence, we find that the
interaction between the electrons and the wave does not
alter the distribution function of electrons when

N, N8
T (1022

Provided this condition is satisfied, let us determine the
direction of the energy exchange between the wave and the
electrons in a plasma. Now the electron distribution func-
tion is not altered owing to the interaction with the wave,
and we have to compare the number of electrons with veloc-
ity vpp. 4u that transfer the energy to the wave and the
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number of electrons, with a velocity v, —u that take the
onergy from the wave. The number of captured electrons with
a given velocity is proportional to the electron distribution
function f(v). Hence, the wave gives its energy to electrons
and is damped if f(vpn,—u) is larger than f (vpn, 4-u). Since
f(pn. & ) ='f(vpn.) &= uldf(vpn.)/0v,], the wave is damped
when

o

17 =
Vx 0, =7

<0 (10.23)
ph.
llere v, is the component of the electron velocity in the
direction of the wave propagation, and the derivative is
taken for the electron velocity being equal to the phase
velocity v, of the wave. When the condition opposite to
Eq. (10.23) is satisfied, the wave takes the energy from
electrons and its amplitude increases.

In deriving the condition (10.23) of the wave damping,
we have used the condition (10.22) which is satisfied when
the field of the wave does not affect the distribution func-
tion of electrons. However, (10.23) holds also when the
condition (10.22) is not satisfied and the electron distri-
bution function is altered by the effect of the wave. The
interaction with the wave tends to equalize the number of
the electrons with velocities vy, 4-u and vpp, —u and, hence,
it decreases the derivative df/dv, but does not change its
sign. Thus, the condition (10.23) is valid even when the
interaction with the wave alters the electron distribution
function.

The condition (10.23) is satisfied if the electron distribu-
tion function has the Maxwellian form or is a monotonically
decreasing function, and the oscillations in such a plasma
decrease with time owing to the interaction with electrons.
However, when an electron beam is injected into the plasma
producing the electron distribution function shown in
Fig. 18, the plasma oscillations in this system will be ampli-
fied getting the energy from the electrons. The interaction
between the plasma oscillations and the electrons will reduce
the velocity of the electrons until the electron distribution
function becomes a monotonically decreasing one.

Amplification of the oscillations means that their ampli-
tude increases with time. While the oscillation amplitude is

g*
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small and the oscillations do not alter the electron distri-
bution function, that is, while (10.22) is satisfied, the oscil-
lation amplitude increases exponentially. When the plasma
particles transfer their energy to the plasma wave, which
is thus amplified, such a state of plasma is termed the
unstable state.

FIG. 18. f
The electron

distribution function

for the electron

beam injected into

a plasma.

The solid line

represents the

initial distribution // \

and the dashed line y \

is the distribution ; \
established after /

a period of time. v

The attenuation factor for waves in plasma. Let us in-
troduce into Eq. (10.2) the attenuation factor y for the
waves so that the oscillation amplitude varies as exp (—y?).
Let us estimate the attenuation factor when the wave in plas-
ma does not affect the distribution of charged particles, that
is, a condition of type (10.22) is satisfied. Variation of the
energy W of the plasma wave per unit volume per unit time
may be estimated as follows:

aw +uo
=~V S f(v)Aedu
o

Here v ~ u,k is the oscillation frequency for the electron
captured in the potential well of the wave, u, = (2eqp/m)/?,
¢ is the amplitude of the potential oscillations, and Ae =
= 2muvyp Uy is the variation of the electron energy when the
direction of the electron motion is reversed (we take into
account only the interaction between the wave and the cap-
tured electrons). The right-hand side of the above relation
may be estimated as

of of e2m
uok X (W;) Ug X MUph U X Up ( dux ) iz Y
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where we have used the relations vy, = o/k and W ~ E'2~
~ @*/k* (E' is the amplitude of the wave’s electric field).
From the definition of the attenuation factor for the plasma

wave, dW/dt = — yW, we obtain the following estimate:
2w | of

Attenuation occurs when (10.23) is satisfied. The attenua-
tion of type (10.24), which is due to the interaction between
charged particles and the wave, is known as the Landau
damping.

The condition of existence of the plasma waves and the ion
sound has the following form:

1< o (10.25)

Let us transform the condition (10.25) assuming the Maxwell
distribution function for the particles. For the plasma os-
cillations taking o ~ ®,, we obtain

kro <1 (10.26)

wliere rp is the Debye-lliickel radius (3.6) When this condi-
tion is satisficd, the phase velocity of the wave is considera-
bly higher than the thermal velocity, o that the electrons
captured by the wave are al the tail of the distribution
function.

When the ion sound propagates in a plasma in which the
temperatures of electrons and ions are the same, the phase
velocity of the sound is of the order of the thermal velocity
of ions and the attenuation factor is of the order of the
sound frequency. Therefore, the ion sound can propagate only
in the plasmas in which the electron temperature T, is con-
siderably higher than the ion temperature T;:

7,>T;  (10.27)

The beam-plasma instability. Assume that an electiron
beam penetrates a plasma and that the velocity of the elec-
trons in the beam is considerably higher than the thermal
velocity of the plasma electrons while the density N of the
electrons in the beam is considerably lower than the density
N, of the plasma electrons. Deceleration of the electron beam
can occur owing to the scattering of the electrons of the
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beam on the electrons and ions of the plasma. There is,
however, another mechanism of deceleration of the electron
beam, which is known as the Langmuir paradox* or beam in-
stability. This kind of deceleration can be more effective
than deceleration due to scattering on the charged plasma
particles.

This mechanism acts as follows. The plasma oscillations
are generated in plasma. Interacting with the electrons of
the beam and taking energy from them, these oscillations are
amplified. Thus, the energy of the electron beam is trans-
formed into the energy of plasma oscillations and it remains
in the plasma. Further, this energy may transfer to other
degrees of freedom in the plasma.

Let us analyze the amplification of the plasma oscilla-
tions in the above case assuming that the amplitude of os-
cillations is small and that the temperatures of the elec-
trons in the plasma and in the beam are zero. Hence, the
pressure p, of electrons in the plasma and the beam is zero.
Applying to the plasma electrons the continuity equation
(6.6) and the Euler equation (6.15), we derive equations for
the amplitudes of the plasma_ parameters following from the
first two equations of the system (10.8) at p’ = 0. Elimina-
tion of w' from these equations yields

Nl . ——ikeE,No
e =

oy (10.28a)

We can obtain the expression for the amplitude of oscilla-
tions of the electron density Np in the beam in a sim-
ilar way writing the electron density in the beam as
Ny + Ny exp li(kz — wt)] and the velocity of the electrons
in the beam as u 4wy exp [i(kz — ot)] where the z axis is

* Langmuir studied the equalizing of the temperature of the beam
of electrons ejected from a cathode surface and the temperature of
electrons of the gas-discharge plasma which this electron beam pene-
trates. He found that equalization occurred at much smaller distances
from the cathode than the calculations suggested assuming that decel-
eration of the electrons in the beam is due to their scattering on the
charged particles in the plasma. This phenomenon was called the
Langmuir ‘paradox.
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parallel to the velocity of the beam:

Nb = —lk BE Nb

(10.28b)

Similar to the last equation of the system (10.8), Poisson's
equation (3.2) yields the following equation for the ampli-
tudes of the system’s parameters:

ikE' = —4ne(N.+Np) (10.28c)

Eliminating from the system of equations (10.28) the ampli-
tudes N, Ny, and E’, we obtain the following dispersion
relation:

Ny
+ (m—ku)2 e (10.29)
Here w, = (4nNye*/m)'/? is the frequency of plasma oscilla-
tions. When the density of the beam electrons is zero (N =
= 0), Eq. (10.29) reduces to Eq. (10.9) where the electron
temperature is taken to be zero.

If the phase velocity of the plasma waves w/k is equal to
the velocity u of the electron beam, the interaction between
them is the strongest. Let us analyze this case. Since the
density of the beam electrons N is small compared to the
density N, of the plasma electrons, the frequency of the
plasma oscillations is close to the plasma frequency o, of the
plasma. Hence, we shall consider the waves with a wave
number k¥ = w/u, which have the most effective interaction
with the electron beam. We write the frequency of these
oscillations as ® = w, + 8 and insert it into Eq. (10.29).
Expanding the result in a series of the parameter 6/w,, we

obtain
Ny \1/3 27in
6:@0(—2NO) exp( 3 )
where n is an integer. We see that |8 |/w, ~ (Np/N )3 L 1,
that is, the above expansion is valid.

If the imaginary component of the frequency, which is
equal to the imaginary component of §, is negative, the
wave is attenuated; if it is positive, the wave is ampli-
fied. The maximum value of the amplification factor is giv-
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en by (n =

1)
_ V3B Ny (13 1/3
The amplitude Ny varies with time as exp (yt); this result
is valid if the plasma oscillations are small and do not affect
the properties of the plasma. This type of instability is
known as the beam-plasma instability.

The Buneman instability. Let us consider instability
of another type which develops if the mean velocity of elec-
trons differs from the mean velocity of ions. Let us formulate
the problem. All the plasma ions are at rest and all the
electrons travel with a velocity u with respect to the ions.
The plasma is quasineutral, that is, the densities of the
electrons and ions are equal. We have to determine the
maximum amplification factor of plasma oscillations. The
electron beam is decelerated owing to the transfer of energy
from the beam to the plasma oscillations.

With this formulation the problem is equivalent to the
preceding one. In both problems there is an electron beam
penetrating the plasma so that the dispersion relation can
be derived in a similar way. Denoting the ion mass as M
and taking into account that the ion density is equal to
the electron density, we obtain the dispersion relation

m wo o
1= ST —{—(m_,_ mp (10.31)
instead of (10.29). Tending the ratio m/M to zero, we obtain
the following dispersion relation: o = wo, + ku. Hence,
we can write the frequency of the plasma oscillations as

0 = 0wy + ku+ 6

Substituting this frequency into Eq. (10.31) and expand-
ing the result in a series of the small parameter &/w,, we

obtain
26 m w3

@ M (0ot ku+t0)2
The electron beam has the strongest interaction with the
wave whose wave number & = —wy/u. For this wave

o= ()" ovese (252)
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where n is an integer. The highest amplification factor cor-
responds to n = 1 and is given by

3 m \1/3 m \1/3
—y=Tm 5= V3 () =069 (1) ey (10.32)
Note that the frequency of oscillation is of the order of the
attenuation factor. This type of instability of the electron
beam due to the interaction with the plasma electrons is
known as the Buneman instability.

Hydrodynamic instabilities. The types of instability
discussed above are the so-called kinetic instabilities for
which the amplification of oscillations is due to the differ-
ences in the character of motion of various groups of par-
ticles. The development of the oscillations ultimately results
in a change in the velocity distribution of the charged parti-
cles. Another type of instabilities is known as the hydrody-
namic instabilities. The development of hydrodynamic
instabilities involves a displacement of the plasma regions
and results, finally, in a variation of the spatial configura-
tion of the plasma. We shall analyze the simplest type of
the hydrodynamic instability, namely, the instability of
the pinch.

Let us consider the stability of the pinch with respect to
the so-called “sausage” instability. This instability changes
the radius of the pinch but leaves the axial symmetry of the
pinch conserved. We have to find under what conditions an
accidental distortion of the pinch will not develop further.
Let us assume that the distortion of the pinch results only
in a slight curving of the magnetic lines of force, that is,
the radius of curvature of the magnetic lines of force ‘is
considerably larger than the radius of the pinch. According
to Eq. (9.23), in the plasma region the following equation is
then satisfied:

H2
p+ i const

Let us analyze the variation of the parameters of the
pinch due to the variation of its radius. The total current
and magnetic flux through the cross section of the pinch
must be conserved in the process. The electric current is
I, = caH,/2 where a is the pinch radius, and H is the
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axial magnetic field strength. The condition 87, = 0 yields
(6ala) + (8Hy/Hy) = 0 where 8a is the variation of the
pinch radius, and 8H, is the variation of the axial magnetic
field at the pinch surface on the outside of the plasma. The
longitudinal magnetic field is frozen into the plasma so
that a displacement of the plasma elements does not change
the magnetic flux through them. The condition of conserva-
tion of the magnetic flux @, = na’H, yields (28a/a) 4
+ (8H,/H,) = 0 (here H, is the longitudinal magnetic
field inside the plasma). Hence, (8H,/H,) = 2(6Hy/Hy).
The variation of the magnetic field pressure inside the plas-
ma 8(H?/8n) = H,0H ,/(4n), and the variation of the mag-
netic pressure outside the plasma is Hgb0H/(4n) =
= HiSH,/(8nH,). 1t may bte seen that if

H:>HY2  (10.33)

holds true, the additional internal magnetic field pressure
produced by the above distortion of the pinch is larger than
the additional outside magnetic field pressure. When the
condition (10.33) is satisfied, the pinch is stable with re-
spect to displacements of the sausage type.

11 Radiation in Gas

Interaction between radiation and gas. Let us discuss the
interaction between an electromagnetic field and an atomic
medium, which gives rise to transitions between atomic states.
Table 4 presents a summary of one-photon processes due
to interaction between the radiation field and atomic sys-
tems. This interaction is weak; the small parameter character-
izing the weakness of this interaction is the fine structure
constant e*fic = 1/137 £ 1, which is the ratio between the
characteristic velocity of the valence electrons and the
velocity of light. Another parameter which proves to be
small in reality is the ratio between the electromagnetic
radiation field and a certain characteristic quantity. Since
these parameters are small, the transitions in the atomic
systems involving absorption or emission of photons are slow
compared to the characteristic atomic times or to similar
atomic processes.
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For instance, the lifetime of an excited atomic particle, T,
which is determined by its de-excitation in the absence of
external fields, is considerably larger than the characteristic
atomic times. The reciprocal quantity 1/t (the frequency of
spontaneous de-excitation), apart from the atomic param-
eters, depends on the factor (e?/fic)®> and, hence, is lower
by at least six orders of magnitude than the frequency of

FIG. 19. ~ “Excited”
Radiative transition state
between two

levels. 1

: Eexc._ Egr.= hwo

' “Ground”

state

the emitted radiation. Since the interaction between the
radiation field and the atomic system is weak, we can sim-
plify the description of the radiative transitions. In partic-
ular, we can represent the electromagnetic field as made up
of noninteracting photons and neglect all two-photon
transitions. The times of these transitions are large com-
pared to the times of one-photon transitions (that is, tran-
sitions resulting in emission or absorption of one photon).

Spontaneous and stimulated emission. Let us analyze
the transitions resulting in emission or absorption of a pho-
ton between two states of an atom or molecule, the states
denoted by the subscripts “gr.” (ground) and “exc.” (excited),
respectively (Fig. 19). (The names given to the states are
purely conventional.) Assume that the gas contains n,
photons in a definite state. The number of these photons
can increase due to emission caused by transition of the
atom from the “excited” state to the “ground” state or can
decrease due to absorption caused by the reverse transition.
Assuming the one-photon transition, we write the probability
of photon absorption by one atom per unit time:

Wi(gr., n, > exc., n, — 1) = An, (11.1)

Here we made use of the fact that no transitions occur in the
absence of photons (n, = 0) and only one-photon transi-
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tions take place (that is, the higher-power terms in n, can be
neglected). The quantity A is independent of the electro-
magnetic field and is determined only by the atomic pa-
rameters.

The probability of the atomic transition with emission
of a photon is given by

W (exc., n, — gr., n, + 1) = 1/t 4 Bn, (11.2)

Here 1/t is the rate of spontaneous emission of the atom
which occurs in the absence of external fields, and the
coefficient B refers to the radiation stimulated by the exter-
nal electromagnetic field. Both parameters depend only on
the properties of the atom. The coefficients 4 and B are
known as the Einstein coefficients.

Let us find a relationship for the quantities 4, B, and 1/t
in the case of thermodynamic equilibrium between the
radiation and the atomic system. The densities of the atoms
at the “excited” and “ground” states are related by the
Boltzmann distribution (2.9):

excC. h
Nexo, = £ Ny, exp(—7)  (11.3)

where 7w is the energy difference Letwcen these states, and
8exc. and gy, are the statistical weights of the “excited”
and “ground” states of the atom. The mean number of photons
in a given state can be found from Planck’s distribu-
tion (2.21):

ne, = [exp (ho/T) —1]! (11.4)
Under thermodynamic equilibrium the number of emission
transitions per unit time must be equal to the number of
absorption transitions per unit time. We write this equality
for a unit volume:

N W (gr., ne — exc., I—lw——'1)
= Neye. W (exc., ngo— gr., ny+1)
Using Egs. (11.1) and (11.2), we obtain
Ngr. Any = Neye. (1/7+ Bny) (11.5)

Equations (11.5), (11.3), and (11.4) yield A = gexc./(ggr.T)
and B = 1/t. Now we can write Eqs. (11.1) and (11.2) in
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the following form:

W (gr., n,— exc., nm—1)=§—“% N, (11.6)
gr.

W (exc., n,—-gr., n‘,,—{-1)=i Lo (11.7)
T T

The second term in Eq. (11.7) is the so-called stimulated
radiation, which is of fundamental importance.

Broadening of spectral lines. Let us determine the energy
distribution of the photons emitted in the transition between
the two atomic states. We introduce the frequency distribu-
tion function a, of photons: a,dw is the probability that
the frequency of the emitted electromagnetic radiation is in
the interval from © to ® 4 dw. Conservation of energy
indicates that the energy of the emitted photon is Zw, =
= FEeyc. — Eg;.. Therefore, the width of the photon fre-
quency! distribution function is small compared to the fre-
quency of the emitted photon w,. We shall determine the
form of the frequency distribution function a, for photons
in various specific cases.

The Doppler broadening. Let us analyze the simplest
mechanism of spectral line broadening which is due to the
motion of the emitting atoms. The electromagnetic wave
emitted by a moving atom with a frequency w, is received by
a stationary detector as a wave with a frequency w; the
frequencies ® and w, are related by the Doppler equation

o = 0( 1 4 v./c) (11.8)

where v, is the velocity of the atom in the direction of pro-
pagation of the emitted wave, and c is the velocity of light.
If we assume the Maxwellian velocity distribution (2.15)
for the atoms and the Doppler relationship (11.8) between
the atom velocity and the frequency of the emitted photon,
we can transform the equation a,do = ¢ (v,)dv, into the
following expression for the profile of the spectral line:
1 [ Mc2\1/2 Mc2 (0— wg)?
a(,,:-ao— ( T ) exp [—-—T————( 0)3 ] (119)
The broadening of the spectral line due to the motion of the
emitting particles is known as the Doppler broadening.
Broadening due to finite lifetimes of states. Let us analyze
the broadening of spectral lines due to the fact that the
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states between which the transition occurs have finite life-
times. The lifetimes of the states can be determined by the
transitions owing to collisions as well as by the radiative
transition being considered.

The amplitude of the electromagnetic field (that is, the
strength of the electric or magnetic field of the electromagne-
tic wave) is proportional to the product of the wave func-
tions Pixc. (£) and Pg,. () of the“excited” and “ground” states
the transition between which produces the photon. The
steady-state time dependence of the wave function is given
by exp (—i&gr. exc.t/h) wWhere &g;. and &eyc. are the energies
of the “ground” and “excited” states. Hence, we obtain
the following time dependence for the amplitude of the
electromagnetic field:

f () ~ exp (io,)  (11.10)

where ©y = (&cxe. — &gr.)//. It may be seen that the
frequency distribution of the emitted photons in this case
is given by Eq. (11.7) since the photon energy is determined
by the conservation of energy.

Now assume that the states of the atomic system between
which the transition occurs have finite lifetimes. Let T,
be the lifetime of the &k state. Hence, the probability |y, |2
that the system is in state k satisfies the equation of radioac-
tive decay

Ayl _ 1
—a = o [l

and the probability of being in a given state decreases as
| ¥z |? = exp (—t/1)) (at the beginning the system is in the
given state). Then the time dependence of the wave function
is given by ¢, ~ exp [—i&,t/h — t/(21;)], and we obtain
the following expression for the amplitude of the electro-
magnetic field

f(t) ~ exp (iwot —vt), 2v= 15 + Texc. (11.11)

instead of Eq. (11.10). Here 7,,, and 7esc. are the lifetimes
of the “ground” and “excited” states. Figure 20a gives the
field amplitude as a function of time when the field is
damped due to the finite lifetimes of the states.
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The Fourier transform of the amplitude f (¢) yields the
frequency distribution for the amplitude of the electro-
magnetic field:

+oo

1 , . _
fo=gz | f(D)exp(—iot)dt ~ [v4i (©—w)]™!
FIG. 20. f‘
The electromagnetic I/

radiation amplitude —-— _
as a function of time: —
(a) for finite lifetimes
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(b) for a collision
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Such parameters as the radiation intensity and the fre-
quency distribution function a, of photons are quadratic
functions of the field amplitude. We derive the function a,
by taking into account that a, ~ |f,|? and using the normal-
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4-00
ization condition 5 a,do = 1:
— o0

Go= 2o (11.12)

vZ 4 (0 — wp)2

The frequency distribution function (11.12) of the emitted
photons is known as the Lorentz profile. If the quantity
T = (2v)7! in Eq. (11.12) is the lifetime of the “excited”
state depending on the radiative transition to the “ground”
state, then this type of broadening is called the radiative
broadening. ’

Impaect broadening of spectral lines. Let us analyze the
broadening of the spectral lines due to the interaction be-
tween the emitting atom and the surrounding gas particles.
First, let us consider the case when the duration of the
interaction between the emitting atom and the gas particles
is much smaller than the lifetime of the atom states. This
means that the emitting atom occasionally collides with
a gas particle and the time of collision is much shorter than
the time interval between two successive collisions. This
type of broadening of spectral lines is known as the impact
broadening.

The impact broadening has the following mechanism. The
electromagnetic radiation field is produced by the transition
of an atom from the “excited” state to the “ground” state and
this field is given, up to a phase factor, by Eq. (11.10). When
the emitting atom collides with a gas particle, the transi-
tion frequency is changed and the general form of the radia-
tion field in this case is shown in Fig. 20b.

Assuming that the duration of the collision is small com-
pared to the time interval between two successive collisions,
we can write the radiation field as

f(t) ~ exp [iwgt + i ]Z % (L — )]

Here 1y} (z) = 0 when z << 0 and v (x) = 1 when z > 0, and
¥z is the variation of phase following the kth collision. The

1001607
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Fourier transform of f (2) is
+o00
S t) exp (—iwt) dt
fo= g | F(®) exp

— o0

1 — exp (iwgTy) A NV
~ 3o ewi (Sut )
k i<k

Here 7, is the time interval between the kth and the
(£ 4 1) st collisions.

To determine the frequency distribution function for pho-
tons, let us average it over the phase shifts X, occurring due
to collisions. Assume that the phase shifts y; are random
and not small so that we haveexp [i (x, — %;)] = 8 8jn =
= 0 when j £k and 6;; = 1 when j = k). Taking into
account that |1 — exp(iz)|® = 2 (1—cos z), we find the
following expression for the frequency distribution of the
emitted photons:

4 d—cos(@—ag)t) (11.13)

%= o—wo)

Here A is the normalization factor, ¢ is the time interval
between two successive collisions, and the angle brackets
denote averaging over time . Let us express the result of
averaging in terms of the mean time T between two successive
collisions.

Denote by W (¢) the probability that a collision occurs
at the moment ¢; when ¢t — 0, we have W (¢) = vt. The fol-
lowing equation may be written {or the probability W:

Wi+t)=w(aE4+U—-Waol W)

Tending ¢, to zero, we obtain the equation dW/dt = v(1—W)
whose solution is W (¢) = 1 — exp (—vt). The probability
that a collision occurs in the time interval dt is (dW/dt) dt;
hence, the value of a function X () averaged over the time
between two successive collisions is given by

aw

' dt

(X)=§°X
0
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Therefore, the mean time between two successive collisions is

00

T= S texp(—vt)vdt:%
0
Thus, we have
W () = 1 — exp (—t/7)
and

(1 — cos (o — wp) t):S et ‘i—t[1——cos (0—ax) t]
0

_ (0—wg)212
1+ (@ — w)2 T2

Inserting this relation into Eq. (11.13) and taking into
account the normalization condition, we find the frequency
distribution function for photons

T 1
(0 — wg)2 ©2+1]

It may be seen that impact broadening also gives rise to
the Lorentz profile and Eq. (11.14) is identical to Eq. (11.12)
(ignoring the definition of parameter t). Hence, if the broad-
ening of the spectral line is caused by collisions with gas
particles, the shape of the line is given by identical expres-
sions of the type of Eqs. (11.12) or (11.14) irrespective of
whether the collisions are elastic or not. The parameter T
in Eqs. (11.12) and (11.14) may be estimated as follows:

1/t ~ Nvo (11.15)

where N is the density of the gas particles, v is the charac-
teristic velocity of collision between the emitting atom and
the gas particle, and o is the cross section of such a collision.

Assume that the broadening of the spectral lines is due
to the interaction between the gas particles and the “excited”
state of the emitting atoms and that the contribution of the
“ground” state of the emitting atoms into this broadening is
small. Let us determine the cross section in Eq. (11.15)
for this case assuming the classical motion of the colliding
particles. The mechanism of impact broadening indicates
that the main contribution to the cross section ¢ is given
by the impact parameter p, for which the phase shift y is

10*

ap=

(11.14)
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of the order of unity. Hence, we obtain
o~p: (11.16)

and for the impact parameter p, we find that S U(I;) at ~1
where U (R) is the potential of the interaction between the
gas particle and the emitting atom in the “excited” state.
Since the particles travel in straight lines with this impact
parameter, we find that

S U(R)dt _ poU (po)

h hv
Thus, this cross section is of the order of p? and p,U (p,)/(hv)~
~1. It may be seen that the cross section (11.16) is identical
to the total cross section of the collision between the gas
particle and the emitting atom in the “excited” state [see
Eq. (4.9)].

Let us find the criterion of applicability of the above theo-
ry of impact broadening. The time it takes the particle to
pass the region of size p,, where scattering occurs, must be
much smaller than the time interval between two successive
collisions:

P & (Nvoy)t

where o, is the total cross section of the collisions. Hence,
we obtain

No?g1  (11.17)

Equation (11.17) is the criterion of applicability of the
impact broadening theory in the main frequency range of the
photon emission.

Statistical broadening theory. Let us analyze another
mechanism of spectral line broadening due to the interaction
with the gas particles, which is the opposite of the impact
broadening. Assume that the gas particles are not able to
travel noticeable distances during the characteristic times
of broadening development. Hence, the gas particles can be
assumed to be stationary and the observed shift of the
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spectral line is given by
o—0=— NV ([Ry) (11.18)

where V is the difference between the potentials of inter-
action of the emitting atom in the “excited” and “ground”
states with the gas particle *, and R; is the radius vector of
the ith gas particle in a frame of reference with the origin
at the nucleus of the emitting atom.
Equation (11.18) expresses the spectral line shift for
a given configuration of the interacting gas particles. To
find the frequency distribution function for the emitted pho-
tons, we must average Eq. (11.18) over all such configurations.
Let | V (R) | monotonically decrease with an increase in
the distance between the emitting atom and the interacting
gas particles. According to Eq. (11.18), each configuration
of the gas particles gives rise to a spectral line shift in the
same direction, so that the mean width Ao of the spectral
line is of the same order of magnitude as the mean shift.
Since the mean distance between the gas particle is of the
order of N-1/3 (N is the density of particles), we obtain
the following order-of-magnitude estimate according to
Eq. (11.18):
Ao~V (N (11.19)

Let us determine the frequency distribution function of
photons at the wing of the line profile. The shift at the wing
of the line profile is larger than the mean shift. It is due to
interaction with the gas particles which are very close to
the emitting atom in the region where they have a low
probability of being. The probability for a gas particle
to be at a distance from R to R 4 dR from the emitting
atom is 4nR?2dR N; thus

a,do = 4nR:NdR  (11.20a)

Here the line shift © — o, is
o—oy=—V(R) (11.20b)
" * I the radiative transition removes the atom to the real ground

state, the quantity V is practically identical to the interaction poten-
tial of the atom in an excited state.
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In particular, when V (R) = CR™", Egs. (11.20) yield the
following frequency distribution function of photons at the
line wing:
4uNC3/m do

n (w_wo)i-{-S/n

a, do = (11.21)

Let us-derive a criterion of applicability; for the statisti-
cal theory of broadening. The theory holds if the gas parti-
cles are not able to change their positions in the time of the
order of (Aw)~! in which the broadening develops. Hence,
the criterion is

DN & Bo~ 2V (N7 (11.22)

where v is the characteristic velocity of collision, and N-1/3
is the mean distance between the gas particles or between
the emitting atom and the interacting gas particles. -

Assume that the broadening is caused only by the inter-
action with the excited atom state, that is, ¥V (R) in Eqs.
(11.16) and (11.22) is identical to the potential U (R) of
interaction between the emitting atom in the excited state
and the gas particle. Writing the criterion (11.22) as

N—1/3U (N~1/3)
R

and comparing it with Eq. (11.18), we find that for a mono-
tonic potential p, > N-¥3. Hence, we can derive the follow-
ing criterion of applicability for the statistical theory of
broadening taking into account that o, ~ pZ:

Noi®>1  (11.23)

Comparing Egs. (11.23) and (11.17), we see that the impact
broadening theory and the statistical broadening theory de-
scribe two opposite extreme cases of interaction between the
emitting atom and the surrounding gas particles.

The cross sections of emission and absorption of photons.
The above mechanisms of spectral line broadening make it
possible to estimate the line width due to the motion of the
emitting atoms, the finite lifetimes of their excited states,
and their interaction with the surrounding gas particles.
The frequency distribution function a, of the emitted
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photons, which accounts for the most effective broadening
mechanism, can be used for determining the cross sections of
absorption and stimulated emission of photons.

Indeed, by definition the cross section of a process is
the ratio between the probability of transition per unit time
and the incident particle flux. The probability of the stim-
ulated emission per unit time is Br,= n,/t, according
to Eq. (11.2), where n, is the number of the photons of fre-
quency o in the same state, and T is the lifetime of the atom
state with respect to the radiative transition. Hence, we
find that the probability of stimulated emission per unit
time due to photons in the frequency range from o to o
+do is (1) 'nya.do.

The photon flux in this frequency range is ¢ dNV, where c is
the velocity of light, and dN, is the density of photons in
this frequency range (dN, = 2n,dk/(2n)® where the factor 2
accounts for two polarizations of photons, and k is the wave
vector of the photon which is related to the photon frequen-
cy as @ = kc). Thus, the photon flux in this frequency range
is n, (o/nc)®dw. Hence, the cross section of the stimulated
photon emission, which equals the ratio between the fre-
quency of stimulated emission and the incident photon
flux, is given by

Com, = Do o (11.24)

w2

The absorption cross section is given by 0ays. =
= (nc/w)*Aa, where A is the Einstein coefficient; according
to Eqs. (11.1) and (11.6), A = gexc./(8xr.7). Here gexe.
and g, are the statistical weights of the “excited” and
“ground” atom states and t is the time of the respective
radiative transition. Then we can easily derive

. n2c? 8exc. Go (1,1 25)
w? ggr. T ’

Oabps.

Let us find the maximum cross section of absorption. It
corresponds to the centre of the minimum-width transition
line. According to Eq. (10.12), the distribution function at
the centre of the line is ¢, = 2t/n and the maximum cross sec-
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tion of absorption is given by

8gr. o? ggr. 2n
where A is the wavelength of the transition. For instance,
when photons are emitted in the visible-light spectrum, this
cross section is of the order of 1071°-10-° cm?, that is, it
is larger than the characteristic gas-kinetic cross sections.
The absorption coefficient. Let us define the absorption
coefficient for photons, k,, by the following equation:

dI,,
T — _koly  (11.26)

Here I, is the intensity of radiation of the frequency © pass-
ing through the gas, and z is the distance travelled by the
photons in the gas. Assume that absorption or increase of the
photon flux is due to transitions between two atomic states.
Hence, the absorption coefficient can be written as

km = Ngr.orabsA - Nexc.Gem.

. Nexc.ggr. -
:‘Ngr.oabs.(1 —m) (11.27)
where 0,;,. and 0, are the cross sections of absorption
and emission of photons defined by Eqs. (11.25) and (11.24),
and Ng and Nec. are the densities of the atoms in the
“ground” and “excited” states.
Equation (11.27) shows that when

Nexe.  Bexe. (11,98
o > (11.28)
“Vgr. 8gr.

the absorption coefficient &, is negative, that is, a photon
flux passing through this system is amplified. The situ-
ation when the “excited” level has a greater population than
the “ground” level is known as the inversion or inverted
population of the levels, and the medium where condition
(11.28) is satisfied is called the active medium. Active
mediums are used for constructing lasers, which are genera-
tors of monochromatic radiation.

The conditions of laser operation. A prerequisite of laser
operation is the inversion of levels, that is, condition (11.28)
must be satisfied.’ There are various means for producing
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a greater population at an “excited” level of a certain system
than at a “ground” level (for instance, with a gas discharge,
optical pumping, or electron beam). This gives rise to an
inversion of the levels, but by itseff this is net-sufficient for
laser operation.

The essential condition of laser operalion is that the
amplification coefficient must not be too small. Let the
size of the active medium be L. A mirror is placed at one
end of the active medium providing for total reflection of
the incident radiation, and means for partial reflection of
radiation are provided at the other end of the activemedium®*.
The total probability of the laser radiation escaping or being
absorbed at the second end is a. A photon travelling in the
active medium is reflected at the ends, and the mean dis-
tance it travels until it escapes or is absorbed at the end is
2L/a. This distance must be larger than the distance —1/k,,
the photon must travel to give rise to another photon of the
same energy. Ilence, the condition of the laser operation is

given by
—k, = a/2L (11.29)

Let us analyze the operation principles of a laser. Assume
that the condition (11.29) is satisfied for a certain frequen-
cy range at the initial moment when no photons exist in the
system. Then the photons of this frequency range accidentally
produced in the system and travelling along its axis will
stimulate emission of more photons and the photon flux will
be amplified. This will give rise to a radiation field in the
active medium between the mirrors while the inversion of the
levels and the amplification factor will decrease. The condi-
tion (11.29) will be satisfied for a narrower frequency range
and a further intensification of the radiation field will pro-
duce a situation during which only the photons corresponding
to the centre of the spectral line with the maximum ampli-
fication factor are emitted.

Therefore, the width of the laser line is small; it is deter-
mined by the properties of the resonator system, that is,
the mirrors. The number r, of the photons in the same state

* This is typically accomplished with a half-silvered mirror.
a mirror with a hole at the centre, or a prism.
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proves to be large, n,> 1, and the frequency of the stimu-
lated emission is considerably higher than the frequency
of spontaneous emission. Thus, all the emitting (excited)
atoms contribute to the useful radiation. Hence, the laser
emits a parallel beam of photons in a narrow frequency range.

Propagation of the resonance radiation. Let us discuss
the propagation of the resonance radiation, that is, the
radiation produced with de-excitation of one of the lowest
excited states of the atom. This atom state is known as the
resonance state; it is the lowest excited state for which the
effective emission transition to the ground state is possible.
The photons emitted in this transition are known as the
resonance photons.

The free path of the resonance photons in a gas is small
since, first, they are absorbed by the ground-state atoms and,
secondly, their absorption cross section for the line’s centre
is greater than the gas-kinetic cross section by a few orders
of magnitude. Therefore, propagation of resonance radiation
is determined, to a great extent, by re-emission of photons.
If the free path of the resonance photon at the line’s centre is
much smaller than the dimensions of the system, the propa-
gation of the photon cannot be described by the diffusion
equation as can be. done for the gas particles. A more fa-
vourable process than multiple re-emission of the line-centre
photon is the radiation of the line-wing photon whose free
path is comparable to the dimensions of the system. This
possible process is of considerable importance in propagation
of the resonance radiation.

Let us discuss the escape of resonance radiation outside
the system assuming that the atoms are excited to the res-
onance state by the collisions with electrons and the escape
of radiation does not affect the density Neyc. of the excited
atoms. Assume that the free path of the line-centre photons
is much smaller than the size of the system L, that is, koL >
> 1 where kg = Ng;.0aps.(09) — Nexc.Oem.(®o) is the absorp-
tion coefficient for the line-centre photons.

A statistical equilibrium is established under the above
conditions between the atoms and the line-centre photons
whose free path is small compared to the size of the system.
Let i, be the flux of photons of a frequency ® inside the gas.
Then the number of photons absorbed in a unit volume per
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unit time in the frequency range from ® to o -+ do is
i ko,do where k, is the absorption coefficient (11.27). This
number must be equal to the number of photons emitted per
unit time in a unit volume in the same frequency range,
which is (Nege./T)a,do. Using Eqs. (11.27), (11.24), and
(11.25), we obtain

ayNexe. o w? ( Ngr. gexe. 1
kot m2c2 - )

-1

lp =
chc,ggr.

This photon flux is isotropic and can be detected at any
point in the medium which is separated from the boundary by
at least the photon free path. The photon flux outside the
system is given by

n{‘z +1/2
Im:( 3 iwcosedcosf))( S dcos(?))_iz%im
0 —7/2

Here 6 is the angle between the normal to the gas surface
and the direction of photon propagation; in the above equa-
tion we have taken into account the fact that the total
photon flux outside the system is normal to the system’s
surface. This leads to the following equation for the photon
flux outside the system with a frequency o:

2 Nl'. XC.
Io= o (o 1), kL >1 (11.30)

o= b
4n2c2 Nexc.ggr.

When the atoms in the excited and ground states are in
thermodynamic equilibrium (2.9), Eq. (11.30) is identical
to Eq. (2.26) for black body radiation.

Let us estimate the line width of resonance radiation
escaping the system.

For the frequency range in which k,L < 1, the mean
radiation flux escaping outside the gas volume is

Nexe. . V.
I,=fexee g, = (11.31)

where V is the gas volume, and S is the surface area of the
gas. Equations (11.30) and (11.31) show that the line of
the total radiation escaping the system is wider than the
line radiated by an individual atom and that its width can
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be estimated from the following relation:
koL ~ 1 (11.32)

For instance, for the Lorentz profile Eqs. (11.14), (11.25),
and (11.27) show that the absorption coefficient is given
by k, = kjAwi/(® — ®,)® where k, is the absorption coeffi-
cient at the linecentre, and Aw, is the line width. Proceeding

FIG. 21. ay
Self-reversal

of a spectrum line.

The solid line is

the line in the absence -~
of re-emission, N
and the dashed line / N
is the line profile V2
with re-emission. -

|
|
|
|
!
-4
l
I
l

from Eq. (11.32), we find that the line width of the
radiation escaping outside the system is

Ao ~ Aw, (k,L)"?  (11.33)

if koL > 1. Similarly, using Eqs. (11.9), (11.25), (11.27),
and (11.32), we find that the line width of the radiation
escaping outside the system with Doppler broadening is
given by

Ao = Awp (Ink,L)'?  (11.34)

where Awp =w, [T/(Mc?)]V/? is the line width with Doppler
broadening in the absence of re-emission [see Eq. (11.9)].

When k,L > 1, the radiation of the frequency © which
escapes outside the system is produced by the de-excitation
of the excited atoms which are at a distance of the order of
1/k, from the system’s surface. Hence, into Eq. (11.34)
we should insert the temperature of the excited atoms which
are in this region of the system. If the electron temperature
and, hence, the density of the excited atoms is considerably
lower at the boundary than in the bulk of the radiating
system, ‘then the emitted line has a profile illustrated in
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Fig. 21, that is, a dip appears at the centre of the line.
This effect is known as the self-reversal of spectrum lines
and is found typically in arc discharges.

12 Plasma of the Upper Atmosphere

The balance equations for the parameters of weakly ionized
gas. We have discussed a number of processes of production
and decay of charged particles in plasma which are only
a fraction of the possible processes involving these particles.
What we really have to find is the density of charged parti-
cles and the variation of this density in space and time.
For instance, the useful parameter in the gas laser is the
density of charged particles in the emitting states, in the
gas-discharge radiation sources it is the density of the
emitting atoms, in the shock tube it is the density of the
molecules in the excited vibrational states which determines
the vibrational temperature of the molecules, and in the
conducting gas it is the densily of electrons. To find the
parameters needed in a particular problem we have to derive
the balance equation (or system of equations) for them and
solve it.

The balance equation for the density of particles (or for
any other parameter) in plasma is simple in form; it accounts
for all the processes producing variations of the density of
particles. For instance, Eq. (4.4) is the balance equation for
the density of particles in one state when the transitions to
other states are due to collisions with particles of another
species. Generally, the main problem in deriving the bal-
ance equation for a parameter of a plasma is to identify the
process which gives rise to a variation of this parameter. If we
can correctly identify the principal processes or mechanisms
which determine the effect studied or the properties of
a given plasma, our problem will be solved. Otherwise, no
sophisticated mathematics will help. This is why we have
paid attention in this book mostly to those features which
make up the physical picture of the process being analyzed
rather than to solution of the equations which describe
this picture.
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Let us now illustrate our analysis by discussing the plas-
ma of the upper atmosphere and showing how the study of
elementary processes can yield a qualitative description of
the system. We wish to find the distribution of charged and
neutral species with height, the composition of the upper
atmosphere, and its heat balance. We shall make use of the
descriptions of the elementary processes made above and
the numerical values of the parameters of this system.

The distribution of particles and temperature in the atmos-
phere with height. The atmosphere near the earth’s surface
at sea level consists primarily of molecular nitrogen (78%),
molecular oxygen (21%), and the total gas density is 2.7 X
X 10'® ¢m~3 (the pressure is 1 atm). Let us find the varia-
tion of the gas density with height. We are interested in
heights which are small compared to the earth’s diameter
(12 800 km) so that the earth’s surface can be assumed flat.
The total flux density of the molecules to the earth's sur-
face is

i=—Pgrad N +wN =0 (12.1)

Here w = bMg is the drift velocity of molecules under the
action of earth’s gravity, IV is the density of molecules, & is
the diffusion coefficient of molecules, b is the mobility of
molecules, M is the mass of molecules being considered,
and g is the acceleration of gravity. According to the Eins-
tein relation, & = bT where T is the gas temperature.
Hence, we obtain the steady-state (j = 0) distribution of
the molecules of a given species:

N =Nyexp (— Mg‘”) (12.2)

T

Oty >

Here N, and N are the densities of molecules at sea level
and at height k. If the temperature is independent of height,
Eq. (12.2) is identical to the barometric formula (2.14).

Let us make an order-of-magnitude estimate for the drift
velocity of heavy species using Eqgs. (7.15) and (7.17) and
the estimate (7.2) for the diffusion coefficient:

M)i/Z g

Mg
w=-—7E D~ (7 Nmoy
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Here 6, ~ 10~'® cm? is the gas-kinetic cross section and N,
is the total gas density. Hence, we obtain

WwN, A3 x 108 cm2st  (12.3)

When estimating the temperature gradient, we shall ignore
heat transport processes. Hence, the system is "adiabatic
and N T%-!is constant at all heights so that we have dNV/N=
= —(y—1) dT/T where the adiabatic exponent y for air
is 1.4. Equation (12.2) yields dN/N = —(Mg/T) dz, and
we find that d7/dz = Mg (y — 1) ~ 14 K-km~!. Thus, the
atmospheric temperature decreases with height. This is the
case up to the atmospheric layers where the energy of solar
radiation is absorbed. The value of dT/dz is overestimated
since we ignored the heat transport processes, which are
determined, primarily, by evaporation and long-wave radia-
tion. It can be readily [shown that heat transport due to
thermal conduction is inessential. Indeed, the thermal
conductivity % is of the order vinermai/0; Where vinermar =~
~ 3 X 10* cm-s7! is the thermal velocity of the gas mole-
cules, and 6, &~ 107!® cm? is the gas-kinetic cross section of
-the collisions between molecules. Hence, the heat flux ¢ ~
~ % (dT/dz) ~ 10* W-cm~2 due to thermal conduction is
considerably smaller than the radiation flux at the earth’s
surface (~ 0.1 W-cm™2).

The heat balance of the earth. Let us analyze the trans-
formations of the solar radiation energy. Assume that the
sun is an absolutely black body with a surfacetemperature
of 5800 K. Then the radiation flux from the sun’s surface
is Iqyn == 6.4 kW-cm™2, the maximum] intensity of the pho-
ton flux corresponds to the photon energy of the order of an
electron volt, and the main part of the flux is in the optical
range. The solar radiation flux at the earth’s orbit is
Teartn = 0.14 W-cm~2. The quantity Ie,rqn is referred to as
the solar constant.

The solar radiation absorbed by the earth must be radiated
back to space since during its existence the earth received
such an amount of energy that would have been sufficient to
evaporate it. Let us consider the mechanisms for returning
the solar energy received by the Earth into space. There are
two possible mechanisms: the radiation of photons and the
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escape of high-energy particles. Let us first estimate the
energy flux due to the latter mechanism.

It is obvious that only those particles whose velocity
component perpendicular to the earth’'s surface is higher
than the escape velocity vese. = (2gReartn)¥? =~ 1.1 X
X 10® cm-s~! can escape from the earth’s gravitational field
(Rear(n = 6400 km is the earth’s radius). The atmospheric
particles whose density N, satisfies the condition N,,0,L <
< 1 can escape without collisions (here o, ~1071% cmn? is the
gas-kinetic collision cross section, and L = Mg/T ~ 10 km
is the distance at which a noticeable variation of the atmos-
pheric density occurs). Hence, we obtain N,, ~ 10° cm™3
and the energy flux due to the particles escaping from this
layer is I ~ Npvds.. X exp [—Mvi. /(2T)] where T is the
gas temperature. The energy flux due to this mechanism is
of the order of 0.01 W-cm~=2 x exp [—Muvé../(2T)]. Since the
gas temperature T is much lower than Mvd. /2 = 20 000 K,
this energy flux is considerably lower than the solar energy
flux. This means that the solar energy received by the earth
cannot be returned to space by escaping high-energy atoms
and molecules.

Hence, the solar energy absorbed by the earth is emitted
to space as long-wave radiation. The diagram in Fig. 22
illustrates the mechanisms of transformation of energy re-
ceived by the earth’s surface and the atmosphere. In partic-
ular, the thermal radiation by the carth’s surface amounts
to 2.06 x 10* kW. Assuming that the earth is radiating
like a black body, we can estimate from the Stefan-Boltzmann
law (2.26) that the mean temperature of the earth’s surface
is 291 K or 18 °C.

The elemental oxygen in the atmosphere. At high alti-
tudes there occurs effective photodissociation of the atmos-
pheric molecular oxygen:

0, & ho — O(P) +0(D)  (12.4)

This process gives rise to radiation absorption known as
the Schumann-Runge continuum, in the wavelength range
from 1325 to 1759 A (the photon energy from 6 to 10.3 eV)
with the cross sections of the order of 10-°-10-'7 cm?.
Photodissociation of molecular oxygen changes the composi-
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tion of the atmosphere at high altitudes. The density of
elemental oxygen becomes equal to the density of molecular
oxygen at the altitude of 100-120 km and to the density of
molecular nitrogen at the altitude of 150-200 km. Thus,
elemental oxygen is a major component of the upper atmos-
phere.

First, let us analyze absorption of the short-wave radia-
tion coming to the earth, which produces photodissociation
of an oxygen molecule. The balance equation for the inten-
sity I,, of this radiation can be written as follows:

I,

dz = ——IQ)G(O [02]

Here z is the altitude, [O,] is the density of molecular oxygen,
and o, is the cross section of photodissociation of an oxygen
molecule. Assume that radiation flux is normal to the
earth’s surface and the density of molecular oxygen varies
according to the barometric formula

[0,] = N, exp (—z/L)
Here L = Mg/T ~ 10 km. The above equation yields
I,(z) = I,(oo) exp {—expl—(z—z,)/L]} (12.5)

where I, (oo) is the-photon flux at frequency o outside the
atmosphere, and the point z, is found from the equation
[0,),—;, = (0,L)"!. Equation (12.5) indicates that the
greater part of the photons of this frequency are absorbed at
the altitude of about z, in the atmospheric layer with a
thickness of about L.

The cross secion of photon absorption by an oxygen mol-
ecule varies from 107 to 1077 c¢m? for these photon fre-
quencies so that these photons are absorbed mainly in those
atmospheric layers where the molecular oxygen density [O,]
is of the order of 10'-10'® cm-3.

Let us verify the validity of the barometric formula for
the molecular oxygen density at these altitudes. The charac-
teristic time of photodissociation of the oxygen molecule
at the altitudes where [0O,] &~ 10! c¢cm~3 and where the

1300-1600 A photons are mostly absorbed is given by Tg;s. ~
~ (%S‘delm)‘l ~ 2 X 10% s (the factor 1/4 is due to the
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averaging of the solar radiation flux over the earth’s sur-
face). The characteristic time in which a molecule passes
the above layer (drifts from it) is

le‘ift ~ L/w ~ 3 X 10—8Nm Cmss (12.6)

where N,, is the density of particles in the atmosphere. As-
suming [0,] &~ N,/4, we find 7Tg.qet &~ 10* s, that is,
Taritt € Tais.- Hence, photodissociation cannot violate the
barometric formula for the distribution of molecular oxy-
gen,

Let us estimate the density of elemental oxygen in the
almospheric layers where the photodissociation of molecular
oxygen occurs. The flow w [O] of oxygen atoms drifting from
this layer under the action of the earth’s gravity is equal to
the flow of atoms produced by photodissociation, which
cquals the flow of photons of the appropriate frequency at
this altitude. Using Eq. (12.3), we find the following value
of the elemental oxygen density [O] at this altitude (the
volar radiation flux giving rise to the photodissociation of
molecular oxygen is I ~ 10® c¢cm™2s71):

0] ~ Ilw ~ 04N,  (12.7)

llence, O] is of the order of 10*2 ¢cm™ at this altitude. The
barometric formula may be used for finding the elemental
oxygen density at higher altitudes.

The barometric formula can be applied to elemental oxy-
gen at lower altitudes so that its density must increase with
decreasing altitude. With increasing elemental oxygen den-
sily, there increases the probability of the three-particle
process of recombination of oxygen atoms:

200 4+M—>0, +M, O 40, +M—>03 +M (12.8)

llere M is the nitrogen or oxygen molecule. The elemental
oxygen density is the highest at the altitude where the rate
of recombination of oxygen atoms equals the rate of produc-
tion of oxygen atoms. Let us estimate the highest elemental
oxygen density from this condition:

w [O]max/L ~ & [O.llzname (129)

Here [Olynax is the highest density of elemental oxygen,
& ~ 10733 ¢cm®~! is the rate constant of the three-particle
11*
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recombination of oxygen atoms, and w is the drift velocity
of the oxygen atom towards the earth’s surface due to gravity,
which is given by Eq. (12.3). Using Eqs. (12.7) and (12.9)
and the numerical values of the parameters, we find that
[Olnax ~ 10 cm™3.

Charged particles in the upper atmosphere. Photoioniza-
tion of atoms and molecules in the upper atmosphere produ-
ces ions, for instance, Nj, Oj, N*, and O*. The photon flux
Iion, with photon energies exceeding the ionization poten-
tials, for these molecules is of the order of 3 X 10 cm~2s~!
in the upper atmosphere, and the respective photoionization
cross section is Ojon ~ 107181017 c¢m?. Equation (12.5)
indicates that this photon flux is absorbed mainly in the
atmospheric layers where the particle density N, is of the
order of (ojonl)™! ~ 10'-10'2 cm~3. The primary produc-
tion of charged particles occurs just in these layers of the
upper atmosphere.

Molecular ions decay due to dissociative recombination,
and their density can beestimated from the relation a N ,N;~
~ Iion/L where a ~ 107 cm3s! is the rate constant of dis-
sociative recombination, and the electron density N, is as-
sumed to be of the order of the ion density ;. Substituting
the numerical values, we obtain (fjon ~ 3 X 10'° cm~%s-1)
the following expression:

Ny~ (Lon )t o 55108 eme (12.40)
Here the characteristic time T,... of recombination of the
molecular ion is of the order of (aN,)* ~ 20 s while the
characteristic time Ty, ¢y of the drift of the molecular ion
from this layer, is of the order of 10* s. Therefore, we
could ignore the escape of ions to other layers when writing
the balance equation for the density of the molecular ions.

Since the upper atmosphere contains electrons, it does not
transmit long-wave electromagnetic waves whose frequency
is higher than the plasma frequency w, = (4nN ¥/m)V/? =
=3 X 107 s71 [see Eqs. (3.9) and (10.9)]. This frequency
corresponds to the wavelength A ~ 60 m and the electro-
magnetic waves of lower frequencies will be either damped
or reflected from this atmospheric layer known as the iono-
sphere.
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The atomic ions produced by photoionization in the upper
atmosphere react with molecules:

O*+Ny—~NO*+N+1.05 eV, (12.11a)
0*+0,—~0:+0+1.3 eV,  (12.11b)
N*+0,—~NO*+N+5.7 eV - (12.11c)

The rate constant k of the first reaction is of the order of
10-11 cm3s-1, that of the second reaction is of the order of
10-12 cm3s-!, and that of the third reaction is of the order
of 10-1° cm®s~1. Hence, the characteristic times of transfor-
mation of atomic ions into molecular ions in this atmospheric
layer are of the order of (kN,)' ~ 0.01-10 s. It may be
seen that the transformation of atomic ions into molecular
ions occurs faster than the recombination of molecular ions.
Therefore, the density of atomic ions at these altitudes is
lower than the density of molecular ions. In the atmospheric
layer where the density of molecular ions is the highest (the
altitude about 100 km), the principal ion species are Oj,
N3, and NO*.

Let us analyzc the distribution of the atomic ions of
oxygen, which constitute the main ion component of the atmo-
sphere at large altitudes, where it consists basically of
elemental oxygen and molecular nitrogen. Oxygen ions are
produced by photoionization of oxygen atoms, and they dis-
appear in the ion-molecular reaction with nitrogen mole-
cules or drift away due to diffusion. The highest density of
oxygen ions corresponds to the equilibrium between these

processes:

Here w is the drift ion” velocity (12.3), & is the rate constant
of the ion-molecule reaction (12.11a), and [N,] is the density
of nitrogen molecules. Assuming that this atmospheric
layer consists of elemental oxygen, we obtain
[N,] [O] ~ w [Ol/(LE)

Assuming, in accordance with Eq. (12.3), w[0] ~ 3 X
X 10 ¢cm~%s-!, and L =~ 10 km and & ~ 10-12 cm3s-!, we
obtain [N,] [0O] &~ 3 x 10! ¢cm~® for the altitude which cor-
responds to the highest density of atomic ions. This altitude
is about 200 km.
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Let us estimate the highest density (V;)pmax of the atomic
ions of oxygen from the balance equation for the density of

atomic ions S Gion ATion [0] = % [N,IN;. In the case of

photoionization of atomic oxygen, we have \ ojondljon ~

~ 2 X 10-7 s~1 and the highest density of the atomic ions of
oxygen is of the order of 2 X 10° cm™ X [Ol/[N,] <
< 10% cm~3.

At greater altitudes, the density of atomic ions is given
by the barometric formula, and it slowly decreases with in-
creasing altitude since the temperature of ions is consider-
ably higher than the gas temperature.

Note that the characteristic times of decay of ions do not
exceed 100 seconds. Therefore, the ion density at night is
considerably lower than the ion density at daylight. We
made all our estimates for daylight conditions. The density
of ions at night can be estimated from the relation
alN;t ~ 1 where 7T is the duration of night. Hence, we find
that at night N; ~ 10%-10%® cm~® in the atmosphere layer
where the negative ions are not produced (v &~ 3 X 10* s,
a ~ 107" cm3s1).

As discussed above, molecular ions are produced mostly
in the atmospheric regions where the gas density IV, is of the
order of 10''-10'2 ¢cm~3. The molecular ions drift to the
regions of higher density under the action of gravity. The
density of molecular ions in these regions at daylight can
be estimated from the balance equation

wN,-/L ~ aNf
Since the drift velocity w of ions under the action of gravity
is close to the drift velocity (12.3) of atoms and molecules,
we find the following estimate:
NiN, ~ 1015 cm™®  (12.12)
At smaller altitudes the molecules capture electrons pro-
ducing negative ions. For instance,
e+20,—-0;+0, (12.13)
The rate constant 6% of the process (12.13) is of the order of

10-3! ¢cm®~1, and this process is of significance at altitudes
where wN /L, ~ ¢#N,[0,]%, that is, where the character-
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istic time of drift of charged particles is equal to the time
of electron capture by molecule. Using the formula for
ambipolar diffusion and Eq. (12.3) for the drift velocity of
electrons, we find that negative ions are predominant among
the negative species in the regions where the density of oxy-
gen molecules is

(0) 1/3 -
(0a] > (2221) " 100 ems (12.14)
In these regions recombination occurs according to the reac-
tion A- -+ B*— 4 + B, and the recombination coefficient
a is of the order of 10~° cm®s~!so that we obtain the follow-
ing estimate for the ion density instead of Eq. (12.12):

N,N,, ~ 1017 cm®  (12.15)

We have considered the plasma of the upper atmosphere to
illustrate the techniques used in describing a specific system.
The parameters of the plasma have been estimated using
the relevant numerical values (the parameters of the solar
radiation and the rate constant and the cross sections of
elementary processes). Our results do not provide an accu-
rate and detailed description of the system, but they do
provide a correct qualitative picture. An incomparably
greater amount of work is required to increase the accuracy
of description and to account for the details of the process,
but the results will be fundamentally the same.
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Appendices

Appendix 2

ground states

The Cross Section of Resonance Charge Exchange
Between the Positive lon A+ and the Respective Atom A

The cross section is given in units of 10-16 ¢cm2, and E is the ion
energy for the resting atom; the jon and the atom are in their
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H He Li Be B C N o
E=0.1 eV 6.2 3.5 26 13 9.6 5.3 5 4.8
1 eV 50 2.8 22 11 7.4 4.3 3.8 3.5
10 eV 3.8 2.1 18 19 5.8 3.2 3 2.8
F Ne Na Mg Al Si P S
E=0.1 eV 3.4 3.2 3 19 16.1 8.7 8.1 8.5
1 eV 2.5 2.5 26 16 12.9 6.5 6.5 6.8
10 eV 1.9 1.9 22 13 10.0 4.9 5.0 5.3
Cl A K Ca Ti A\ Cr Mn Fe
E=0.1 eV 4.9 5.0 41 26 22 23 21 20 21
1 eV 3.9 4.5 35 21 19 19 18 16 18
10 ¢V 3.0 3.6 29 18 15 16 14 13 15
Co Ni Cu Zn Ga Ge As, Se
E=0.1 eV 22 19 19 16 17 9.4 9.8 9.3
1 eV 18 16 16 13 14 7.5 8.0 7.3
10 eV 15 13 13 11 11 6.1 6.3 5.7
Br Kr Rb Sr Zr Nb Mo Ag Cd
E=0.1 eV 5.9 7.3 45 30 26 22 21 20 17
1 eV 4.6 5.9 39 25 20 19 17 17 14°
10 eV 3.7 4.6 32 21 16 15 14 14 12
In Sn Sb Te I Xe Cs Ba
E=0.1 eV 19.5 10.7 11.4 10.6 7.0 9.1 5.3 35
1 eV 16 8.7 9.1 8.6 5.6 7.5 45 30
10 eV 13 6.9 7.2 6.8 4.4 6.0 38 25
Ta w Re Pt Au Mg Tl Pb Bi
E=0.1 eV 19 18 21 17 15 15 18.6 11 15.4
1 eV 16 15 17 16 14 12 15.1 9.2 12.7
10 eV 13 13 14 13 11 10 121 7.3 10.3
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